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ON AN INEQUALITY OF DIANANDA, IV

PENG GAO

ABSTRACT. In this paper, we extend the results in part I-IIT on certain inequalities involving the
weighted power means as well as the symmetric means. These inequalities can be largely viewed
as concerning the bounds for ratios of differences of means and can be traced back to the work of
Diananda.

1. INTRODUCTION

Let M, ,(x;q) be the weighted power means: M,,(x;q) = (3> i, qi:vg)%, where M, o(x;q)
denotes the limit of M, ,(x;q) asr — 07, x = (21,...,2,), 9= (q1,...,¢qn) and ¢; > 0 (1 <i < n)
are positive real numbers with > 7" | ¢; = 1. In this paper, we let ¢ = ming; and unless otherwise
specified, we assume 0 < z1 < 9 < -+ < Tp.

Let k € {0,1,...,n}, the k-th symmetric function E, j of x and its mean P, are defined by

r
E
Enﬂ‘(x) = Z Hwipprq;,r(x) = mT(X)al <r<ng En,O = Pn,O =1

1< < <ir<n j=1 (:"L)

We define A,,(x;q) = My, 1(x;q), Gn(x) = Mpo(x;q), Hy(x;9) = My, —1(x;q) and we shall write
M, , for M, ,(x;q) and similarly for other means when there is no risk of confusion.

For a real number o and mutually distinct numbers r, s, ¢, we define
Mg, — M3,

A = —
7,8,t, @ @
Mg, — Mg

)

where we interpret Mgm — Mgs as In M,, , —In M,, ;. We also define A, to be A, o 1.
For r > s>t > 0,a > 0, the author studied in [5]-[7] inequalities of the following two types:

(1.1) Crst (1= 0)%) = Arsa
and
(1.2) Arsta > Crsi(g®),
where
Croa@) = 225400 Cragle) = ——

For any set {a,b,c} with a,b, c mutually distinct and non-negative, we let r = max{a,b,c},t =
min{a, b, c},s = {a,b,c}\{r,t}. By saying (1.1) (resp. (1.2)) holds for the set {a,b,c},a > 0 we
mean (1.1) (resp. (1.2)) holds for r > s >t > 0,a > 0.

A result of P. Diananda ([3], [4]) (see also [2], [12]) shows that (1.1) and (1.2) hold for {1,1/2,0},
a = 1. When o = 1, the sets {a,b,1}’s for which (1.1) or (1.2) holds have been completely
determined by the author in [5]-[7]. Moreover, it is shown in [7] that (1.2) doesn’t hold in general
unless 0 € {a,b, c}.
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For the consideration of more general a’s, we first restrict our attention to the case {a,b,0}.
This is partially because of the following result in [6] (note there is a typo in the original statement
though) :

Theorem 1.1 ([6, Theorem 3.2]). Let r > s > 0. If (1.1) holds for {r,s,0}, a > 0, then it also
holds for {r,s,0}, ka with 0 < k < 1. If (1.2) holds for {r,s,0}, a > 0, then it also holds for
{r,s,0}, ka with k > 1.

Moreover, for the unweighted case q1 = q2 = --+ = g, = 1/n, the author [7, Theorem 3.5] has
shown that (1.1) holds for {1,1/r,0} with a = n/r when r > 2 and (1.2) holds for {1,1/r,0} with
a= n/((n — 1)7“) when 1 < r < 2. The values of a’s are best possible here, namely, no larger a’s
can make (1.1) hold for {1,1/r,0} and similarly no smaller a’s can make (1.2) hold for {1,1/r,0}.

More generally, for arbitrary weights {¢;}’s, by using similar arguments as in [7], one sees that
the largest a that can make (1.1) hold for {1,1/r,0} is 1/(qr) and the smallest o that can make
(1.2) hold for {1,1/r,0} is 1/((1 — g)r).

In Section 2, we will extend Theorem 3.5 of [7] to the case of arbitrary weights. Namely, we will
prove

Theorem 1.2. Forr>20<p<1/q,

(r

—Dp (r=1p
(1.3) A< (=) 7 ME, 4 (1 (1) 7 ) Gh.
Forl<r<2,p>1/(1-q),

(r=1) (r=1)
(1.4 Az, (1= o

We note here by a change of variables: xz; — xil/ "
the form of (1.1) (resp. (1.2)).

After studying (1.1) and (1.2) for the set {a,b,0}, we move on in Section 3 to the case {a,b,c}
with min(a,b,c¢) > 0. Our remark earlier allows us to focus on (1.1) only. In this case, we can

recast (1.1), via a change of variables, as the following
(1.5) A < Mo (1= @)™) MZ, + (1 — (1= q)a))Mgs

where a > 0,7 > 1 > s > 0 and

, one can easily rewrite (1.3) (resp. (1.4)) in

1
Cr,l,s(x> .
We will show that (1.5) holds for all n if and only if it holds for the case n = 2. Based on this, we
will then be able to prove (1.5) for certain r, s, a’s satisfying a natural condition.
One certainly expects analogues of (1.1) and (1.2) hold with weighted power means replaced by
the symmetric means, one such example is given by the following result in [10]:

