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THE HYPO-EUCLIDEAN NORM OF AN n—TUPLE OF
VECTORS IN INNER PRODUCT SPACES AND APPLICATIONS

S.S. DRAGOMIR

ABSTRACT. The concept of hypo-Euclidean norm for an n—tuple of vectors
in inner product spaces is introduced. Its fundamental properties are es-
tablished. Applications for n—tuples of bounded linear operators defined on
Hilbert spaces are also given.

1. INTRODUCTION

Let (E,||-||) be a normed linear space over the real or complex number field K.
On K" endowed with the canonical linear structure we consider a norm ||-||, and
the unit ball

B(-,) = {A= A1, An) € KA, <1}
As an example of such norms we should mention the usual p—norms
max {|A1],...,[An]} i p=oc;
(1.1) 1ALl p =

i .
(k=1 A)? if p€l,00).
The Fuclidean norm is obtained for p = 2, i.e.,

1All2 = (ZIMI2>
k=1

It is well known that on E™ := E x --- X E endowed with the canonical linear
structure we can define the following p—norms:

N

max {[[z1 ;.. [lza [} if p = oo;
(1.2) 1X]

np T . 1
(=t ) if pel,00);
where X = (z1,...,2,) € E™.

For a given norm ||-|,, on K" we define the functional ||-||, ,, : E™ — [0, 00) given
by

(13 Xl = s S A
O A)€B(I1L) (=1

where X = (x1,...,2,) € E™.
It is easy to see that:
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2 S.S. DRAGOMIR

(i) HX”hm >0 for any X € E™;

(i) X + Y < X0+ [V, for amy X, € B™
(iii) [[aX|l,.,, = ol [|X]|l,., for each o € K and X € E™;

and therefore [|-||;, ,, is a semi-norm on E™. This will be called the hypo-semi-
norm generated by the norm |||, on X™.

We observe that || X||;, ,, = 0 if and only if 3°7_; Ajz; = 0 for any (A1,...,\,) €
B (|||l,,) - If there exists A9, AY =£ 0 such that ()\(1),0, ...,0), (O,)\g, 1)
(0,0,...,A)) € B(||]],,) then the semi-norm generated by ||-||,, is a norm on E™.

If by B, , with p € [1,00] we denote the balls generated by the p—norms ||-|,, ,
on K", then we can obtain the following hypo-p-norms on X" :

(14) ||XHh,n,p = sup )\JxJ ’
(>‘17--~7>\n)€Bn,,p j=1

with p € [1,00].
For p = 2, we have the Euclidean ball in K", which we denote by B,,, B,, =
{)\ =M1, ) €KX IAi|” < 1} that generates the hypo-Fuclidean norm

on E", i.e.,

1.5 X e = sup Ajx;
(1.5) 1X 15, WP > Nz,

j=1
Moreover, if E = H, H is a Hilbert space over K, then the hypo-Fuclidean norm
on H™ will be denoted simply by

n
(1.6) (1, xn)|l, ;=  sup S aay.
(AtyXn)€Ry (155

and its properties will be extensively studied in the present paper.

Both the notation in and the necessity of investigating its main properties
are motivated by the recent work of G. Popescu [9] who introduced a similar norm on
the Cartesian product of Banach algebra B (H) of all bounded linear operators on H
and used it to investigate various properties of n—tuple of operators in Multivariable
Operator Theory. The study is also motivated by the fact that the hypo-Euclidean
norm is closely related to the quadratic form 327, |(z, xj>|2 (see the representation
Theorem that plays a key role in many problems arising in the Theory of Fourier
expansions in Hilbert spaces.

The paper is structured as follows: in Section [2| we establish the equivalence of
the hypo-Euclidean norm with the usual Euclidean norm on H", provide a repre-
sentation result and obtain some lower bounds for it. In Section 3} on utilising the
classical results of Boas-Bellman and Bombieri as well as some recent similar results
obtained by the author, we give various upper bounds for the hypo-Euclidean norm.
These are complemented in Section [ with other inequalities between p—norms and
the hypo-Euclidean norm. Section [5|is devoted to the presentation of some condi-
tional reverse inequalities between the hypo-Euclidean norm and the norm of the
sum of the vectors involved. In Section[6] the natural connection between the hypo-
Euclidean norm and the operator norm ||(-,...,)|, introduced by Popescu in [9] is
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investigated. A representation result is obtained and some applications for opera-
tor inequalities are pointed out. Finally, in Section |7} a new norm for operators is
introduced and some natural inequalities are obtained.

