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COMPARING TWO INTEGRAL MEANS FOR ABSOLUTELY
CONTINUOUS MAPPINGS WHOSE DERIVATIVES ARE IN
Lo [a,b] AND APPLICATIONS.

N.S. BARNETT, P. CERONE, S.S. DRAGOMIR, AND A. M. FINK

ABSTRACT. Estimates of the difference of two integral means on [a,b], [c,d]
with [e,d] C [a,b] in terms of the sup norm of the derivative and applications
for pdfs, special means, Jeffreys’ divergence and continuous streams are given.

1. INTRODUCTION
In 1938, A. Ostrowski proved the following integral inequality [1].

Theorem 1. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b)
and assume that |f' (x)] < M for all x € (a,b). Then we have the inequality

2
1 [ x— otb

for all @ € [a,b]. The constant % is the best possible.

b
(1.1) ‘f(x)—b_la [ rwa

For some generalisations and related results, see the book [18, p. 468 - 484],
the papers [4]-[17] and the website http://rgmia.vu.edu.au/ where many papers
devoted to this inequality can be accessed on line.

We note that, if we use the easily verified identity [18, p. 585], which also holds
for absolutely continuous mappings f : [a,b] — R

1 P
12 fa =g [ fds i [pan £ @ oo,
b—a /, b—a

a
where the kernel p : [a,b]° — R is given by

t—a if a<t<zxz<b

p(x,t) =
t—b if a<z<t<b

and if we assume that f' € L [a,b] and ||f'||,, = ess sup |f’(t)|, then we can
t€la,b
replace M from (1.1) with || f'|| -
For generalisations of (1.1) see [2] by A.M. Fink and [3] by G. Anastassiou as
well as the recent papers produced by the RGMIA members.
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In this paper, we compare the two integral means

bia/abf( dt——/f )du, [c,d] C [a,b],

where f is assumed to be absolutely continuous on [a,b] and f' € Lo [a,b]. Ap-
plications for pdfs in Probability Theory, for special means including identric and
logarithmic means, for Jeffreys’ divergence in Information Theory and for the sam-
pling of continuous streams are also given.

2. SOME ANALYTIC INEQUALITIES

We start with the following identity which is of interest in itself.

Lemma 1. Let f : [a,b] — R be an absolutely continuous mapping and a < ¢ <
d <b. Denote K. 4 : [a,b] — R the kernel given by

Z:Z Zf ERS [a‘v C] )
(2.1) K.q(s):= 4= if se(cd);
bos if s€ldb].

Then we have the representation

b d b
(2.2) ﬁ / ) dt—ﬁ / £ (u) du = / Koa (s) f' (s) ds.

Proof. Using the integration by parts formula, we have

[ K1 a5
_ /:(Z:Dfl(s)dﬂ/cd(jl Z+Z:z)f’(8)d8+/db(Z:Z)f'(S)ds
_ b S — /f ds+< Z j) d)—a_cf(C)

_<d—c_b—a>/cf(8)d8_2:;l —a/f

ST Y Ry
_ bia/abf(s)ds—d_c/c f(s)ds

and the identity (2.2) is proved. I

The following estimation result holds.

Theorem 2. Let f : [a,b] — R be an absolutely continuous mapping with the
property that f' € Lo [a,b], i.e

1"l :=ess sup |f'(t)] < oo.

te(a,b]
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Then for a < ¢ < d <b, we have the inequality

bia/abﬂ dt——/ fu

(2.3)

1 at+b _ ct+d
< 1Ly W] b—a)— (d— o) £l
< Y-y -@-0)f .

2

The constant = 1is best possible in the first inequality and 5 15 best in the second
one.

Proof. Taking the modulus in (2.2), we may write:

I

(2.4)

b
< /\Kc,d(S)l\J”(S)ldséHf'lloo |Keca(s)| ds
, 1 /C /d s—c¢ a—s 1 /d
= — —a)d d b—s)d
1l [b_a C-wast [T i g [ 0
=K.
However,
c o 2 b - 2
/(s—a)ds:(c Q) / (b—s)ds = L=
a 2 d 2
and

Ss—cC a— S

d—chb—a ds

d
L::/

d
m/ (b= a) — (d— )] s — b+ ad| ds.
Consider the affine mapping
g(s):=[b—a)—(d—c)]s—cb+ad.