Ars(z) =1—

Theorem 1.3. Let ¢; = 1/n, then for any integer 2 < k < n,

(zn: mi)k < (n* = Sou(n) (Z))Mj;z + Aok (n) B,

i=1
where for 2 <r <k <n (with (";1) =0 here),
San) = L) D
| (=D ="
As was pointed out in [7], the proof given in [10] for the above theorem is not quite correct. In

Section 4, we will study inequalities involving the symmetric means and our results include a proof
of Theorem 1.3.
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2. PROOF OF THEOREM 1.2

In view of Theorem 1.1, one only needs to prove (1.3) for p = 1/¢ and similarly (1.4) for
p =1/(1 — q). In this proof we assume that 0 < z; < --- < x,. The case 1 = 0 will follow by

taking the limit. We first prove (1.3) and we define

AT (1= g7 MY

f(x) =
Grlz/q
Ifx;1 =--- ==z, then f = 0 otherwise we may assumen >2and 0 <z =21 = - = 2, < Tj4 for

some 1 < k < n, then

1=

We want to show that the right-hand side above is non-negative. It suffices to show each single

term in the sum is non-negative. Without loss of generality, we now show that
9f S,
ox1 —
We have
Gl/q o el
gnGs 0 _ Ayt (fﬂl - An) —(1-q) Mﬁ,/rq_r <:E7{ — MTTL,T).
@ On

Now we set

@ — Q)+ 2o G\
y(’l"):((l )1 Z 2 ) 7

1—-q
so that
A111/q—1 <x1 — An> = (1-9q) <qx1 +(1— q)y(l))l/q_1 (xl - y(l))
> (1) (g + (- @) " (3 - ).
Hence
Va r q— r UGN
G () (e vy

We want to show the right-hand side expression above is non-negative and by setting z = y(r)/z1,

this is equivalent to showing that

for z > 1,0 < ¢ < 1/2 and calculation yields that

O
((1_q +2) 1)) 56

(1L + 2)1/a-2(L + Zr)ﬁ—2@

_ 1 . _q P P _qa —(z _q Zr_zr—l P
= (14 IE - DE )~ e ) )&+

We now set s = ¢/(1 —¢) with 0 < s <1 and we consider

a(z,8) = (z—1+38)(2" = 1)(z" +5) — (z+8)(2" — 2" (2" +rs—1).



4 PENG GAO

By Cauchy’s mean value theorem,

d%a 1
— ro_ . r— _ < .
952 2(2: 1—rz"" (2 1)) <0
It follows that for 0 < s <1,
a(z,s) > min{a(z,0),a(z,1)} = min{0,a(z,1)}.

It follows from the discussion in [7] (see the function a(y,1) defined in the proof of Theorem 3.5
there) that a(z,1) > 0. This implies that a(z,s) > 0 so that g(z,¢) is an increasing function of z
and we then deduce that

g(z,q) < lim g(z,q) = 1.

zZ—-400

This shows that g—afl > 0 and hence % > 0 and by letting x — x4 and repeating the above

r—1
argument, we conclude that f(x) < f(zp,Zn,...,2n) =1 — (1 —¢) @ which completes the proof
for (1.3).
Now, to prove (1.4), we consider

AV _ qﬁ M)

hx) = P

Similar to our discussion above, it suffices to show 0h/0z, > 0. Now

:L‘anll/(l_q)(l —q) Oh
qn Oy

= Al/(-9-1 <xn _ An> _ qﬁMé’/r(l—q)—r (1;; _ Mr:,'r)'

Now we set

w(r) = <(Qn —q)zy, + 2?2_11 ¢ty ) r
1—g¢q ’
so that

AYOD (- 4) = (1) (g + (- gu() " (2 w(n)

1/(1=q)—1
> (1-q)(gwn+ (1 - gu(r)) (20— w(r).
where the inequality follows from the observation that the function

)1/(1,@,1

z»—>(qxn+(1—q)z Ty — 2)

is decreasing for 0 < z < x,,.
We then deduce that

an}/(l*Q) Oh
qnql/(l—Q)—lwl/(l—Q) (r) axn

> G ) G )G @Y

By proceeding similarly as in the proof of (1.3) above, one is then able to establish (1.4) and we
shall omit all the details here.
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3. A GENERAL DiscussION ON (1.5)
Theorem 3.1. For fited o« > 0,7 > 1 > s > 0, (1.5) holds for all n if and only if it holds for n = 2.

Proof. We consider the function

Falos,q) = Ars (1= @) M2, + (1= Ao (1 = 0)%) ) M2, — A3

The theorem asserts that in order to show f, > 0, it suffices to check the case n = 2. To see
this, we may assume by homogeneity that 0 < z1 < 29 < -+ < 1 < x, = 1 and we let
a=(ay,...,a,) €[0,1]"! be the point in which the absolute minimum of f,, is reached. We may
assume that 0 < a; < ag < -+ < ap—1 < ap, = 1 for otherwise if a; = a;41 for some 1 <7 <n —1,
by combining a; with a;y1 and ¢; with ¢;11, and noticing that A, s(x) is an increasing function of
x by Lemma 2.1 of [6], we have

fa(aia,q) > fao1(a’sd, ),

/ / /
where a' = ((117...,(17;_1,@1‘ + ai+17ai+27"'7an)7q - (q17"‘7qi—17qi + qi+17Qi+2)"'7qn)7q -

min(qi, ..., Gi—1,9 + Gi+1,%i+2,---,qn). We can then reduce the determination of the absolute
minimum of f,, to that of f,,_1 with different weights.

