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KY FAN INEQUALITY AND BOUNDS FOR DIFFERENCES OF MEANS II

PENG GAO

ABSTRACT. We study properties of Ky-Fan typed inequalities and their relations to certain bounds
for the differences of means.

1. INTRODUCTION
Let P,,(x) be the generalized weighted power means: P, ,(x) = (>, wimg)%, where w; >
0,1 <i<nwith ) ,w;=1and x = (21,22, - ,x,). Here P,o(x) denotes the limit of P, ,(x)
as 7 — 07. Unless specified, we always assume 0 < 21 < 29+ < z,, m = min{x; }, M = max{z;},
r>s,q€[0,1]. We denote o, = > | wi(w; — Ayp)?.

To any given x,t, e > 0 we associate x(¢) = (1 —ex1, 1 —exa, -+, 1—exy), x; = (x1+t, -+ ,xp+1)
and x’ = x(1). When there is no risk of confusion, We shall write P, , for P, (x), Py, .+ for P, »(x¢),
PTIL,T‘ for P, .(x') and P, ,(€) for P, ,(x(¢)) if 1 — ex; > 0 for all . We also define A,, = P, 1,Gp, =
P,o,Hy, = P, 1 and similarly for A, ;, Gy ¢, Hnt, An(€), Gn(€), Hy (), A, G;l, H;L

Let m > 0, we consider the following bounds for the differences between power means:

r—s r—s
om On ZPn,T_Pn,s 2 = 0p

1.1
(L.1) i

We will refer to (L1)) as I,s,. D.Cartwright and M.Field[6] first proved the validity of I3 0., a
refinement of the arithmetic-geometric mean inequality. For other extensions and refinements of

([1.1), see [3], [8] and [10]. We note the constant (r — s)/2 is best possible.
There is a close relation between (1.1)) and the following additive Ky Fan’s inequality (m < M <

1):

(1.2)

m P'I{LJ’ - P’r/L,s M
1—m<Pn7r—Pn75 1-M

The case 7 = 1,5 = 0,2, < 1/2 in is due to H. Alzer[d]. P. Mercer[12] showed Alzer’s
result follows from the result of Cartwright and Field. Recently, the authorﬂgﬂ showed that
and are equivalent. We refer the reader to the survey article[2] and the references therein for
an account of Ky Fan’s inequality.

It is an open problem to determine all the pairs (r, s) so that I, , is valid for all n. It is natural
to try to reduce the problem to the case n = 2. In this paper, we will reduce the problem to the
case n = 3 and in many situations n = 2.

A counterpart of is the following result of J.Aczél and Zs. Pales|l|(“>" for s < 1,“<” for
s>1):

(13) Pn,s,t - An,t 2 (S)Pn,s - An

J.Brenner and B. Carlson studied the asymptotic behavior of ¢(P, .+ — An+) and showed it is

bounded. As an analogue to the relation between (|1.1)) and , we shall establish an equivalent

relation between (|1.1)) and inequalities similar to (1.3) in this paper. We will also discuss certain
asymptotic behaviors of the differences of means.
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9 PENG GAO

2. THE MAIN THEOREM

Lemma 2.1. If I, ;, holds, then 0 < r+ s < 3 and ¢ — ¢ > (r—s)q(1 —q)/2 for s > 0,
q"" > (r—s)q(1 — q)/2 for s < 0. In particular, r > 1,7s < 2 and r is bounded above.

Proof. The condition 0 < r + s < 3 was proved in Eﬂ Now let n = 2, write w1 =1 — ¢, w2 = g,
z1=1and 29 =1+ ¢ witht > —1. Let

2

For t > 0, D(t;r,s,q) > 0 implies the validity of the left-hand side inequality of (1.1)) while for
—1<t<0, D(t;r,s,q) <0 implies the validity of the right-hand side inequality of

By takingt — —1in we get ¢'/"—q'/* > (r—s)q(1—q)/2 for s > 0 and ¢"/" > (r—s)q(1—q)/2
for s < 0. By letting ¢ — 0 in each case implies r > 1(note r > 0 because of r + s > 0). By letting
q — 1 when s > 0 gives rs < 2. Furthermore, r + s < 3 implies r — s > 2r — 3. This then implies
for s <0, ¢/7 > (2r — 3)q(1 — ¢)/2, which fails to hold when 7 — oo for a fixed ¢ # 0. Thus r is
bounded above and this completes the lemma. O

(2.1) D(t;r,s,q) = 09— Poyp+ P

Lemma allows us to focus on 0 < 7+ s < 3,7 > 1 when considering the validities of (|1.1)).
Lemma 2.2. For2>r>s>1,0<z; <1

(2.2) Py > P,

Proof. This is equivalent to

anwl 1> l—fanwz

and the above inequality holds since 1—1 > 1—1 > 0 and (30, wiz?) ™t > (0 wizf) "t > 1. O
Lemma 2.3. I, , holds for all n if and only if I, s 3 holds.

