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REVERSES OF THE TRIANGLE INEQUALITY VIA
SELBERG’S AND BOAS-BELLMAN’S INEQUALITIES

Sever S. Dragomir

Abstract. Reverses of the triangle inequality for vectors in inner product spaces
via the Selberg and Boas-Bellman generalisations of Bessel’s inequality are given.
Applications for complex numbers are also provided.

1. Introduction

In 1966, J.B. Diaz and F.T. Metcalf [3] obtained the following reverse of the
triangle inequality on utilising an argument based on the Bessel inequality
in a real or complex inner product space (H, (.,.)).

Theorem 1.1. (Diaz-Metcalf, 1966) Let ey, ..., e, be orthonormal vectors
in H, i.e., e; Lej fori#j and|el =1,14,75¢€{l,...,m}. Suppose the
vectors x1,...,x, € H\ {0} satisfy

Re (;, ,
(1.1) ogrkgw, jefl,...,n}, ke{l,...,m}.
J
Then
12 (z) Sl < 3
k=1 j=1 j=1

where the equality holds if and only if

n n m
(1.3) ZZ’]‘ = ZijH Zrkek.
j=1 Jj=1 k=1
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In an attempt to improve this result for the case of complex inner product
spaces, the author obtained in 2004 the following result [4]:

Theorem 1.2. (Dragomir, 2004) Let e1,...,e, € H be an orthonormal
family of vectors in the complex inner product space H. If the vectors x1,
..., Ty € H satisfy the conditions

(1.4) 0 <y llzjll < Relxj,en), 0<pgllzjl| < Im(zy,e)

for each j € {1,...,n} and k € {1,...,m}, then we have the following
reverse of the generalised triangle inequality:

(1.5) [Z (r7 + o})

k=1

12, n
S sl <D w;
i=1 j=1

The equality holds in (1.5) if and only if

(1.6) Yozi= o lall ) Yo ko) e
j=1 j=1 k=1

As particular cases of interest, we can notice the following results [4]:

Corollary 1.1. Let e1,...,e, € H be orthonormal vectors in the com-
plex inner product space (H;(-,-)) and pg,me € (0,1), k € {1,...,m}. If
xi,...,xr € H are such that

(1.7) lz; —erll < pr,  llzj —dex| <k

for each j €{1,....,n} and k € {1,...,m}, then we have the inequality

k=1

w8) [Z - @] S oyl < |30,
p= =1

The case of equality holds in (1.8) if and only if

(1.9) Zn:ﬂfa: znjlll‘jll i(\/lpiﬂ\/lni) o
j=1 j=1

k=1
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Corollary 1.2. Let eq,...,ey be as in Corollary 1.1 and My > my > 0,
Ne>ng >0, ke{l,...,m}. Ifx1,...,x, € H are such that either

(1.10) Re <Mk€k — X4, Tj — mkek> > 0, Re <Nk6k — X4, T5 — nkek> > 0

or, equivalently,

M. + my 1

(1.11) x; < 5 (Mg —my),
2 2
N + ng 1

xj 5 H < §(Nk_nk)a

for each j €{1,....n} and k € {1,...,m}, then we have the inequality

Ui M N, 2 o "~
mp Vi NEiVE
1.12) 2 § + E: < E: ,
( ) { |:(Mk+mk)2 (Nk+nk)2:|} P Hx]H = ~ x]

k=1

The case of equality holds in (1.12) if and only if

m
\/mkMk \/nka
=2
Zx] ZH%H Z(Mkerk "Netng )"

j=1 k=1

In the above results the vectors {eq, ..., ey} are assumed to be orthonor-
mal and the principle tool in proving these results is the well known Bessel’s

inequality:
m

(1.13) > e <llzl®, =z € H.
k=1

If we use the following generalisation of Bessel’s inequality, namely:

m
| x yk 2
(1.14) > e — <)%,
k=1 ; (ks ;)|

provided z,y1,...,Yyn are vectors in H and yx # 0, k € {1,...,m}, which
is known in the literature as the Selberg inequality, (see [6, p. 394] of [5,
p. 134]), then we can obtain different reverses of the generalised triangle
inequality, where the assumption of orthonormality is taken out.
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A similar approach may be considered if the other generalisation of Bes-
sel’s inequality due to Boas [2] and Bellman [1] is used, namely the inequality
1/2
m
2 2
(115) > [y ” < ll=l* | max [yl + | D Kok y)l :
k=1

1<k<m
1<k#j<m

where z,y1,...,yn are as above.

The main aim of this paper is to establish new reverses of the triangle
inequality for z1,...,x, vectors in an inner product space H in terms of
another sequence y1, ..., Yy, of nonzero vectors that can be non-orthonormal.
The main tools in obtaining such results are the Selberg inequality (1.14)
and the Boas-Bellman inequality (1.15). Applications for complex numbers
are also given.