If a is a boundary point of [0,1]"!, then a; = 0, and in this case we show that f,(a;qn,q) > 0
follows from f,—1(a”;q",q) > 0, where a” = (ag,...,a,),d” = (¢2,--.,¢,)/(1 — q@1). On writing
fa—1(@”;d”,q) > 0 explicitly, we get

(D) < ans((1=0)?) (1= a)* Mgy (@) + (1= A (1= 9)) ) (1= @) My (2" ).
i=2
Meanwhile, f,(a;qn,q) > 0 is equivalent to
(D wa)” < Ans((1=0)?) (1) Mgy (@5 0"+ (1= A (1=0)) ) (1=a)*/* M (2" ).
i=2
Thus, it amounts to show that
A (1= @)7) (1= @) "My, ("5 q") + (1= Ao (1= 0)%) ) (1= @) * My (2" )
< Ao((L= @) (1= @) M@0 + (1= A (L= 0)%) ) (L= a)™ Mg, (@5,
which is equivalent to
(1= 2 (1= 0%) ) Ao (1 = a0)?)
(1 - )\r,s((l - QI)Q))AT,S((l - Q)a)
Now the above inequality follows from M, s < M,_1, and

(1= 2 ( = 0) ) Ao (1= @)®) < (1= Ans (1= 01)) ) Ars (1 = 0)°),

since A, ¢(x) is an increasing function of x.

Thus fn(a;qn,q) > 0 follows from f,—1(a”;q",q) > 0. Moreover, on writing ¢ = min(gs/(1 —
q),---,q,/(1 —q1)) and noticing that ¢” > ¢, we deduce that f,_1(a”;q",q) > fn-1(a";q",¢").
Hence the the determination of f, > 0 can be reduced to the determination of f, 1 > 0 with
different weights.

It remains to show the case a; > 0, so that a is an interior point of [0,1]*~. In this case we
have

« «
n—1,s = n—1,r"

an(a; q, Q) =0.
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Thus aq,...,a,_1 solve the equation
9(2) = A (L= ) M0 4 (1= Ana((1 - 0)%) ) Mot~ — A9~ = 0,
Note that .
fa@a,q) = qiaig(ai) = quang(an).
i=1

Thus if g(a,) > 0 then f, > 0. If g(a,) < 0, we note that g(z) = 0 can have at most two
roots in (0, a,] since it is easy to see that ¢’(z) = 0 can have at most one positive root. As
lim,_,o+ g(x) = 400, this further implies that g(xz) = 0 has only one root in (0, a,], so that we only
need to show f,, > 0 for the case n = 2 and this completes the proof. O

In what follows, we will apply Theorem 3.1 to establish (1.5) for certain r,s,a’s. Before we
proceed, we note that there is a natural condition to be satisfied by r, s, « in order for (1.5) to hold.
Namely, if we take n = 2 and rewrite it as

M;T — Mg’s - 1
Mg, — A3 1= As((1—q)%)

On taking z1 — 2, we conclude that

r—s 1
< .
r—=17"1-=Xs((1-9))

Before we prove our next result, we need two lemmas:

(3.1)

Lemma 3.1. Fiz u < 0, the function

)= 0<t#1

is concave for u < —1 and is convex for —1 < u < 0.

Proof. Calculation yields that

u—2
£ = o)
where
g(t) = —(u— Dt + (1 +u)t* — (1 +u)t+u—1.
Now

g"(t) = u(u+1)(u— 1)75"72(1 —t).

Thus if —1 < u < 0, then ¢”(¢t) > 0 for 0 < t < 1 and ¢”(¢t) < 0 for ¢t > 1. Since ¢’(1) = 0, this
implies that ¢/(t) < 0 for 0 < ¢ # 1. As g(1) = 0, we then conclude that g(¢t) > 0 for 0 <t < 1 and
g(t) <0 for t > 1. It follows from this that f(¢) is convex for —1 < u < 0 and the other assertion
can be shown similarly, which completes the proof. ]

Lemma 3.2. Forr >1,0<q1,q2 < 1,q1 +q2 = 1, the function
F8) = (@t + go)* Nt/ 4 o)
1s convex fort >0 whenr>2,1>a>0o0ora=1,r > 1.

Proof. Direct calculation shows that

1
f”(t) _ rq_ill(qltl/(r—l) + q2)a—3(q1tr/(r—1) + q2)—a/r—1tT71 Qg(t)
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where
1—a)(r—2 2 l—a)(r—«a 1 r—a 2
gty = LT pority y U m0) ) aaridy | 720 sty
r—1 -1 r—1
(1—a)? 9 1r 1t r—a 5 (lI—a)(r—a) 4,1  (1—-a)(r—2) 4
2(1 - 7) T t R A
+ r—1 q192 +r_1CI2 + 1 q1492 + 1 D
One then easily deduce the assertion of the lemma from the above expression of g(¢) and this
completes the proof. O

Theorem 3.2. Inequality (1.5) holds for the cases r > 2,1 >a >0 ora=1,r > 1,r+s> 2,
provided that (3.1) holds with strict inequality.