2. FUNDAMENTAL PROPERTIES

Let (H;(-,-)) be a Hilbert space over K and n € N, n > 1. In the Cartesian
product H™ := H x --- x H, for the n—tuples of vectors X = (z1,...,z,), Y =
(y1,-..,Yyn) € H™, we can define the inner product (-,-) by

(2.1) (X, V)= (zjy;), X YeH"
j=1

which generates the Euclidean norm ||-||, on H", i.e.,

2

2 n
(2.2) X[y == | D _llayll*) . X eH™
j=1
The following result connects the usual Euclidean norm ||-|| with the hypo-

Euclidean norm ||-||, .
Theorem 1. For any X € H™ we have the inequalities

1
vn

e, |||l and |||, are equivalent norms on H™.

(2:3) Xy = [1Xl. = —= 1X1l5,

Proof. By the Cauchy-Bunyakovsky-Schwarz inequality we have

2

1
n n 2 n
2 2
(2.4) PRV S PR >l
j=1 j=1 j=1

for any (A1,...,A,) € K. Taking the supremum over (A1,...,A,) € B, in (2.4) we
obtain the first inequality in (2.3]).
If by 0 we denote the rotation-invariant normalised positive Borel measure on

the unit sphere 0B, <3Bn = (A, Ap) €K™ IS0 X = 1) whose existence

and properties have been pointed out in [I0], then we can state that

(2.5) / |Ak\2da(A):1 and
OB, n

/ Medjdo (\) =0 if k#j, kj=1...n
B,
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Utilising these properties, we have

Z)\kl’k

n
= sup Z MeAj (T, x5
(>\17"'7)‘H)E]Bn k,j:1

z/ ZAk)\ ., x;) | do (A Z/ [N (e, )] do ()
OB, OB,

k,j=1 k,j=1

1o 2 1 2
= 13 e = L,
k=1

from where we deduce the second inequality in (2.3).

2
[Xl[c=— sup
(>\1 An, E]Bn

The following representation result for the hypo-Euclidean norm plays a key role
in obtaining various bounds for this norm:

Theorem 2. For any X € H™ with X = (x1,...,2,), we have

1

2

(2.6) XN, = sup (> la,a;)f*

lzll=1 \ ;=1

Proof. We use the following well known representation result for scalars:
2

(2.7) ZWZZQ Sup D Nzl

where (21,...,2,) € K".
Utilising this property, we thus have

1
2

(2.8) Z \(:L’,:zrj>|2 = sup <;L’,Z/\jxj>

j=1 (A0 An)EB,

for any z € H.
Now, taking the supremum over ||z|| =1 in (2.8 we get

2

n n
Z x,T; = sup sup <x, Z)\jxj>
j=1

\wH 1 j=1 lz]|=1 | (A1,...,An)EBR

= sup sup <:c, Z )\jxj>

(A1, A0)EBy | lz]l=1 j=1

n
= sup E Az,
i=1

(A1, A0)€EBy,
since, in any Hilbert space we have that supy, = [{u,v)| = [[v|| for each v € H. I
Corollary 1. If X = (x1,...,x,) s an n—tuple of orthonormal wvectors, i.e.,

we recall that ||xgx|| = 1 and (zx,z;) = 0 for k,j € {1,...,n} with k # j, then
Xl < 1.
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The proof is obvious by Bessel’s inequality.

The next proposition contains two lower bounds for the hypo-Euclidean norm
that are sometimes better than the one in (2.3), as will be shown by some examples
later.

Proposition 1. For any X = (z1,...,2,) € H™\ {0} we have

T |1 2= il

X1

)

(2.9) X1l =

1
ﬁ Z?:l x]H :

Proof. By the definition of the hypo-Euclidean norm we have that, if ()\(1), cee )\2) €
B,,, then obviously

n
XN > |1 A
j=1

The choice -
T
A= 2 je{l,...,n},
R P 4Pt
which satisfies the condition ()\(1), ey /\2) € B, will produce the first inequality
while the selection

1
0 __ .
Aj*%? ]6{1,“'7”},
will give the second inequality in (2.9)). B

Remark 1. For n = 2, the hypo-Euclidean norm on H?

