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Abstract. Let c > b > a > 0 be real numbers. Then the function f (r) =
Lr (a,b)
Lr (a,c)

is strictly decreasing on (−∞, ∞), where Lr (a, b) denotes the general-

ized (extended) logarithmic mean of two positive numbers a and b.

1. Introduction
If −∞ < p < ∞ and a, b are two positive numbers, the generalized (extended)
logarithmic mean Lp (a, b) of a and b is defined for a = b by Lp (a, b) = a and for
a 6= b by
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the case p = −1 is called the logarithmic mean of

p 6= −1, 0;
p = −1;

(1)

p = 0.
a and b, and will be written

L(a, b); while the case p = 0 is the identric mean of a and b, written I(a, b).
This definition of the generalized logarithmic mean can be found in [2, p. 6] and
[33, 34].
It is well known that if r > 0 is a real number, then for all natural numbers n
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The first inequality in (2) is called H. Alzer’s inequality [1], and the second one
in (2) J. S. Martins’ inequality [11]. The inequality between two ends of (2) is
called Minc-Sathre’s inequality [12].
There exists a very rich literature on inequality (2). Alzer’s inequality has been
generalized and extended, for example, in [4, 5, 6, 7, 10, 14, 15, 16, 17, 22, 24, 25,
30, 31, 32, 35, 36, 37]. So does Martins’s inequality in [3, 5, 17, 21, 23, 25, 26,
27, 29, 35, 37, 38] and Minc-Sathre’s inequality in [1, 5, 9, 18, 19, 20, 25, 27, 28],
respectively.
Recently, F. Qi and B.-N. Guo proved in [15, 23] the following double inequality:
Let b > a > 0 and δ > 0, then for any positive real number r,
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(3)

The upper and lower bounds in (3) are the best possible, or more accurately say,
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.
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(5)

Inequality (3) can be taken for an integral form of (2).
It is easy to see that inequality (3) can be written for r > 0 as
Lr (a, b)
I(a, b)
b
<
<
.
b+δ
Lr (a, b + δ)
I(a, b + δ)

(6)

In this short note, we are about to extend the result presented by (3) to (5)
which are established in [15, 23] by F. Qi and B.-N. Guo, and obtain the following
Theorem 1. Let c > b > a > 0 be real numbers. Then the function
f (r) =

Lr (a, b)
Lr (a, c)

is strictly decreasing with r ∈ (−∞, ∞).
The following corollary is straightforward.
Corollary 1. Let c > b > a > 0 be real numbers.

(7)
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(1) For any real number r ∈ R,
Lr (a, b)
b
<
< 1.
c
Lr (a, c)

(8)

The both bounds in (8) are the best possible.
(2) For any positive real number r > 0,
Lr (a, b)
I(a, b)
b
<
<
.
c
Lr (a, c)
I(a, c)

(9)

The both bounds in (9) are also the best possible.
Remark 1. It is worthwhile pointing out that inequalities (3) and (9) are equivalent
each other.
In [29] it was conjectured that the function
Pn

1
n
1
n+1

r
i=1 i
Pn+1 r
i=1 i

!1/r
(10)

is decreasing with r. Now it is still keep open. We can regard Theorem 1 as a
solution to an integral form of the conjecture above.
2. Proof of Theorem 1
In order to verify Theorem 1, we shall make use of the following elementary
lemma which can be found in [8, p. 395].
Lemma 1 ([8, p. 395]). Let the second derivative of φ(x) be continuous with
x ∈ (−∞, ∞) and φ(0) = 0. Define

φ(x)


,

x
g(x) =


φ0 (0),

x 6= 0;
(11)
x = 0.

Then φ(x) is (strictly) convex if and only if g(x) is (strictly) increasing with x ∈
(−∞, ∞).
Remark 2. In [13, p. 18] a general conclusion was given: A function f is convex on
[a, b] if and only if

f (x)−f (x0 )
x−x0

is nondecreasing on [a, b] for every point x0 ∈ [a, b].
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Proof of Theorem 1. Define for r ∈ (−∞, ∞)

 
c − a br+1 − ar+1



ln b − a · cr+1 − ar+1 , r 6= −1;
ϕ(r) =



c − a ln b − ln a


ln
,
r = −1.
·
b − a ln c − ln a

(12)

Then we have

ϕ(r)



, r 6= 0,
r
ln f (r) =

 0

ϕ (0), r = 0.