Proof. By Theorem 3.1, it suffices to prove the theorem for the case n = 2. We write A = )\m((l —
q)a) for short in this proof. What we need to prove is the following:

(@11 + gow2)™ < Mar2] + @225)*" + (1= A)(@qra + goa)™.

Without loss of generality, we may assume that ¢ = ¢,q2 = 1 — ¢ and define

ft) = (qt° + (D)fa/s((mt +q2)* = Mart" + CIQ)Q/T>,

so that we need to show that f(¢) < f(1) for ¢ > 0. We have
1) = aqga(qt® +q2)" /! ((qlt + @) (=) + Mt + o) - tr*l))

= aqa(@t® + @) at" + q) 1= g,

where _
— 1/(r=1) -1 /(r—1) l—a/ R
g(t) - (qlt " + Q2)a (qltr : + q2) AT+ )‘1 —4(s—1)/(r-1) A.
By Lemma 3.1 and Lemma 3.2, we see that g(t) is a strictly convex function for » > 2,1 > a > 0

ora =1,7>1,r4+ s> 2. Note that by our assumption (3.1) with strict inequality,

mgt) =14 A7 "%
%Er%g(t) = 1—1—)\8 1< 0.
On the other hand, note that X\ satisfies
(1—g)* = A1 — )"+ (1 = \)(1—q)*/",

so that
lim g(t) = (1-¢)* " = A= (1=N(1-g)** " >0

t—0t
As g(t) is strictly convex, this implies that there are exactly two roots t1,t2 of g(t) = 0 satisfying
that ¢; € (0,1) and t2 > 1. Note further that f(0) = f(1) and lim; g+ f'(¢t) < 0, which implies
that f(t) < f(1) for 0 < ¢ < 1. Similarly, we note that f/(¢) <0 for ¢t € (1,1 + €) with € > 0 small
enough. This combined with the observation that lim; 1 f(t) < f(1) as A, s(x) is an increasing
function of x implies that f(¢) < f(1) for ¢ > 1 which completes the proof. O

We remark here that if condition (3.1) is satisfied for some r, s, then it is also satisfied for
r,s,a’ with 0 < o/ < a. Thus it is not surprising to expect a result like Theorem 3.2 to hold.

To end this section, we prove a variant of (1.1) which is motivated by the following inequality
due to Mesihovié¢ [11] (with ¢; = 1/n here) :

1=t 16> (3 ()

We now generalize the above inequality to the arbitrary weight case:
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Theorem 3.3. For 0 < xy <z < - <y,

n n
(1= q)An +qGn > (Z qix}_q) (Z qix?),
i=1 i=1
with equality holding if and only if x1 = -+ =xy orx1 =0,q1 = q, 22 =+--=xp orn=2,q=1/2.

Proof. Define
Dp(x) = (1 —q)An +qGn — (Z qz‘xi_q) (Z qix?)-
=1 =1

We need to show D,, > 0 and we have
1 0D G e I _
(32) o —lmara = (1) (227> aia?) — a2t Y aial ™).
n n n i=1 i=1

By a change of variables: :f—; — x;,1 <i<n, wemay assume 0 < z1 <z3 <--- <z, =11in (3.2)
and rewrite it as

(3.3) gn(x1, . Tn1) =1 —q+qGp — (1 — q)(iqiarg) — q(iqix;_q)
i=1 i=1

We want to show g, > 0. Let a = (ay,...,a,_1) € [0,1]""! be the point in which the absolute
minimum of g, is reached. We may assume a1 < as < --- < an,—_1. If a3 =0, then a is a boundary
point of [0,1]"71, and in this case we have

n n
gn(alzoa"'van—l) = l_q_(l_q)<zq7fag)_q<ZQ1az1_q)
=2 =2

1=
> 1-q-(1-q¢)(1-—q)—q(l—q1) =q1 —q >0,

with equality holding if and only if ¢ = ¢,a9 = --- = a,, = 1. Now suppose a1 > 0 and a,,—1 <
O =+ = a, = 1 for some 1 < m < n, then aq,...,a,_1 solve the equation

Vgn(ai,...,an—1) =0.
Equivalently, a1, ..., an,—1 solve the equation

Gn=(1—q)(29+2'79).

As the right-hand side expression above is an increasing function of x, the above equation has
at most one root (regarding G, as constant). So we only need to show g, > 0 for the case

ag = =0n-1=2 < Gy ="-+=a, =1in (3.3) for some 1 < m < n. In this case we regard g,
as a function of x and we recast it as
hMw,z) = 1—qg+qz* —(1 —q)(wa:q—i—l —w) —q(w:clfq—l— 1 —w)

= w—q+qr* — (1 — qwa? — qua'™9.
Here 0 <z <1 and ¢ < w <1 — ¢. Note first that when ¢ = 1/2, h(w,z) = 0 so that we may now
assume 0 < ¢ < 1/2. We have
Oh
— =1+qxilnz — (1 —q)a? — gz’ :=d(z).
Ow w=q