Proof. We will prove the lemma for the left-hand side inequality of ([1.1) and the proof for the
right-hand side inequality of (1.1)) is similar. We may assume z; = 1 < x,, = b,x; € (1,b) and
define two functions(w = (w1, wa, -+ ,wy)):

T—S
On

flw,x) = x1(Ppy— Pus) — 5
g(x) = (P1 " r— P1 S2°)s) — (r — s)(x? — 20A,)/2 — A

where we define 2°/0 to be Inz. Note here in the definition of g(z), Py, Pn.s, An are not functions
of z, they take values at some points (w, x) to be specified and X is also a constant to be specified.

We prove the lemma by induction on n. It suffices to show f(w,x) < 0 on the region R, X S,_2,
where R, = {(wi,wa, -+ ,wp) 10 <w, <1,1<k<n, >} jwy=1}and Sp_o = {(z2, -+ ,Tn_1) :
xp € [1,0],2 < k <n—1}. It suffices to show f takes its minimal value at n < 3. The base case of
n < 3 is clear. Now assume n > 4.

There is a point (w ,x ) of R, x.S,_2 where f is minimized subject to the constraint Y, _; wy = 1.
If 2} = xj,; for some 1 <4 < n — 1, by combining 2} with z} , and wj with wj ;, we are back to
the case of n — 1 variables with different weights. Similarly, if w; = 1 for some ¢ then we are back
to the case n = 1. If w, = 0 for some ¢ > 1, we are back to the case n — 1. If w] = 0, since
r—s r—s
Op—1 2 xll(Pn,r - Pn,s) - 9
we are again back to the case n — 1. So without loss of generality, from now on we may assume
for 1 <i,j <mn,i#j, w; #0,1,2; # x; and this implies (w/,x/) is an interior point of R, X S,_s.

xIQ(Pn—l,T - Pn—l,s) -

On
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Thus we may use the Lagrange multiplier method to obtain a real number A so that at (w/, X/):

(2.3) oF _ .9 Zwk—l Lor_,

ow; &ul w; Oz

foralll<i<mand2<j<n-—1.

By , a computation shows each z, (2 <k <n — 1) is a common root of the equations g(z)
and ¢'(x)(where P, takes its value at (w',x ), etc.). Now n > 4 implies g(z) and ¢'(z) have in
common at least two distinct, positive roots,1 < x5,z5 < b. Moreover, g(1) = =0 by (2.3)
and it follows from Rolle’s Theorem that there must be at least five positive roots of ¢'(x) and thus
at least three positive roots of ¢"’(z). But

g"(@) = (r=1)(r =2)Py; 2" % — (s = 1)(s = 2) P, """
has at most one positive root and this contradiction implies the lemma. ]

Theorem 2.1. Forr > 1,3 > r+ s > 0, except possibly for the left-hand side inequality of (|L.1))
when r > 2, (L.1)) holds for all n if and only if it holds for n = 2.

Proof. To facilitate the discussion, we will assume without loss of generality that for the left-hand
side inequality of , 1 =1and z; > 1,2 <1i < n. For the right-hand side of , z1 =1 and
0 <ux; <1,2 <i<n. The functions f, g used in the proof are defined as in Lemma

We consider the right-hand side inequality of first. Here we write Xp ¢ = (1, , @, t,- -+ , 1)
for some m <n—1, x; > 0,1 <i <m and define f(w,xpm) to be lim; ¢ f(w,Xm ). One checks
that this makes f continuous on the boundary of R,, x S/ _; and differentiable in the interior part
of R, x S/_,, where R, is defined as in the proof of Lemma [2.3[and S],_; = {(z2, -+ ,xp) : x} €
[0,1],2 <k <n}.