Asb—a>d—c, weget g(sg) =0iff g = %. Simple calculation proves

that sg € [c,d] and then

d
/ [[(b—a)—(d—c)]s—cd+ ablds

[(b—a)— (d—c) / 5 — sl ds

[(b—a) —(d- C)}VC (o—S)d8+/:(8—80)dS]

2 2
[(b—a)—(d—c)] [(80;0) + <d_280) 1 .
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However,
o e (c—a)(d—rc)
’ (b—a)—(d—o)
and
e (d—c)(b—d)
(b—a)—(d—c)
and so
. 1 '[(ba)(dd]l (c—ay’(d—c | <dc>2<bd>2]
(b—a)(d—c) 2 (b—a)—(d—c)> [(b—a)—(d—c)
_ (d—c) (c—a)2+(d—c)2
(b—a)[(b—a)—(d—c)] 2 2 |
Consequently,
o (c—a)? (b-d)? (d—c) 1 (c—a)> (b—d)?
K= 0/ [2(b—a)+2(b—a) (b—a)'(b—a)(d—c)l 2 + 2 H

e =50 [(b—a) — (d—c))?

W [I0—a) = (@=o)? | (atb  etd)
‘(ba)l 1 +(2—2)

(c—a)® + (b—d)? [1+ d—c ]

1 aT-}-b _ c—02—d 2 ,
1+ <b_a_(d_c)> [(b—a) = (d= )]«

and the first part of the inequality (2.3) is proved.
To prove the last part of (2.3), we observe that, by a simple computation

<a+bc+d

-t <0 -@-or

is equivalent with
(c—a)(b—d)>0

which is obvious by the selection of a, b, ¢, d.

Taking into account that K, 4 is negative on [a, so] and positive on [sg, b], then
we can conclude that the functions fy (s) := Als — so| (A > 0) are the extremals
in (2.3) and the constant § is the best possible in the first inequality in (2.3). The
fact that % is the best constant in the second inequality is obvious.

Remark 1. The above inequality (2.3) may be regarded as a generalisation of the
classical Ostrowski inequality.
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Indeed, if we assume that ¢ = = € (a,b) and d = z+¢, ¢ is such that x+¢ € (a, b),
then by (2.3) we get

b T+e
1 (GTH) —Z- %)2 N /
< [4—’_(})—(1—5)21 [(b—a)—¢] ||fHoo

Now, letting ¢ — 0+ and taking into account, by the continuity of f at z, that we
have
1 x+e

im= [ f(u)du=f(),

e—=0¢ J,

then by (2.5) we may deduce that

(2.6) < |-+

1 (o o)’
S

b
ﬁ/ f(t)dt— f (2) 1(b—a)||f'|ooa

which is Ostrowski’s inequality.

Corollary 1. Assume that a,b,c,d are as in Theorem 2. Then, the best inequality

we can get from (2.3) is the one for “T'H’ = #, i.e.,

d

b
(2.7) ﬁ/ f(t)dt—ﬁ £ (w) du

1 /
<7lb—a)—d=a)]lf -

The constant i 1s the best possible.

Now, for any = € (a,b), we can find a § > 0 such that the mapping F (z,-) :
[-9,0] — R, defined by

z+L
(2.8) F(z,t) = 1/ f(u)du

is well defined.
We can prove the following corollary.

Corollary 2. Assume that the mapping f : [a,b] — R is absolutely continuous on
[a,b] and f' € Ly [a,b]. Then, for any x € (a,b), the mapping F (z,-) is locally
Lipschitzian and the Lipschitzian constant is 1 ||f'||., and is independent of x.

Proof. As x € (a,b), then there exists a § > 0 such that z + 5,2 — £ € (a,b) for all
t € [-4, 6] and the mapping (2.8) is well defined.

Assume that t1,ts € [0, 0] and t2 > t;. Then [x + %,x — %] D [J: + %,x — %]
and if we apply Theorem 2 on these intervals, we obtain

1 et 1 [t 1 ,
—/ f () du— = F(w)du| < 2 (62— 1) |17
to w,% t1 w,%l 4
which shows that
1
|F' (z,t2) — F (z,11)| < 1 (ta —t1) I f Nl -
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If to < t1, a similar inequality applies, and then, we may conclude that for any
t1,t2 € [0, 6] we have

1
|[F (2, t2) = F (2 80)] < 7 1| [t2 = 1]

which proves the corollary. |

3. APPLICATIONS FOR PDFs

Assume that f : [a,b] — R, is a p.d.f. of a certain random variable X and
F:la,b] = Ry, F(z) = [ f(z)daz is its camulative distribution function. Then
we can state the following proposition.

Proposition 1. With the previous assumptions for f and F, we have;

<50-0)@-a)|f . v€lab),

T-—a
b—a
provided that ' € Lo [a, b].

(3.1) ‘F ()

Proof. If we choose ¢ = a and d = x in (2.3), we obtain the desired inequality. i

Another inequality for the mapping F (-) is embodied in the following proposi-
tion.