Now
d'(z) = qz" e(a),
where
e(r) =14qlnz —(1—-q)— (1 —q)z' %
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Note that €/(z) = 0 has one root (1 —¢)(1 — 2q)x(1)72q = ¢ so that if 0 < zg < 1, then at this point
q
<0.
1—2q

Note also that lim, g+ e(x) < 0,e(1) = 2¢ —1 < 0. This implies that e(x) < 0 for 0 < = < 1.
Hence d(z) > d(1) =0 for 0 < z < 1. As it is easy to see that h(w,z) is a convex function of w for
fixed z, we conclude that h(w,x) is an increasing function of ¢ < w < 1 — ¢ for fixed z. Thus for
0<z<z,q<w<1-gq,

e(xo) = qlnzo+q —

h(w,z) > h(g,z) = ¢*(29 — 2*~7) > 0,

with equality holding if and only if x = 1.

Thus we have shown g, > 0, hence %xﬂ > 0 with equality holding if and only if x1 = --- =z, or

1 =0,y =q,x9=---=xH0r N = 2,qf = 1/2. By letting z,, tend to z,_1, we have D,, > D,
(with weights ¢1,...,qn—2,qn—1 + ¢») With equality holding if and only if x,, = x,—1 or n = 2 and
either ¢ = 1/2 or 1 = 0,¢q1 = ¢q. It follows by induction that D,, > 0 with equality holding if and
only ifxy ==z, orx; =0,q1 = ¢qx2 =+ =z, or n = 2,¢g = 1/2 and this completes the
proof. O

We remark here that if we define

S0 = aei ) (L ar?)-
=1 =1
Then for 1 < 5 <1/2,

s _ BB, 1-28 1-28 Zi
a3 - Z qigiT; T (:Ej —T; ) In (xj> <0.

1<i<j<n

Hence Theorem 3.3 improves (1.1) for the case {1,1/2,0}, a = 1.

4. INEQUALITIES INVOLVING THE SYMMETRIC MEANS
In this section, we set ¢; = 1/n,1 <1i <n. As an analogue of (1.5) (or (1.1)), we first consider
(4.1) A5 < Nk (MM + (1= M) ) Pt

where o > 0,r > 1,n > k > 2 and
(1 _ l)a _ (n;k)a/k
(1_ l)a/r_ (L—k)a/k.

The case r = 2, = k in (4.1) is just Theorem 1.3. In what follows, we will give a proof of Theorem
1.3 by combining the methods in [9] and [10]. Before we prove our result, we would like to first
recast (4.1) for the case a = k as

(4.3) (j;:an)k;g (nk-—XTﬁ(n)<Z>)AJQT4—XT$(n)Egk7

i=1

(42) )‘a,r,k(n) =

where A, x(n) is defined as in the statement of Theorem 1.3. Now we need two lemmas:

Lemma 4.1. For2<r<k<n-1,

(4.4) Ark(n) < Apg(n —1).



10 PENG GAO

Proof. We follow the method in the proof of Lemma 2 in [10]. We write A,.x(n) as
k!(nku — Lyl — 1)k)

T (=) (n(1 = 247 —n+ k)

From the above we see that in order for (4.4) to hold, it suffices to show that

k:!<(1 R (1 - t)k)

Arg(n) = (

ft)=
(Tt (=) (=04 =1+ k)
is increasing on (0,1/k). The logarithmic derivative of f(¢) is
k-1
f/(t) k r—1 r—1 +
— 1— _

Note that for 0 < ¢t < 1, we have
(1- t)k/r —1+kt>1-(1- t)k(lﬂ/,n) >0,

by considering the Taylor expansions to the order of t2. It follows from this that

() k r—1 r—14(k
> 1—
fo - r(l—t)< T+1—(1—t)k(1—1/”) 1—(1—tk<1 l/r) _1
k1= (k—mr)t/r k—1
B l—t( r 71—(1—t)k(1*1/7“)+ 2 )
It is easy to see that the function
t— t
1— (1 _ t)k:(l—l/r)
is an increasing function for 0 < ¢t < 1. Hence
1—r (k—r)t/r E—1_1—-r k—r k-1 1 1
- > — =k-1)(z—--)>0.
T e VL R T =k-D(E )20

Lemma 4.2. Inequality (4.1) holds for all x in the case n > k > r > 2,a = k if it holds for

= (a,b,...,b) with 0 < a <b.

Proof. In this proof we assume that 0 < z; < z9 < ... < z,. We prove the lemma by induction on
n. When n = k, the assertion holds as a special case of (1.3). Now assume the assertion holds for
n — 1, and we proceed to show it also holds for n. If 1 = 0, we use the equivalent form (4.3) of

(4.1) for the case o = k to see that what we need to prove is:

(4.5) ("il xl>k < (n’C — S\Tk(n) (Z)) (n — l)k/rMﬁ_M(:L‘g, ceeyTp) F S\nk(n)En—l,k(arg, ..

n

By the induction case n — 1, we have
(4.6)

(nix)k < ((n=1F = Arln—1) (" ; 1>>M§_M(x2, e @n)  Arge(n — 1) By (2, ..