2. The Results

The following result holds:

Theorem 2.1. Let (H;(-,-)) be a complex inner product space, x1,. .., Ty,
Y15 .- Ym be vectors such that there exist the nonnegative real numbers p;, n;,
Jje{l,...,m} with

(2.1) Re (zi,y;) = pjllzill lysll, - Tm(zisys) = ng il ysll
for each i € {1,...,n} and j € {1,...,m}. Then
1/2
m (22) Il |
2" > llll

=t 20 [y yr)| #=1
k=1

(2.2)

n
i
i=1

Proof. Utilising Selberg’s inequality, we have

- o @i y)
(2.3) || >y =LA 1 L ed

; ' ; gl
Since

2

n 2 n 2
1=1 =1

(%)




Reverses of the Triangle Inequality ... 33

then, by (2.1), we obtain
n n 2 n 2
2 2
2 ‘<zy> > Al (St 1t (3
i=1 i=1 i=1
n 2
2
= <ZH%‘H> (03 +5) llys 117
i=1

for any j € {1,...,m}. Therefore, by (2.3) we get

2

n 2 n 2 m ( 2 2 112
o2+ 2) s |
e (zuxin) R ,
i=1 i=1 =1 > Ky, un)
k=1

which is clearly equivalent to (2.2). O

Remark 2.1. If the space is real or complex and only the first condition of (2.1)
is available, then

1/2
- T2 |l -
i=1 j=1 kZ (Y yr)l i=1
=1

Remark 2.2. If {y1,...,ym} are orthonormal and
(2.6) Re (i, y;) = pjllwll, - Im (zi,y;) = 5 [l

fori e {1,...,n} and j € {1,...,m}, then

(2.7)

n
D i
i=1

j=1 i=1

1/2
> (Z (05 + 77]2-)) > i

and the inequality (2.5) is recaptured.

The following corollary may be of interest for applications:
Corollary 2.3. Let y1,...,ym be nonzero wvectors in the complex inner
product space (H; (-,-)) and pg, qr € (0,1) fork e {1,...,m}. Ifxy,...,x, €
H are such that:

(2.8) [ =yl < pr < lluklls  ll2g = dyell < g < [yl
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for each i € {1,...,n} and j € {1,...,m}, then:
1/2

& 2 lyel? - P — ¢ ‘
(2.9) E zj|| > E m E 5] -
=1 k=1 > Yk, Ys)| =1
s=1

Proof. From the first inequality in (2.8) we deduce, by taking the square,
that

51 + llyell® = pf < 2Re (2, 91)
implying

2
T 2Re(x;,
(2.10) Azl J2” + 4/ llell® = pf < <; )
v el = o vV lwkll® = p3

since /||ykl|* —p2 >0 for j € {1,...,n} and k € {1,...,m}.

On the other hand, obviously,

EAlE >
(2.11) 2 ||zl < + +\/ lyrll” = 7,
Vwell® = p3

forje{l,...,n} and k € {1,...,m}.
Hence, by (2.10) and (2.11) we have

2
(2.12) 51/ ell” — p7 < Re (5, ) -

Since Re (z;, iyr) = Im (izj,yx), j € {1,...,n}, k € {1,...,m} then, by the
second inequality in (2.8), we have

(2.13) [ETIRVAT ql?; < Tm (), y) ,

for je{l,...,n} and k € {1,.
Now if we define

\/Ilka —pi \/Hka —q

B A Y A
and apply Theorem 2.1, we get
. L 1/2
T B T >zl
=1 k=1 > Hyrs ys)| i=1

s=1

which is exactly (2.9). O
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Remark 2.3. If {y1,...,ymn} are orthonormal and pg,qr € (0,1), then out of
(2.9) we can recapture (1.8) from the introduction.

The following corollary may be stated as well:

Corollary 2.4. Let y1,...,ym be monzero vectors in the complex inner
product space (H; (-,-)) and My > my >0, N, > ng >0 fork € {1,...,m}.
If x1,...,x, € H are such that:

(2.14) Re(Myyy, — x5, 2 — mgyx) > 0,  Re (Nyiyy — x5, 25 — ngiyg) > 0

or, equivalently,

M. +my 1
‘ rj = =y < g (M —m) [l
(2.15) N+ 1
kT
oy — et ey, H < 5 (Nk =) el

forje{l,...,n} and k € {1,...,m}, then

1/2
Zx] > i[ my, M, N nE Nk

ly]? S
|z -
— [(My +mp)? (N +n/§)2} % (s ys) | ;
s=1

(2.16)

Proof. From the first inequality in (2.14) we get
11 + My [lyel|* < (Mg + mi) Re (a5, y)

implying

||9UJ|| Mk + my,
2.17 ————— R i
(2.17) Y + v/ Mgmy ||ye]? < o e (xj, yr)

for each j € {1,...,n} and k € {1,...,m}.

Since, obviously

[E21s
(2.18) 2 |5 Nlywll < \/j— + v/ Mymy, [lye]*,
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then, by (2.17) and (2.18), we get
2/ Mmy.