1

3

Il = swp A+ pyl = sup [I(z)2 + Iz 0)7]
(A1) EB; llzll=1

is bounded below by

1 3
By (w9) = 75 (el + 1)

By (.g) = Motz + Iyl ol
() + 11?)

and
By (w,9) = —= llo + ]l

V2

If H = C endowed with the canonical inner product (x,y) := xy where x,y € C,
then

M

1
By (2,y) = —= (ol +1y) "

V2

_ l=lz+ylyl

By (,y) 1
o (1ol + 1y%)”

and

Bg(l’,y): xaye(c'

1
7£c+ s
\/él Y|
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The plots of the differences Dy (x,y) = By (x,y) — Ba(x,y) and Dy (x,y) =
B (z,y) — Bs (x,y) which are depicted in Figure and Figure@ respectively, show
that the bound By is not always better than B or Bs. However, since the plot of
D3 (z,y) := By (x,y) — B3 (z,y) (see Figure[3) appears to indicate that, at least in
the case of C?, it may be possible that the bound Bs is always better than Bs, hence
we can ask in general which bound from (@ is better for a given n > 27 This is
an open problem that will be left to the interested reader for further investigation.

FIGURE 1. The behaviour of D; (z,y)

3. UPPER BOUNDS VIA THE BOAS-BELLMAN AND BOMBIERI TYPE
INEQUALITIES

In 1941, R.P. Boas [2] and in 1944, independently, R. Bellman [I] proved the
following generalisation of Bessel’s inequality that can be stated for any family of
vectors {y1, ..., yn t(see also [8 p. 392] or [B p. 125]):

Nl

n

2 2 2 2
B Yl <ol | max gl + (D )
Jj=1 1<j#k<n

for any x,y; ..., Yy, vectors in the real or complex inner product space (H;{(-,-)).
This results is known in the literature as the Boas-Bellman inequality.
The following result provides various upper bounds for the hypo-Euclidean norm:
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FIGURE 2. The behaviour of Ds (z,y)

Theorem 3. For any X = (x1,...,2,) € H", we have

2 S
(3.2) 1XTle <

2 .
max "+ (n = 1) max [k, 2]

Nl

2 2 - 2
(3:3) X1 < | max ] z;lll’jll + max {llz|lllzel} Y ey
J:

tssFksn 1<j#k<n
and
max [lz;[2 32 ;12 + (n— 1) | X2 max |{xj, z4)]
A 1<i<n I T € 1<jthgn TR
(34) |X]° <

2 2
I g, sl e (sl 3% oyl

Proof. Taking the supremum over ||z| = 1 in (3.1)) and utilising the representation
(2.6), we deduce the first inequality in (3.2)).
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In [4], we proved amongst others the following inequalities

2 & 2
2 max |c;| Zl ;1™
j:

n 1<j<n
2
(35) D _eilay| <ol x
j=1

n 2 2
3 lel” s, Il

g Alegerly 32 ol

2
+ =" x

n
1 12 ,
n=1) 5o, e It

for any y1,...,yn, ¢ € H and ¢q,...,¢, € K, where (3.5) should be seen as all

possible configurations.
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The choice ¢; = (z,y;), j € {1,...,n} will produce the following four inequali-
ties:

n
2
. 2 zax (=, ui)l” J; 1yl
2
(36) | Dl <lal®x{
J=1 _
J;I(amyﬁl [max. Iy
max Y T, Yk Yi Yk 1>
| nax Al vl >\}1Sj;@|<] )|
2
+ 2|

(n—1) EZI [z, ;)| 1<I;17?]§(§n|<yj7yk>‘-

Taking the supremum over ||z|| = 1 and utilising the representation (2.6|) we easily
deduce the rest of the four inequalities. i

A different generalisation of Bessel’s inequality for non-orthogonal vectors is the
Bombieri inequality (see [2] or [8, p. 397] and [5, p. 134]):

(3.7) > oy < Jlff? [ax {ZI Yi» Y| }
Jj=1 k=1

for any = € H, where y,...,y, are vectors in the real or complex inner product
space (H; ().

Note that, the Bombieri inequality was not stated in the general case of inner
product spaces in [2]. However, the inequality presented there easily leads to (3.7)
which, apparently, was firstly mentioned as is in [8, p. 394].

On utilising the Bombieri inequality and the representation Theorem [ we
can state the following simple upper bound for the hypo-Euclidean norm |-, .

Theorem 4. For any X = (z1,...,z,) € H", we have

2
(33) X2 < max. {; |<xj,xk>} .

In [6] (see also [B p. 138]), we have established the following norm inequalities:

1
2 7%
n n a

59 [Sas| <ot Yl Y Zm,zk :

=1 k=1 k=1 \j=

WherelJrl:l,%+%:1and1<p§2,1<t§2andajG(C,zjEH,
jedl,....n}.