Proposition 2. Let f and F be as above and f € Lo [a,b]. Then we have the

inequality

(b—E (X)) (x—a)
b—a

for all x € [a,b], where

E,(X):= /xuf(u)du, x € la,b].

a

(3.2) ‘ + By (X) —2F(2)| < 5 (b—2) (2 - a) | fll

DN | =

Proof. If we write the inequality (2.3) for F', we get

(3.3) bfa/abFa)dt—xia/jF(u)du <2 0=l
However,

/bF(t)dt:b—E(X)
and

/ F(u)dusz(x)—/ uf (u)du = aF (z) — By (X).
Now, by (3.3) we deduce (3.2). I
Let us consider the Euler Beta function
1
B(p,q) = / (=) dt, pg>—1
0

and the incomplete Beta function

B (x;p,q) := / (1 — )7 dt.
0
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If we define f (£) := t*~* (1 — £)?~", we observe that for either p € (0,1) or ¢ € (0,1),
we have
[flloo :== sup f(t) = +o0.
t€(0,1)
Assume that p,¢q > 1. Then

df (¢ _ _
J%l:ﬂ’%l—oqﬂ—@+q—mt+@—lﬂ
We observe that
df (1)
< 7 — 0
dt
iff o = 215 € (0,1) (p,q > 1) and then L > 0 on (0,t0) and L < 0 on

(to,1). Consequently

||f|| _ (p - 1)17*1 (q - 1)¢1*1
¥ (-2

Consider now the random variable X having the pdf p (¢) := SOy e (0,1), then,

B(p,q)’
1 /1 1 B(p+1,q) p
E(X)= — tP(1—t)  dt = LECTANS .
&0 B (p,q) -1 B (p,q) p+q
Also, we have
NP (I L O TR Y
Bp, B(p,q) B(p,q)

Using Proposition 2, we may state the following proposition.

Proposition 3. Let X be a Beta random variable with the parameters (p,q), p,q >
1. Then we have the inequality

qx
B(x;p+1,q9) —zB(z;p,q) + —— B (p,
(z;p+1,9) (z;p,9) P (p,q)
1 p— 1P tg-1)""!
< fa—mxﬁ ) g—1) - B (p,q)

(P+q-2)
for all z € [0,1].

4. APPLICATION FOR SPECIAL MEANS

Let us recall the following means for two positive numbers.

1. The Arithmetic mean

A= A(a,b):= GT—H), a,b>0;

2. The Geometric mean
G = G (a,b) :== Vab, a,b > 0;
3. The Harmonic mean

H:H(a,b) = m,
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4. The Logarithmic mean

a if a=0b
L=1L(a,b):= , a,b >0,
lnlg%fna if a#b;
5. The Identric mean
a if a=0b
I=1(a,b):= o , a,b>0;
()" i ato
6. The p-Logarithmic mean
a if a=b
L,=1L,(ab):= N , a,b>0.
]’ s
The following inequality is well known in the literature:
(4.1) H<GLSL<LI<A

It is also known that L,, is monotonically increasing over p € R, denoting Ly = I
and L_; = L. The following examples illustrate the bounds developed in Section 2
involving difference of integral means over different intervals.
1. Consider the mapping f : (0,00) — (0,00) , f(z) = 2P, p € R\ {-1,0}.
Then for 0 < a < ¢ < d<b< oo, we have

I 1
= [ rod=pah. = [ rod= e

and
pbP~tif p>1,
||f/Hoo7[a,b] =0p (a,b) =
lpla?~" if pe (=00, 1)\ {~1,0}.
Using the inequality (2.3) we have
(4.2) |L? (a,b) — LY (c,d)|
2
i + (f(“b(iasi _éz(ff))> ] [(b—a) — (d— )], (a,b)

2. Consider the mapping f : (0,00) — (0,00) , f(z) =1t and0<a<c<d<
b < co. We have

1

b d
a/f(t)dt:L—l(a,b), diC/ Flydt =1 (e, d)

h—
and

1
!
Hf ||oo,[a,b] = (72'

Using the inequality (2.3) we may state that
(4.3) L (a,b) — L(c,d)|

. l1 . (A(a,b)—A(c,d)) ] b—a) - (d—0) L(a,b) L(c,d).

4 (b—a)—(d—c) a?
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3. Counsider the mapping f: (0,00) = R, f(z) =lnzand0<a<c<d<b<
oo. We have
1
b—a

/bf(t)dtsz(a,b), dlc/df(t)dtzln](c,d)

and

1
/ —
1 oy = -

Using the inequality (2.3) we may write

@) ‘m [I(a7b)H< l1+ <A(a,b)—A(c,d)>21 (b—a)—(d—o)]

I(c,d) 4 (b—a)—(d—r¢) a

5. APPLICATIONS TO JEFFREYS’' DIVERGENCE IN INFORMATION THEORY

Assume that a set y and the o —finite measure y are given. Consider the set of all
probability densities on p to be Q := {p|p :x = R, p(z) >0and fxp (x)dp(x) = 1}.