i=2
Note that
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Using this with Lemma 4.1 together with the observation that
n—1 & &
En—l,k/( k ) = Pn—l,k’ < Mn—l,'rv

we see that inequality (4.5) follows from (4.6).
Thus from now on we may focus on the case x; > 0. Since both sides of (4.1) are homogeneous
functions, it suffices to show that

: k k
(4.7) ;Igg{)\k,r,k(n)Mn,r + (1 - Ak,r,k(n))Pmk} > 1,

where

A:{x:(xl,...,xn):xizo,lgign,zxi:n}_

i=1
Assume that )\k,r,k(n)Mﬁ,r + (1 - Ak7T7k(n)>P7’fk attains its minimum at some point (ai,...,ay)
with a; > 0,1 <i <n. If aj = ay = ... = ay, then (4.7) holds. Furthermore, if n = 2, then (4.7)

also holds, being a special case of (1.3). Thus without loss of generality, we may assume n > 3 and
Gn > Ap—1 > ap—2 here. We may also assume that when r = 2, £ > 2 since otherwise inequality
(4.1) becomes an indentity. Consider the function

f(q:v y) = )‘k,r,k(n)M'r]i,r (a17 <oy an—2,T, y) + (1 - )‘k,r,k(n)>PrlL€,k (a17 <o an—2,7T, Z/)

on the set
n—2

{(z,y) x>0,y > 0,x—|—y:n—Zai}.
i=1
It is minimized at (a,—1,a,). It is easy to see that f has the form
1 k/r
)\k7r7k(n)<ﬁ(a:” +y") +B) +C(a1,...,an_2)xy+D
where B, C, D are non-negative constants with C' depends on ay,...,a,—2. We now set x +y = ¢
and ry = z with 0 < z = 2y < (v +y)?/4 = ¢%/4. Note here equality holds if and only if 2y = 0 or
x = y. We regard the above function as a function of z = zy and recast it as

1) = Aerat (5 (55 ()

For y > x > 0, calculation yields

k/r
—i—B) —|—C(a1,...,an_2)z—i—D.

A n)k /1 kfr=1 pqr—l — gr—1
h/(fL’y) :_k’r’k()<(l_7’+yr)+3) <y7> —l—O(CLl,...,CLan).
n n y—x
Since a, > ap—1 > 0, we must have h/(a,—1a,) = 0 and we can further recast this as
Ak (n)k ap ' — a7

C(al,...,an_Q) = M57;r(a1,...7an) <a]—7an:1)
n n—

Now if a,—2 > 0, we can repeat the same argument for the pair (a,—1,a,—2). By a slightly abuse
of notation, we obtain

n

Megr(n)k ar”h —al
b (an—2an_1) = C(al, e Op—3, an) — TTME,TT(M, e an) (ﬁ).

It’s easy to see that (since we assume a; > 0 and k > 3 when r = 2)

C(al,...,an_g,an) > C(al,...,an_g).
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Moreover, one checks easily that the function

r—1 1

_:L'r_
y—x

is increasing with respect to each variable x,y > 0 when r > 2. It follows that when r > 2,

(z,y) —

b (an—2an_1) > W (an_1a,) =0,

which implies by decreasing the value of a,_2a,_1 while keeping a,,_2 + a,,_1 fixed, one is able to
get a smaller value for /\kmk(n)M,]fJ, + (1 - )‘kmk(”))Pr]f,kv contradicting the assumption that it
attains its minimum at (a,...,ay).

Hence we conclude that A, i(n)MF, + (1 - )\kyﬁk(n))Pff’k is minimized at (a,b,...,b) with

0 < a < b satisfying a + (n — 1)b = n. In this case (4.7) holds by our assumption which completes
the proof. O

Now we are ready to prove a slightly generalization of Theorem 1.3:
Corollary 4.1. Inequality (4.1) holds in the casesn >k >r=2,a=kandn>a=r=5%k > 2.

Proof. The first case is just Theorem 1.3 and by Lemma 4.2, it suffices to show that inequality
(4.1) holds for the case x = (a,b,...,b) with 0 < a < b and this has been already treated in the
proof of Theorem 2 in [10]. For the case n > o =r = k > 2, by Lemma 4.2 again, we only need to
check the case x = (a,b,...,b) with 0 < a < b. In this case we define

a*  (n—1)bF

fla,b) = )\k,k,k(n)(g + nok

k —-1)b

)+ (1 - )\k,k,k(n))(
As in the proof of Theorem 1.2, it suffices to show that

n of n—k k—1la a n-—1
k(n —1)0k=19b Akk () + (1 )\k’k’k(n)) (n -1 + n— 13) (% n

By a change of variables a/b — a, we can recast inequality (4.8) as

(4.8)

n—=k k:—l)_(n—l a)k—l'

a el
n—1 n—1

9(a) = Nosi(n) + (1 . Ak,k,km)) (

As ¢g(1) = 0 and ¢(0) = 0, we conclude that g(a) > 0 for 0 < a < 1 as g(a) is a concave function
for 0 < a <1 and this completes the proof. O

n n

We recall a result of Kuczma [9]:
Theorem 4.1. Forn > 3,1 <k <n-—1, P,y < M, ) with
r(k) =k(lnn —In(n —1))/(Inn — In(n — k)),
and the result is best possible.
The above theorem combined with Corollary 4.1 immediately yields the following