An interestmg particular case of (3.9) obtained for p = ¢ = 2, t = u = 2 is
incorporated in

N|=

2
(3.10) ZO&ij < Z|Oék|2 Z |<Zjazk>|2
j=1 k=1

jk=1



10 S.S. DRAGOMIR

Other similar inequalities for norms are the following ones [6] (see also [B, pp.
139-140]):
2

1
q

Z|<zj,2k>|‘Z] ,
k=1

provided that 1 < p < 2 and %—&—% =1, a;,€C,z; € H je{l,...,n}. In the
particular case p = ¢ = 2, we have
2

2 2
CERE ) S [N S ol ety

n

n
1 2
(3.11) Z;ajzg‘ no Y Joxl” max
]:

k=1

k=1

Also, if 1 < m < 2, then [6]:
2

1 2 l
31 e <0t Yot {3 [ er]
j=1 k=1

where%—l—%:l.Form:l:Z,weget

~l=

2
2
(3.14) S agn| vyl |3 (s, 16200
Jj= = Jj=

Finally, we can also state the inequality [6]:

Nl

1<g,k<n

2
n n
(3.15) Zajzj < nz lag|® max (25, 2] -
j=1 k=1

Utilising the above norm-inequalities and the definition of the hypo-Euclidean
norm, we can state the following result which provides other upper bounds than
the ones outlined in Theorem [Bl and @

Theorem 5. For any X = (x1,...,x,) € H", we have
1 1 n n % “
Sk Sl DN [EAPAIL where 341 =1,
k=1 \J

=1
14+1=1 and 1<p<2 1<t<2

1
u
-1
1 n !
nr max [Z (xj, zk)]? where %—F%:l
i=1

9 i
. <
(3.16) X7 < and 1 <p<2;

~l=

nm {Z [max |<J:J,3ck>|l } where =+ 1 =1

and 1 <m <2;
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and, in particular,

[ > |<xj,xk>|2] :

J,k=1

[N

(3.17) IXIP < { i max [i|<xj,xk>|2] ;

1<j<n | =1

NG [2 (lrgggn{|<xj,xk>|2})r

Jj=1

4. VARIOUS INEQUALITIES FOR THE HYPO-EUCLIDEAN NORM

For an n—tuple X = (x1,...,x,) of vectors in H, we consider the usual p—norms:

1

. 1
X1, == D llasl” ]
j=1

where p € [1,00), and denote with S the sum Y 7_, z;.
With these notations we can state the following reverse of the inequality || X ||, >
| X, , that has been pointed out in Theorem

Theorem 6. For any X = (z1,...,z,) € H", we have

(4.1) (0 <) 1X 115 = 1112 < 11X = [151°
If
n 2
2 Tj + Tk
||XH(2) = Z ]T )
Gok=1
then also
(4.2) O NIXN5 = IX12 < 1XI1[E) — 11511
(<nl X5 = IS
Proof. We observe, for any x € H, that
2
(4.3) Sman| =Y ()Y (wak) = > () > (@)
j=1 j=1 k=1 j=1 k=1

n

Szl + Y () (wr )

k=1 1<j#k<n

<D Nma)P 4| Y () (e, 2)

k=1 1<j#k<n

<D Nwan)®+ Y way)| [z, o).

k=1 1<j#k<n
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Taking the supremum over ||z|| = 1, we get

2
n
(4.4)  sup Z(w,mj>
[|z]|=1 j=1
< sup Z| x, k)| Z sup [{z,z;)| - sup |[(xg,x)|.
l=ll=1%=1 1§j¢k§n\lm\|:1 llzll=1
However,
2 2
n n
2
sup Y (w,2;)| = sup [(z, > a; )| = |9
lz]|=1 j=1 lz]|=1 j=1
sup [(z,z;)| = [lz;l| and  sup |[(z,2x)| = [l

llzll=1 llzll=1

for j,k € {1,...,n}, and by (4.4) we get
2 2
ISI* < IX12+ > llwsl llal

1<j;£k<n

= IX1I? + Z ;| lzell — Z [N
J,k=1
= IX1IZ + X117 = 1 X113
which is clearly equivalent with (4.1)).
Further on, we also observe that, for any x € H we have the identity:

2
(4.5) S (@] =Re| S (@,ay) (wna)
j=1 k,j=1
Z| x, Tk Z Re [(z,z;) (zg, x)] .
k=1 1<j#k<n
Utilising the elementary inequality for complex numbers
1
(4.6) Re (uv) < Z|u+v\ u,v € C,
we can state that
1 2
> Rel(w,z)) (wy,2)] < 1 Yo laag) + (o))
1<k#j<n 1<k#j<n
_ Z <$ T; + xk> 2
1<k#j<n 2
and by (4.5) we get
n 2 n zi+x 2
(47) S wa)| <Slmafe 3 <x2k>’
j=1 k=1 1<k7£j<n

for any x € H.
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Taking the supremum over ||z|| =1 in (4.7) we deduce
2

n 2
_ 2 T; + Tk
doa| <IXIE+ > 1= 5
j=1 1<k#j<n
X —l—xk
= [IXI2 + Z e Z||33k||
k,j=1

which provides the first inequality in (4.2).
. 2
By the convexity of ||-||” we have

i LS [l hl] = nz ]

j k=1
and the last part of (4.2) is obvious. I

xj+xk

Remark 2. Forn =2, X = (z,y) € H?> we have the bounds

2 2 2
By (z,y) = [|z]|” + lylI” — llz + vl
=2(llzlllyll — Re(z,y))
and
2 2
By (z,y) = [[z]|” + |lyll

for the difference HX||§ — ||XH§ , X € H? as provided by and respectively.
If H =R then By (z,y) = 2(|xy| — xy), B2 (z,y) = 2% + 2. If we consider the
function A (z,y) = Bs (z,y) — By (x,y) then the plot of A (z,y) depicted in Figure
shows that the bounds provided by and cannot be compared in general,
meaning that sometimes the first is better than the second and vice versa.

From a different view-point we can state the following result:

Theorem 7. For any X = (x1,...,z,) € H", we have

(4.8) ISI* < 11l | 1X 1, + <Z IS = xk|2>
k=1

and
2
(4.9) [I5]
1N T
2
<, {10, + § max S =zl + {105~ e, 5 - ) ,
1<k#£I<n
respectively.

Proof. Utilising the identity (4.5) above we have
2

(4.10) Z z,x;)| = Z\(m,mk>|2 + Re <x, Z (m,xk>xj>
j=1 k=1 1<j#k<n

for any = € H.
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FIGURE 4. The behaviour of A (z,y)

By the Schwarz inequality in the inner product space (H, (-,-)), we have that

(4.11) Re<ac, Z

1<j#k<n

<x,wk>xj> <l

> (wan)w

1<j#k<n

Utilising the Cauchy-Bunyakovsky-Schwarz inequality we have

n

(4.12)

k=1

Z (x,2k) (S — xx)

< (Zux,m?)
k=1

=

<Z |5—ku|2>
k=1
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and then by (4.10) — (4.12) we can state the inequality:
2

(413) D (w,2))
j=1

< <Z|<$7Ik>|2> <Z|<$7Ik>|2> + <Z S$k||2>
k=1 k=1 k=1

for any « € H, ||z|| = 1. Taking the supremum over ||z| =1 we deduce the desired

result (4.8]).

Now, following the above argument, we can also state that

(4.14) <x,2xj> <3 lwan) P+ ol | () (5 — )
j=1 k=1 k=1

for any z € H.
Utilising the inequality

[SE

2
(4.15) >z Z%\ max. HZJII Yo )] ;
j=1 j=1

1<j#k<n

where a; € C, z; € H, j € {1,...,n}, that has been obtained in [4], see also [5} p.
128], we can state that

(4.16) | (@, 2x) (S — 1)
k=1
< 2 _ _ _ 2
_<Z|<x,xk>l> max |9 w0 DD S —ak, S — )
k=1 1<k#I<n

for any z € H.
Now, by the use of (4.14)) — (4.16) we deduce the desired result (4.9)). The details
are omitted. I

Remark 3. On utilising the inequality:

1<k< 1<k#£l<n

2
(4.17) >z <Zajl2{max 261> + (n = 1) max |<Zkvzl>|:|v
j=1

where o; € C, z; € H, j € {1,...,n}, that has been obtained in [4], (see also
Bl p. 130]) in place of above, we can state the following inequality for the
hypo-Fuclidean norm as well:

(4.18) ||s|I®

-

1<k#£l<n

< x|, llleleﬂL{1§g§n||5—$kll2+(n—1) o |<s—mk,s—m>|2}]

for any X = (z1,...,2,) € H™.
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Other similar results may be stated by making use of the results from [6]. The
details are left to the interested reader.