As in the proof of Lemma@ we may assume for 1 <¢,5 <n,i # j, w; #0,1,z; # z;. It also
follows from the proof of Lemma and the definition of f(w,x;, o) that it suffices to show f >0
with n = 3,23 = 0. If s <0, this becomes P;, — *5*03 > 0 and one using the method in the proof
of Lemma can easily show that P, , — %an > 0 holds if and only if it holds for n = 2. Since
P, - 52> Pg o — Pos — 5%, this shows that we only need to check I, .

Now We let s> 0. If 1 <r <2,5 <1, ¢"(x) has no positive root and by similar arguments as in
the proof of Lemma it suffices to check I, s o. For 2 < r < 3,5 < 1, it suffices to check I, s 3 with
r3 = 0 by similar reasons as above. We allow 21 < 1 here and f is defined on R3 x [0, 1]3. Suppose
f takes its absolute minimum at 1 > z1 > x3 > x3 = 0, one checks in this case lim,_,¢ ¢’(z) = —o0.
Also from the proof of Lemma we know ¢'(z) has exactly three positive roots, all less than ;.
If this really is the case then we can deduce that ¢’(x;) > 0 and

of
ox1
which implies by decreasing x; while fixing 3 = 0 and x2, we can decrease the value of f, a
contradiction. Thus it also suffices to check I, o in this case.
Similarly, when 1 < s < r < 2,n = 3, ¢”(x) has exactly two positive roots, both less than 1,
since lim, 0 g”(z) < 0, we must have ¢”(1) < 0, however by lemma [2.2]

g'(1) = (r=D(Py;" = 1) = (s = 1)(P;° = 1) 20

a contradiction, so it also suffices to check I, ;2 in this case.

Now for the left-hand side inequality of (1.1, we may also assume for 1 < i,j < n,i # j,
wi # 0,1, 2; # ;. In this case, it suffices to show f < 0.

If1 <r<2s<1,¢"(x) has no positive root and it suffices to check I, s2. If 1 < s <71 < 2,
we allow 1 < x1 < 29 < x3 < b in this case and f is defined on R3 x [1,b]3. Suppose [ takes its
absolute minimum at 1 < x1 < x9 < x3 = b, one checks in this case ¢’(x) has exactly three positive

=g'(x1)+ Ppy— Pos >0
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roots, all lie in (z1,b). Since lim, .~ ¢'(z) < 0, if ¢'(b) > 0, ¢’(z) will have another root in (b, +00),
contradicting the fact ¢"”’(x) only has one positive root. Thus ¢’(b) < 0, which implies ¢'(x1) > 0.
But

of

871‘1 :g/($1)+Pn,7’_Pn,s >0
which implies by increasing x; while fixing x2, x3, we can increase the value of f, a contradiction.
Thus it also suffices to check I, ;o in this case. ]

Corollary 2.1. Let 0 < r+s < 3. If1 <r <2,s <1, I, s, holds. Forr >2,1/2 <s <1,
the right-hand side inequality of (L.1) holds. In all the cases the equality holds if and only if
Tl =T =" " =Tp.

Proof. The case 1 <r < 2,5 <1 is a result of the authorﬂgﬂ, we leave the proof to the reader since
it is similar to the one we will give below. We note the condition for equality is given here while it
was missing in []g[]

For the case r > 2,1/2 < s < 1, it suffices to prove the case n = 2 by Theorem Let
1 =x,22 = l,w1 = q,wz = 1 — ¢ and we rewrite I, ;2 as

F(CL') _ (qm'r_‘_l _q)l/'r _ (qxs +1 _q)l/s _ (T_S)Q(l _Q)(l’— 1)2

2
We need to show F(x) > 0 for 0 <z < 1. We may also assume ¢ # 0, 1 and calculation yields
(24) (@1 =q) ' F'@) = (r=(@"+1-q) + 2" 2+ (1 =s)(@a"+1—q) = a* > = (r—s)
We define H(q) to be the right-hand side expression in (2.4]). Now for r > 2,1/2 < s < 1,
PN o | 1—27"
H(g) = (r=1D-2)(g+1-qa™) 7 2" ——
s 1— 2
~(s=D(1=28)(g+ (L —gla™) = &I —— >0

Thus H(q) > H(0) = (r — 1)a" 2 — (s — 1)2°2 — (r — s) := h(z). By setting h'(z) = 0 we
get "% = gl ;52 S; > 1, since the last inequality is equivalent to (r + s — 3)(r —s) < 0. Thus
h(z) > min{h(1),lim, .o h(0)} = 0.