2.19 —_—
(2.19) Y

5l lwell < Re (z;, yr)

for each j € {1,...,n} and k € {1,...,m}.
In a similar manner, on utilising the second part of (2.14) we get

2v/np N

2.20 L
(2.20) .

5] Mlyell < T (5, yr)

for each j € {1,...,n} and k € {1,...,m}.
Applying Theorem 2.1 for

. 2\/Mkmk 2 nka

= = kedl,....,m
Pk Mk‘i‘mk, Nk Nk‘i‘nk’ {7 ) }
we deduce the desired result (2.16). [
Remark 2.4. The case when {y1, ..., ¥} becomes an orthonormal family of vec-

tors will provide the known inequality (1.12) of the introduction.

On utilising the other generalisation of Bessel’s inequality we can provide
the following reverse of the triangle inequality as well:

Theorem 2.2. With the assumptions of Theorem 2.1 for the vectors z1,
coty Tn, Y1, -, Ym and the nonnegative real numbers pj,n;, j € {1,...,m},
we have the inequality

1/2

n

>

=1

m

2
Zl (p§ + n?) ;I
]:

(2.21)

n
>l -
i=1

= 1/2
max [lyil®+ | 2 iyl
lsizsm 1<ij<m

Proof. The argument is similar with the one incorporated in the proof of
Theorem 2.1 by utilising the inequality

m n n
Z i, Yk Z i
k=11 \i=1 i=1

that follows from (1.15). O

9 1/2

max yil®+ | Y [l
== 1<ij<m

2
<
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Remark 2.5. Similar results with those incorporated in Corollaries 2.3-2.4 may
be stated as well. The details are omitted.

Remark 2.6. If one utilises the other generalisations of Bessel’s inequalities as
provided, for instance, in the monograph [5, Chapter 4], that one can state other
reverses of the triangle inequality.

3. Applications for Complex Numbers

The above results may be used in establishing some interesting reverses
of the generalised triangle inequality for complex numbers.

Proposition 3.1. Let c1,...,¢c, and dy,...,d, be complex numbers with
the property that there exists the nonnegalive real numbers pg, Mk, k €
{1,...,m} with

(3.1) Rec; - Redy +Imc; - Imdy, > py || |di]
and
(3.2) Redy - Ime; — Rec; - Imdy, > ny, |c;] |di],

forany je{l,...,n} and k € {1,...,m}. Then

m 1/2
n 1;1 (Pk + %) |di] n

(3.3) Yool > | > leil-
j=1 > lds] =1

s=1

Proof. It follows from Theorem 2.1 applied for the complex inner product
space H = C endowed with the canonical inner product (x,y) := zgy. The
details are omitted. [

Possibly a more useful result which also has a clear geometrical interpre-
tation is incorporated in the following.

Proposition 3.2. Assume that the complex numbers c;, d;,j € {1,...,n}
and the nonnegative real numbers py,qr k € {1,...,m} are such that

(3.4) ¢ — di| < pr <l|dil; cj —idi| < qx < |di|
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foreach j €{1,...,n} and k € {1,...,m}. Then

n dy
k=1
(3.5) E_l: cj| = ™ 1/2
= (z |ds|>

s=1

n
> el
j=1

The proof is obvious by Corollary 2.3.

Further, on using Corollary 2.4 we can state:

Proposition 3.3. Ifcy,...,c, and dy,...,dn are compler numbers such
that there exists My > my > 0, N > ng > 0 with

(3.6) (My Redy, — Recj) (Rec; — my, Redy)

+ (M Imd, —Ime;) (Imej —myImdy) >0
and
(3.7) (—NiImdy, — Recj) (Rec; + ng Imdy,)

+ (Ng Redy, —Imc¢j) (Imej; — nip Redy) >0

for each j € {1,....,n} and k € {1,...,m}, then

s

1/2
myg My ng Nk
S [ty + slls| |d'“|>

k=1
Zlcj >2 ™ 1/2
g (E)

Remark 3.7. A sufficient condition for (3.6) to occur is

n
> el
j=1

my Redp < Rec; < My Redy,

and
myImd, < Imc; < My Imdy

for each j € {1,...,n} and k € {1,...,m} while for (3.7) is
—Nk Imdk Z Recj Z —Ng Imdk

and
NiRedy > Imc; > ni Red;,

for each j € {1,...,n} and k € {1,...,m}.
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Finally, on utilising Theorem 2.2 we can state the following reverse of the
triangle inequality for complex numbers as well:

Proposition 3.4. With the assumptions of Proposition 3.3 for the complex

numbers cy,...,cn; di,...,dy and the nonnegative real numbers pg, ni, k €
{1,...,m}, we have
1/2
(2 1 2) (7 12

k=1
E:Cj 2 1/2 E ‘Cj’-
j=1 9 9 j=1
max |d;|” + > |djdy|

lsjsm 1<j#k<m
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