5. REVERSE INEQUALITIES

Before we proceed with establishing some reverse inequalities for the hypo-
Euclidean norm, we recall some reverse results of the Cauchy-Bunyakovsky-Schwarz
inequality for real or complex numbers as follows:

If v, e K(K=C,R) and o € K, j € {1,...,n} with the property that
(5.1) 0 <Re[(I' - a;) (@j —7)]

= (ReI' = Req;) (Rea; —Re7y) + (ImI' —Ime;) (Ima; —Im~)
or, equivalently,
vy+T 1
RN R | A
5| <5107l

for each j € {1,...,n}, then (see for instance [Bl p. 9])
2

(5.3) nZ o | Zaj
In addition, if Re (T'%) > 0, then (see for example [3], p. 26]):

{Re[(F 42 o]}

(52) Qj —

2
0 T =4[

m»—

- 1
A4 1?2 < 2.
(5 ) n;b@‘ —4 RG(F’}/)
) 2
1 [T+9° ¢
<= 1 "
4 Re(T'y) ; /
and
2 2
(5.5) nZ|aj\ — Zaj <= 1 Re ) Z
Jj=1 j=1 ry j=1

Also, if I" # —~, then (see for instance [5l p. 32]):

2 2

- - P el
5.6 E |2 E i - .
>0 nj=1 ol =1 4 T+

Finally, from [7] we can also state that

2
n n

(5.7) nZ|aj|2— Zaj Sn[\r+’y\—2 Re ( Fv} Za] ,
=1 i=1

provided Re (I'y) > 0.
We notice that a simple sufficient condition for (5.1)) to hold is that

(5.8) Rel' > Reaj > Rey and ImI'>Imoa; > Imvy
for each j € {1,...,n}.
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We can state and prove the following conditional inequalities for the hypo-
Euclidean norm |||,

Theorem 8. Let p,¢ € K and X = (z1, ...

_|_
(o05) - £32) <

,xn) € H"™ such that either:

(5.9) |¢ ol

- 2
or, equivalently,

(5.10) Re[(6 — {z,2;)) ((zj,2) = ¢)] 2 0
for each j € {1,...,n} and for any x € H, ||x|| =1. Then
(5.11) X2 < = ||5H + nl¢— ol

Moreover, if Re (¢p) > 0, then

1 ¢+
. X -
(5.12) IXIE < 4 Reramy IS
and

1

(5.13) 1XI2 <~ ISI + (16 + ¢l - 2V/Re (69)] 1151
If ¢ # —p, then
(5.14) I, < 2 sy + o 12220

47 o+’
where S = Z?Zl xj
Proof. We only prove the inequality (5.11)).

Let « € H, ||z|| = 1. Then, on applying the inequality (5.3) for a; = (x,x;),
j€{l,...,n}and ' = ¢, v = ¢, we can state that

2
- 1 - 1
(5.15) > )l < <x,2xj> +qnlo ol
j=1 j=1

Now if in (5.15) we take the supremum over ||z|| = 1, then we get the desired
inequality ([5.11)).

The other inequalities follow by ., and (|b.6) respectively. The details
are omitted. I

Remark 4. Due to the fact that

o+
2

<

<x7xj> -

forany j € {1,...,n} and x € H, ||z|| = 1, then a sufficient condition for (5.9) to
p+o 1
e L

hold is that
-

for each j €{1,...,n} and x € H, ||z|| = 1.
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6. APPLICATIONS FOR n—TUPLES OF OPERATORS

In [9], the author has introduced the following norm on the Cartesian product
B™ (H) := B(H) x --- x B(H), where B (H) denotes the Banach algebra of all
bounded linear operators defined on the complex Hilbert space H :

(6.1) I(Th,....Tn)|l, == sup AT+ -+ ATl
(A1 yeeesn ) EB,,
where (T1,...,T,) € B™ (H) and B, = {(Al, A ECH T N < 1} is
the Euclidean closed ball in C™. It is clear that ||-||, is a norm on B™ (H) and for
any (T1,...,T,) € B™ (H) we have
(6.2) (T, To)lle = (T T
where T7* is the adjoint operator of T;, i € {1,...,n}.
It has been shown in [9] that the following inequality holds true:
1 1
3 3

1 - * - *
(6.3) 7 Sonrr| < (T Tl < |D 1T
j=1 j=1

for any n—tuple (Ty,...,T,) € B (H) and the constants % and 1 are best
possible.