Thus F”(x) > 0 for x < 1 and F(x) > 0 for = € [0, 1] follows by considering the Taylor expansion
of F(z) at x = 1 with the observation F(1) = F'(1) = 0. It is also easy to see that the equality
holds if and only if 1 = - -+ = x,, and this completes the proof. O

3. RELATIONS AMONG KY-FAN TYPED INEQUALITIES

Let n > 2,0 < 21 < x,, consider the following inequalities:
(3.1) D(x1)oy > Pny — Py s > D(xy)0y,

where
(P /1) ™" = (Pays /1)
2(t — Ap)

The case r = 1,s = 0 in is a result of A. Mercer and the author proved for
r=1,0<s < 1. It is easy to see that in those cases refine .

We note here D(z1), D(zy,) > 0 but D(z1) > D(zy) does not hold in general. For example, when
r > s > 1, the choice n = 2,21 = 0,29 = 1,w; # 0,1 leads to D(z2) > D(x1) = 0. The same
reason shows does not always hold. Nor does in general give refinements of . For
example, if D(z,,) > (r — s)(2x,) !, the choice s > 0,n = 2,71 = 0,22 = 1,w; = ¢ — 0 will lead to
rs < 1 which shows D(z,,) > (r—s)(22,) ! does not hold for r = 2, s = 1. It is interesting to know
whether certain lower bounds(respectively, upper bounds) for the differences of means will imply
certain upper bounds(respectively,lower bounds) for the differences. By using , we have:

D(t) =
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Proposition 3.1. Letn > 2,0 < z1 < z,,. If either side of (3.1)) inequality holds, then the opposite
side inequality of (1.1]) holds.

Proof. We will show the left-hand side inequality of ([1.1)) follows from the right-hand side inequality
of (3.1) and the other proof is similar. consider
f(X) = (Poy = Pus)/on
then by our assumption
o2 0 _ _
0 0L (B /)™ — (Paaf) =)0 — 2Pa — Pas)(an — A) <0
wn, 0%y,
Thus by letting x, tend to x,_1, ,_1 tend to x,_o and noticing

lim (Pp, — Pys)/o2 = (r —s)/(2m1)

P
We get
(Poyr — Pus)/on < (1 —s)/(221)
which is the desired conclusion. O

We note here from the proof of Proposition if one assumes P, , — P, s < D(x,)oy, instead,
one will get Py, , — P, ¢ > (r — s)op/(2x1).
We now consider a general form of (L.1)(a < 2):
r—s Py, — Py, r—s
———0p > : = > On
2m2—e o QM2
where we define (P}, — P2 ,)/0 = In(Pyu/Ppy), the limit of (Pg, — P2,)/a as a — 0. We will
refer to (3.2)) as I s a,n(80 Iy s1n = Irsn). We note in ﬂgﬂ, the following theorem was proved:

Theorem 3.1. For z; >0, ¢ = min{w;}

(3.2)

1—-2q 1—2¢
(3.3) WUTL >(1-q)InA,+qnH, —InG,> 222 on
1-2 1-2
(3.4) 2qan >InG, —qln4, - (1-q)InH,> ann
2xl Ty
with equality holding if and only if g =1/2 or x1 = --- = xy,.

Note the right-hand side inequality of (3.3)) is equivalent to

1 1
(1-—q)(InA, —InG, — @an) —q(InG, —InH, — man) >0
From this we deduce

Corollary 3.1. 11,0, s equivalent to Iy _1,0p.
In fact, if we assume that I, s o, holds if and only if I, s o 2 holds, we then have
Proposition 3.2. If I, s o n holds if and only if I s o2 holds, then I, 50, is equivalent to I_s _.0p

and (3.3)) is equivalent to (3.4)).

Proof. A change of variables 1 — 1/x3,29 — 1/x; when n = 2 yields the desired conclusion. [

We remark here the following result of J. Chen and Z.Wang]7| is also invariant under the change
(r,s) — (—s,—r):
Theorem 3.2. For arbitrary n,r > s,x; € (0,1/2], P, /P < Py,/P,s holds if and only if
|r 4+ s] <3,2%/s > 2" /r when s > 0,52° < r2" when r < 0.
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4. AN EQUIVALENCE RELATION

Proposition 4.1. Fort > 0,(1.1) is equivalent to
4o Pn,r,t - Pn,s,t In
t+x, — Pn,r_Pn,s Tttt

(4.1)

Proof. The argument is similar to the one in [EH and we leave it to the reader. O
By Corollary holds for r=1, s=0 and now we give a refinement of this case:
Proposition 4.2. Fort>0,n> 2,z < x,
T Apnt — Gny < _In
t+xz1 - Ap,—G, T t4+az,
with equality holding if and only if t = 0.