Corollary 4.2. Let g; = 1/n with n > 1 an integer. Then for any integer n —1 >k >r =2 or
n—1>k=r>2,

AR < Mg () My, + (1 - )‘k‘mk(”)>M (1)’

n

where A\ (1) is defined as in (4.2) and r(k) is defined as in Theorem 4.1.
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Next, we consider the following inequality
(4.9) Py < faga(m)AG + (1= ptaa(n) ) P

where a > 0,n >k > 1> 2 and
(5" - ()"

(=)

We note here it is easy to check that the function

- (nfx>1/x

n

okt (n) =

is a decreasing function for 1 < z < n so that we have 0 < 14 1,(n) < 1.
As an analogue of Theorem 1.1, one can show similarly that

Proposition 4.1. Let n = k > 1 > 2, if (4.9) holds for ag > 0, then it also holds for any
0<a<a.

The case n = k,a = 1 of (4.9) was established in [13]. In the case of n = k, one possible way
of establishing (4.9) is to combine Theorem 4.1 and Theorem 1.2 together. However, this is not
always applicable as one checks via certain change of variables that one needs to have 1/r(k) > 2
in order to apply Theorem 1.2, a condition which is not always satisfied. We now proceed directly
to show that

Theorem 4.2. Inequality (4.9) holds forn =k >1>2 and 0 < a < n.

Proof. In view of Proposition 4.1, it suffices to prove the theorem for the case @ = n. We write
p(n) = fpni(n) in this proof and note that since both sides of (4.9) are homogeneous functions, it
suffices to show that

max{P:;l - (1- u(n))Gz} < u(n),

x€A
where
n
A={x=(x1,...,2y) :2; > 0,1 Sign,Z:Ui:n}.
i=1
Assume that P}, — (1 - ,u(n))GZ attains its maximum at some point (a1, ...,a,) with a; > 0,1 <

7 < n. Consider the function
n
f(x,y) = P,Zl(:v,y,ag, s ’an) - ZL‘y(l - M(n)> Hai
i=3

on the set
n

{(zy):2>0,y>02+y=n-) a}.
i=3
It is maximized at (a1, a2). It is easy to see that f has the form

(Axy + B) ! — Cuxy

where A, B, C are non-negative constants. The above function is certainly convex with respect to
ry. As 0 < zy < (7 + y)?/4 with equality holding if and only if zy = 0 or x =y, f is maximized
at xy = 0 or x = y. Repeating the same argument for other pairs (a;,a;), we conclude that in
order to show (4.9) for « = n = k, it suffices to check it holds for x being of the following form
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0,...,0,a...,a)or (a,...,a) for some positive constant a. It is easy to see that (4.9) holds when
X is of the second form and when x is of the first form, let m denote the number of a’s in x, if
m < [, then it is easy to see that (4.9) holds. So we may now assume that | < m <n =k and we

need to show that
i NV
<(l) ) S/Mq,k,l(n)((l?l> ’

m
Certainly the left-hand side above increases with m, hence one only needs to verify the above
inequality for the case m = n — 1, which becomes an identity and this completes the proof. O

We note here that Alzer [1] has shown that for n > 3,

_1 n _1 1

The case a =1 =n — 1 of Theorem 4.2 now improves the above result, namely, for n > 3,

n—1
Gl

1 nn72 1 nn72 1
n n— n—
Pnn 1— (n—l)"*lAn +(17(n—1)”71)Gn )
as one checks easily that for n > 3,
n"2 n
(n—1)""1 =" n+1
Similar to Theorem 4.2, we have
Theorem 4.3. For 1 <k <n,q =1/n,
Pn,k < — Mn,k 71Gn
Proof. We define
n—=k k
f(X):n_lM k+7Gk Py
We now set
Py ik-1=Poig—1(x1,...,2n-1), Gno1=GCGn-1(x1,...,Tn-1),
so that
af kn—kkl ﬁk—l%_ﬁpkq

or, nn-—1 Tn nn—1z, n "LED
where we have also used the following relation

k _ n—=k

P7]1€7 = Pn 1k— 1($1,...,l'n,1)—|— Ps_Lk,(:L'l,...,l’n,l).

n n

Similar to the proof of Theorem 1.2, it suffices to show that ;- > 0. By a change of variables

x; — i/ Ty, it suffices to show that for all 0 < z; <1,

n—k k—1.@-Uk
+ .

Hk—1 =
(4.10) Palik-1S 7 HGH—I
As a consequence of Lemma 3.2 in [7], one checks easily that
~h1 n—k k—1~,,
P e = 1 — lefl-

The above inequality then implies (4.10) and we then conclude that 7 —~ > 0 which completes the
proof. ([l
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We remark here that once again one may hope to establish the above theorem by combining
Theorem 4.1 and Theorem 1.2 together. However, (1.3) is not applicable in this case since one
checks readily that k/r(k) < n is not satisfied in general.