In the same paper [9] the author has introduced the Fuclidean operator radius
of an n—tuple of operators (71,...,T,) by

(6.4) we (Th,...,Ty) == sup Z|<Tﬂ:,x>\2

and proved that w, (-) is a norm on B (H) and satisfies the double inequality:

Swe (Th, ..., T,) < |[(Th, ..., T,

e

(6.5) LY TCA S

for each n—tuple (T1,...,T,) € B™ (H).
As pointed out in [9], the Euclidean numerical radius also satisfies the double
inequality:

1
2 2

1| P
(66) ﬁ ZTjTj < we (Tla-“an) < ZTiTj
j=1 Jj=1

for any (Ty,...,T,) € B™ (H) and the constants ﬁ and 1 are best possible.

We are now able to establish the following natural connections that exists be-
tween the hypo-Euclidean norm of vectors in a Cartesian product of Hilbert spaces
and the norm ||-||, for n—tuples of operators in the Banach algebra B (H) .

Theorem 9. For any (Ty,...,T,) € B™ (H) we have

(6.7) (T, Tl = Sup, 1Ty, .., Tuy)ll.
y =

Nl=

= sup > (Tyy, )

lyll=tl=l=1 \ ;=
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Proof. By the definition of the |-||, —norm on B (H) and the hypo-Euclidean
norm on H", we have:

(6.8) (Th,.... T, = sup sup [[(MTr 4+ ATn) vl
[CS T An)EB, ||ly|l=1

llyll=1 S

= sup [|[(Thy,.... Ty, -
[lyll=1

= sup [ sup  [MTiy + -+ ATyl
(A

Utilising the representation of the hypo-Euclidean norm on H™ from Theorem
we have

(69) ||(T1y7 e Tny = Ssup Z | jy7

flll=1
Making use of and we deduce the desired equality . ]

Remark 5. Utilising Theorem [1], we have

2 2

(6.10) ;IIijllz > [[(Thy, ..., T 7 ZII 5yl

foranyy € H, |y| = 1.
Since

n n

2 *
> Tyl = <ZT]’ ij,y>7 lyll =1
Jj=1 j=1

hence, on taking the supremum over ||y|| =1 in and on observing that

n n n
j=1 j=1 j=1

HyH 1

we deduce the inequality that has been established in [9] by a different argu-
ment.

We observe that, due to the representation Theorem [9] some inequalities ob-
tained for the hypo-Euclidean norm can be utilised in obtaining various new in-
equalities for the operator norm ||-||, by employing a standard approach consisting
in taking the supremum over ||y|| = 1, as described in the above remark.

The following different lower bound for the Euclidean operator norm ||-||, can be
stated:

Proposition 2. For any (T4,...,T,) € B (H), we have

(6.11) 1Ty, To)lle 2 —= 1T+ -+ + Tl -

e_\f
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Proof. Utilising Proposition [I] and Theorem [J] we have:

Hﬂb~wﬂML:rwﬂwﬂ%~wﬂwwe
yll=

1
>— sup [T+ + Tayl
VI y)=1

_ b
=7
which is the desired inequality (6.11]). I

Ty + -+ Tl

We can state the following results concerning various upper bounds for the op-
erator norm ||(.,...,.)|.:

Theorem 10. For any (Ti,...,T,) € B™ (H), we have the inequalities:

2

> w(T;Ty)

1<j#k<n

max {IT5*} + :

1<j<n

wax {ITI°}+ (= 1) max {w(T;T)}s

1<j<n 1<j#£k<n
(6.12) H(Tl,---aTn)Hi < 2
2 n *
1252;{H1}H } 2T

Nl=

+ max T T w (TR T
e (TS w(ny)

The proof follows by Theorem [3] and Theorem [9] and the details are omitted.
On utilising the inequalities (3.8) and (3.17]) we can state the following result as

well:

Theorem 11. For any (Ty,...,T,) € B (H), we have:

wox { £ (1)}

1<j<n (=1

)

[ > w (TTy)
jk=1

(6.13) (T, ..., TW)|? <

e —

1
n 2
n max {Z w? (T,;‘Tj)] ;

1<j<n | =1

2

b LZ:1 1gll?§n {w2 (T]:Tj)}

The results from Section [5] can be also naturally used to provide some reverse
inequalities that are of interest.
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Theorem 12. Let (T1,...,T,) € B™ (H) and ¢, $ € K such that

pto
2

and for each j € {1,...,n}. Then

Ty —

1
611 | <Lo—pl forany ol =yl =1

1< 1
(6.15) 1T T 0T+ le =l
Jj=1

In addition, if Re (¢p) > 0, then
2

L jo+¢
1 Ty,...., )| < T;