(4.2)

Proof. We will prove the left-hand side inequality of (4.2]) and the proof for right-hand side inequal-
ity is similar. Let

(4.3) Dy (x) =2 (Ap — Gp) — (t + xn) (Ant — Gng)

We want to show D,, > 0 here. We can assume 0 < 7 < 22 < --- < x, and prove by induction,
the case n = 1 is clear so we will start with n > 1 variables assuming the inequality holds for n — 1
variables. Then

oD
S = (14 wn)[(An = Go) = (Ang = Gg)] 2 0
n
where the last inequality follows from (1.3)). Thus %l;: > 0 and by letting x,, tend to z,_1, we have

D,, > D,,_1(with weights w1, ,wp_2,wn—1 + wy) and thus the right-hand side inequality of (4.3))
holds by induction. Since n > 2 here, it is easy to see the equality holds if and only if ¢ = 0. O

We note here (4.2)) gives a refinement of (1.3) for r = 1,s = 0. In fact it implies f(t) =
(t+ 2n)(Ant — Gny) is a decreasing function of ¢ while g(t) = (¢t + 1) (A, — Gpyt) is an increasing
function of t. Thus f/(0) < 0,¢'(0) > 0 and we get
T T
TT n_Hn <An_ ngi n_Hn
L (G~ Ho) < Ay = G < £2-(Go — )

By using the left-hand side inequalities of (|1.1)) and (4.4), we obtain a refinement of a result of

A. Mercer:

Hy,
(4.5) Gn—H, < "o

(4.4)

It is not hard to show t(Py, .t — Ppst) — (r — s)op/2 as t — oo. We can consider higher orders
of the behavior, for example

_thjgot[(t + xn)(ant _ Pn,s,t) . (,r, . S)O‘n/Q] _ lg%[(l - exn)(Pn,erg(E) - Pn,s(e)) _ (T _2:)Un]

6
Proposition 4.3. For 0 <r+ s <3, E(x) <0 with equality holding if and only if x1 = -+ = x,.

(4.6) [(B—2r —25)A3 +3(r+5—2)A, P2y + (3—1— 8)P3 3 — 3x,04] 1= E(x)

Proof. We may assume z,, = 1 and 0 < z; < 1. We leave for the reader to check by applying the
method in the proof of Theorem it suffices to prove (4.6) for n = 2. By setting w; = q, w2 =
1—gq,x1 =x,z2 =1, we rewrite (4.6) as
fle) = B—2r—2s8)(qgz+1—q)®+3(r+s—2)(gz+1-q)(gz*+1—¢q)
+(3—r—s)(gz® +1—q) = 3q(1 - g)(x — 1)?
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One verifies that f(1) = f/(1) = f”(1) =0 and
(6¢) 1 f"(x) = (3—2r —28)¢> +3(r+s—2)q+ (3—1r —5):=g(q)

If r + s = 0 or 3, one checks directly f”'(z) > 0. For 0 < r+ s < 3, if ¢’(¢) = 0 has no root in
[0,1], then g(q) > min{g(0),¢(1)} = 0 for 0 < ¢ < 1. Otherwise let gy be the only root of ¢'(¢) in
[0,1]. Notice ¢’(1) = —(r+s) < 0 and g(0) =3 —r —s > 0,9(1) = 0. These imply ¢ is a local
maximum point of ¢g(g). So again g(q) > min{g(0),g(1)} =0 for 0 < ¢ < 1. Now f(z) < 0 follows
by considering the Taylor expansion of f(z) at z = 1. It is also easy to see that the equality holds
if and only if 1 = --- = z,, and this completes the proof. O

We remark here by , A, — Pns > Apt — Py hold for all s < 1. On the other hand, for
0 < x1,x, < 1/2, aresult of the author@ shows A, — Pps > A}, — P, ; holds for —1 < s < 1.Now
for s <0,let n =2,21 — 0,29 = 1/2,w; =1 — q,ws = ¢ and then let ¢ — 0, we get 1 — s > 27%,
which shows A,, — P, s > Al — Prlz,s holds if and only if —1 < s < 1. Similarly, by letting ¢ — 1, we
know P, , — Ap > Py, — Aj, holds if and only if 1 <r < 2.
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