We now want to establish some inequalities involving the symmetric means in the forms similar
o (1.2). Before we state our result, let’s first recall that for two real finite decreasing sequences
x = (x1,29,...,2p) and y = (y1,¥2,.--,Yn), X is said to be majorized by y (which we denote by
X <iaj Y) if

ritaettr; < oyrtyetooty 1<j<n-—1),

T+ T2+ + Ty = Yrty2+-c+ Yn.
For a fixed positive sequence x = (z1, 2, ..., Ty) and a non-negative sequence a = (v, ag, ..., an),
we define
(e79)
(4'11) n| Z a(l) o(2) ‘ra(n)’

where the sum is over all the permutations of X. A well-known result of Muirhead states:

Theorem 4.4 ([8, Theorem 45]). Let o and o' be two non-negative decreasing sequences. Then
F(a) < F(d') for any positive sequence if and only if o <qj /.

We now use the above result to show

Theorem 4.5. For 1 <k <mn,q =1/n,

1 1
k k k

Proof. On expanding AF out, we can write it as

(4.12) AR > -] Mﬁk -+ linear combinations of various terms of the form F'(a),

where F(a) is defined as in (4.11) with ; > 1,7 | a; = n. It is then easy to see via Theorem 4.4
that for any such a appearing in (4.12), we have Pf;k < F(«). Hence one deduces that

1
Al > —— M+ cPry
nk
for some constant ¢, which can be easily identified to be 1 — # by taking x = (1,...,1) and
noticing that we get identities in all the steps above. O

Our next result gives a generalization of the above one and we shall need the following two
lemmas in our next proof.

Lemma 4.3 (Hadamard’s inequality). Let f(z) be a convez function on [a,b], then

a b a
;Lb)ﬁ bia/a f(ﬂs)dng();‘f(b).

I

The next lemma is similar to that in [9)].

Lemma 4.4. Let A,B,C,D > 0 be arbitrary constants and let k > r =2 or k > r > 3. The
mazimum value of f(x,y) = A(z" +y" + B)¥/" + Cxy on the set {(x,y) : x>0,y > 0,z +y = 2D}
is attained either when x =y or xy = 0.

Proof. We set z = zy and note that 0 < z < D? with equality holding if and only if z = y or
zy = 0. Moreover,

x,y=D+/D?— 2.
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This allows us to rewrite f(z,y) = Ag(z) + CZ where

g(z) = ((D +V/D2 =2+ (D — VD2 2) + B)k/r.

It suffices to show that g(z) is convex for 0 < z < D?. Note that 2¢/(z) = k - h(v/D? — 2) where
h(w) = plw)q(w) with

k/r—1

p(w) = ((D +w)" + (D —-w)" + B) , qw) = ((D —w)"t—(D+ w)“l)w*l.

As the derivative of v/ D? — z is negative for 0 < z < D? it suffices to show h/(w) < 0for 0 < w < D.
Note that p(w) > 0, ¢(w) < 0 and it’s easy to check that p’(w) > 0 for 0 < w < D. Hence it suffices
to show that ¢/(w) <0 for 0 < w < D. Calculation shows that

wd(w) = ~r=1)((D+w) 7+ (D= w)y)w—(D-w) "+ (D+w)!

= (r—1) (/Dl:w uPdu—w (D4 w) "+ (D - w)“‘2)> <0,

by Lemma 4.3. This completes the proof. O

Now we are ready to prove

Theorem 4.6. Let g; = 1/n and let r be a real number, r = 2 or r > 3. Then for integers n,k,
n>k>r,
1 1

k k
oMk (1- g’ ) PE

(4.13) AR >
n

Proof. Since both sides of (4.13) are homogeneous functions, it suffices to show that

1 1
Inax{ - M,’fﬂ,—l—(l— kk)ij,k}g 1,

x€A | ph—v n

where

n
A={x=(x1,...,2y) 12, > 0,1 Sign,Zmi:n}.

i=1

Assume that n’i% M,’f’r + (1 - n’i% )Pﬁk attains its maximum at some point (ay,...,a,) with

a; > 0,1 < i <n. Consider the function

1 k 1 k
f(zy) = ﬁMnm(m,y,ag, e ,an) + (1 — k_E>Pn7k(x,y,a3, e ,an)
n r n T
on the set

n

{(y):z2>0y>0z+y=n—> a}.
i=3
It is maximized at (a1, a2). Clearly, f has the form

A(z" +y" + B)"" + Czy + (constant),

where A, B, C are non-negative constants. By Lemma 4.4, f attains its maximum value at either
x=0ory=0orz=y. Repeating the same argument for other pairs (a;, a;), we conclude that in
order to show (4.13), it suffices to check it holds for x being of the following form (0,...,0,a...,a)
or (a,...,a) for some positive constant a. It is easy to see that (4.13) holds when x is of the second
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form and when x is of the first form, let m denote the number of a’s in x, if m < k, then it is easy
to see that (4.13) holds. So we may now assume that k& < m < n and we need to show that

Pz ™y (- )W)

-

k
nk==

Equivalently, we need to show

(4.14)

1
nk

Note that

1 1 v 1 1%
I [[a-i

then it is easy to check that ¢”(u) > 0 for » > k/(k — 1). Further note that

1 1 1,1 4.6 1
= — _— ) = —(— r <

This implies that g(u) < 1/n* for 1/n < u < 1/(k — 1) and hence it follows that (4.14) holds for
k < m < n and this completes the proof. O
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