(6 6) H( 1 ) )He—4n R€(¢ ) ; J
and

2

1 n _ n
617) (@ TIE < ST+ [lo+ ¢l -2VRe @D YT
j=1 j=1
If ¢ # —, then also
2
IS s o= ol
6.18 T\ T, < — .
(6.19 i Bl 72 | + v 12
Proof. For any z,y € H with ||z|| = |ly|| = 1 we have
+
<“"Tfy>‘¢z¢':’< >’
< ol |70 - 324
1
< 2l —
S gle -l

for each j € {1,...,n}.
Now, on applying Theoremfor z; = T;y, we can write from ({5.11)) the following
inequality

(Tyy, ..., T, Z | + n|¢ ol

for each y with |ly|| = 1.
Taking the supremum over ||y|| =1 and utilising Theorem [0} we deduce (6.15)).
The other inequalities follow by a similar procedure on making use of the in-
equalities - and the details are omitted. |

Remark 6. The inequality is equivalent with
(6.19) 0 <Rel(¢ — (z,Tjy)) (Tjy,z) — ?)]
= (Re(¢) — Re (z, Tjy)) (Re (Tjy,z) — Re (¢))
+ (Im (¢) — Im (z, Tjy)) (Im (T;y, x) — Im (¢))
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for each j € {1,...,n} and ||z|]| = ||y|| = 1. A sufficient condition for to
hold is then:

Re (¢) < Re (z,T;y) < Re(¢)
(6.20)
Im (o) < Im (z, Tjy) < Im (o)

for any x,y € H with ||z|| = |ly]| =1 and j € {1,...,n}.

7. A NORM ON B (H)
For an operator A € B (H) we define

(7.1) §(A) = [I(A,A%)[|, = sup []AA+ pA",
(A,u)€EB2

where B, is the Euclidean unit ball in C2.
The properties of this functional are embodied in the following theorem:

Theorem 13. The functional § is a norm on B(H) and satisfies the double
inequality:

(7.2) [A]l < 6 (A) <2 A]

for any A€ B(H).
Moreover, we have the inequalities

(73) Ll ay|f <oy < [+ a2
and
V2

(7.4) JA+ A < 5(4) < [ +w (42)]*

2
for any A € B(H), respectively.

Proof. First of all, observe, by Theorem [8] that we have the representation
1
(7.5) 5(4)=  sup [y, @)+ [(Ay )]
llzl|=1,]lyll=1

for each A € B(H).

Obviously 6 (A) > 0 for each A € B(H) and of 6 (A) = 0 then, by (7.5),
(Ay,z) = 0 for any x,y € H with ||z|| = ||y|| = 1 which implies that A = 0. Also,
by (|7.5), we observe that

Nl=

b(ad) = sup [l(ady,a) + @Ay, o) ]

lzll=1.]lyll=1

[N

—lo] sup [y, @) + (A", )]
llzll=1,llyll=1

=[5 (A)
forany « €e Rand A € B(H).
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Now, if A, B € B(H), then
(A+B)= sup ||AMA+ puA*+ B+ uB*||

()‘).U')E]BQ
< sup |AA+pA*|+ sup |[JAB+ pBY|
(A1) €B2 (A1) EBo
=0(A)+46(B),

which proves the triangle inequality.
Also, we observe that

6(A)>  sup  [(Ay,x)] = [ A

lz]=1,]lyll=1
and

6(A) < sup - [[(Ay,2)| +[(A%y, 2)]]

lell=1llyll=1

< sup [(Ay,z)|+ sup  [(A%y,z)]
llel|=1,]lyI=1 llll=1,]lyl=1
=24]]

and the inequality (7.2)) is proved.

The inequality (7.3]) follows from (6.3) for n = 2, T3 = A and T» = A* while
(7.4) follows from Proposition [2| and the second inequality in (6.12]) for the same
choices. 1

Remark 7. It is easy to see that
2 1
Sl ey <
and . .
|42 4+ (|| [14l? +w (42)] " < 2)14)

for each A € B(H). Also, we notice that if A is self-adjoint, then the equality
case holds in the second part of and in both sides of . However, it is an

open question for the author which of the lower bounds || A, g |A+ A*|| of the
norm 6 (A) are better and when. The same question applies for the upper bounds

1
HA2 + (42| and [||A||2 +w (A2)] * | respectively.

1
2
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