(13)

In order to prove that ln f (r) is strictly decreasing it suffices to show that ϕ is
strictly concave in (−∞, ∞). Easy computation reveals that
c
ϕ(−1 − r) = ϕ(r − 1) + r ln ,
b

(14)

which implies that ϕ00 (−r − 1) = ϕ00 (r − 1), and then ϕ(r) has the same concavity
on both (−∞, −1) and (−1, ∞). Hence, it is sufficient to prove that ϕ is strictly
concave on (−1, ∞).
A simple computation yields
ϕ00 (r) =

(a/c)r+1 [ln(a/c)]2
(a/b)r+1 [ln(a/b)]2
−
.
[1 − (a/c)r+1 ]2
[1 − (a/b)r+1 ]2

(15)

Define for 0 < t < 1
t(ln t)2
.
(1 − t)2

(16)

∞
X
ω 0 (t)
n − 1 n+1
= (1 + t) ln t + 2(1 − t) = −
t
< 0,
ω(t)
n(n + 1)
n=2

(17)

ω(t) =
Differentiation yields
(1 − t)t ln t

which means that ω 0 (t) > 0 for 0 < t < 1. As a result of applying this conclusion
in (15), we obtain ϕ00 (r) < 0 for r > −1. Thus ϕ(r) is strictly concave in (−1, ∞).
The proof is complete.
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[13] D. S. Mitrinović, Analytic Inequalities, Springer-Verlag, Berlin, 1970.
[14] N. Ozeki, On some inequalities, J. College Arts Sci. Chiba Univ. 4 (1965), no. 3, 211–214.
(Japanese)
[15] F. Qi, An algebraic inequality, J. Inequal. Pure Appl. Math. 2 (2001), no. 1, Art. 13. Available
online at http://jipam.vu.edu.au/v2n1/006_00.html. RGMIA Res. Rep. Coll. 2 (1999),
no. 1, Art. 8, 81–83. Available online at http://rgmia.vu.edu.au/v2n1.html.
[16] F. Qi, Generalizations of Alzer’s and Kuang’s inequality, Tamkang J. Math. 31 (2000),
no. 3, 223–227. RGMIA Res. Rep. Coll. 2 (1999), no. 6, Art. 12, 891–895. Available online
at http://rgmia.vu.edu.au/v2n6.html.
[17] F. Qi, Generalization of H. Alzer’s inequality, J. Math. Anal. Appl. 240 (1999), 294–297.
p
[18] F. Qi, Inequalities and monotonicity of sequences involving n (n + k)!/k! , RGMIA Res. Rep.
Coll. 2 (1999), no. 5, Art. 8, 685–692. Available online at http://rgmia.vu.edu.au/v2n5.
html.
[19] F. Qi, Inequalities and monotonicity of the ratio for the geometric means of a positive arithmetic sequence with arbitrary difference, Tamkang. J. Math. 34 (2003), no. 3, in press.
[20] F. Qi, Inequalities and monotonicity of the ratio for the geometric means of a positive arithmetic sequence with unit difference, Internat. J. Math. Ed. Sci. Tech. 34 (2003), in press.

6

F. QI AND CH.-P. CHEN

Australian Math. Soc. Gaz. 30 (2003), no. 2, in press. RGMIA Res. Rep. Coll. 6 (2003),
suppl., Art. 2. Available online at http://rgmia.vu.edu.au/v6(E).html.
[21] F. Qi, On a new generalization of Martins’ inequality, RGMIA Res. Rep. Coll. 5 (2002),
no. 3, Art. 13, 527–538. Available online at http://rgmia.vu.edu.au/v5n3.html.
[22] F. Qi and L. Debnath, On a new generalization of Alzer’s inequality, Internat. J. Math.
Math. Sci. 23 (2000), no. 12, 815–818.
[23] F. Qi and B.-N. Guo, An inequality between ratio of the extended logarithmic means and ratio
of the exponential means, Taiwanese J. Math. 7 (2003), no. 2, accepted. RGMIA Res. Rep.
Coll. 4 (2001), no. 1, Art. 8, 55–61. Available online at http://rgmia.vu.edu.au/v4n1.html.
[24] F. Qi and B.-N. Guo, A lower bound for ratio of power means, Internat. J. Math. Math.
Sci. (2003), accepted. RGMIA Res. Rep. Coll. 5 (2002), no. 4, Art. 2. Available online at
http://rgmia.vu.edu.au/v5n4.html.
[25] F. Qi and B.-N. Guo, Monotonicity of sequences involving convex function and sequence,
RGMIA Res. Rep. Coll. 3 (2000), no. 2, Art. 14, 321–329. Available online at http://rgmia.
vu.edu.au/v3n2.html.
[26] F. Qi and B.-N. Guo, Monotonicity of sequences involving geometric means of positive
sequences with logarithmical convexity, RGMIA Res. Rep. Coll. 5 (2002), no. 3, Art. 10,
497–507. Available online at http://rgmia.vu.edu.au/v5n3.html.
[27] F. Qi and B.-N. Guo, Some inequalities involving the geometric mean of natural numbers
and the ratio of gamma functions, RGMIA Res. Rep. Coll. 4 (2001), no. 1, Art. 6, 41–48.
Available online at http://rgmia.vu.edu.au/v4n1.html.
[28] F. Qi and Q.-M. Luo, Generalization of H. Minc and J. Sathre’s inequality, Tamkang J.
Math. 31 (2000), no. 2, 145–148. RGMIA Res. Rep. Coll. 2 (1999), no. 6, Art. 14, 909–912.
Available online at http://rgmia.vu.edu.au/v2n6.html.
[29] J. A. Sampaio Martins, Inequalities of Rado-Popoviciu type, In: Marques de Sá, Eduardo
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