The Jeffreys distance Dy [19], is well known among the information divergences
and is very useful in Information Theory. It is defined by:

Dy .0 = [ @) —a (@) [zm d (). p.g € .

The following inequalities involving the Jeffreys divergence are known (see for ex-
ample the book on line by Taneja [20])

1
(5.1) Dya (p,q) > exp [—2DJ (ps q)} , P €,
1
(5.2) Dua(prq) >1— 1Ds (p.q), p.q €,
and
(5.3) Dy (p,q) >4[1—Dg(p,q)], p.q €9,

where Dy, (+,-) is the Harmonic distance, namely

[ 2@,
DHa(pvq) _/Xp(x)Jrq(:lf)dM( )’paq€Q7

and Dpg (+,-) is the Bhattacharyya distance, which is given by
Di(p.0) = [ Vo(@)ala)d(z).
X

In the recent paper [21], the authors proved the following inequalities as well:

1
(5.4) 2D (p,q) < Dy (p,q) < 3 [Dy2 (p,q) + Dy2 (q,p)], p.q €9,

(5.5) 0<Dy(p,q) —2Da(p,q) < %D* (p,q)
and
66 0<3[De @) +De@n)] - Do) < 5D ()
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where D,z (-,-) is the chi-square divergence, given by

Dﬁ<nq>r1£pcw[(283)2—1]mmw»

Da (+,-) is the triangular discrimination introduced by Topsoe in [22], namely,

- [ P@-a@F,
DA(p,Q) L p(x)—i—q(x) d:u( )a pvqeQ

and D, (-,-) was introduced in [21]:

zx@ﬂwz/ﬁiﬂlﬂﬂlwm»

In this section we are going to point out other inequalities for Jeffreys’ divergence

by the use of inequality (4.3) written in the following equivalent form:

Inb—Ina Ind-—1Inc
b—a d—c

N et A I
< - —a)=ld=e¢ll- =

(5.7)

for all ¢,d € [a, b].
We may state the following proposition.

Proposition 4. Let p,q € Q with 0 < r < % < R < oo for a.e. x
(r <1< R). Then we have the inequality:

=

(5.8) ’DJ (p,q) — Dy (p, Q)’

L(r,R)

1 PRy () - P@)ta(e) 2
</ 4+<mmpu>|ﬂ@pun

X

IN

< SlR-1-D. o) BT

where D, (p,q) is the variational distance, i.e., we recall that
Du(p.0) = | Ip(z) ~ (a)ldu (),
X

and L (-,-) is the logarithmic mean.

S

X
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Proof. We multiply (5.7) by (d — ¢)*> > 0 to obtain

(5.9) (Ind —Ine) (d—¢) — (zi(zlcg)
atb _ c+d 2 _02
< lﬁll z)2a)|50|> [(b—a)—ld—c|]~(da2)

< Lo-a)-p—d- L2

< Slb-a)—la—a)- O

We choose in (5.9) a =r, b =R, C—landd—qgg to get:

(Ing (z) —Inp (2)) (¢ (z) —p(z)) -

(x) . :D(I);LJ(JC) 2
2 —Ta() —p<x>|>

IN
| =
+
N
=
=

r2p? (z)
1 v) —q (@)
< SlBR=-1)p@) -la@) -p@) (p(rgp221;)))
< LBE-DpE @) -p@)- T

Integrating over x on x and taking into account the facts that

(q(z) = p(2))? _
/ Tdu (z) = Dyz2 (p, q)

and / Ip(2) — ¢ (@) du (2) = Dy (p.q)

we deduce (5.8). 11

6. APPLICATION TO THE SAMPLING OF CONTINUOUS STREAMS

In monitoring the quality of continuous streams which are common in major
sections of the chemical industry, samples of product are collected regularly and
analysed. On the basis of these results the process is allowed to continue operating
under existing parameter values or is adjusted in some way.

These results also, when accumulated over a particular production run, can be
used to assess the mean quality of the product for the duration of production. If
x (t) represents the quality of the stream at time ¢ then the mean quality for the
production time [0,77] is given by = fo t)dt.

If the product is a liquid or a gas it can 1nvar1ably be sampled instantaneously and
so, over the duration of the production period, ‘n’ test values (say) are available to
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estimate the mean quality of the stream. These are z1,xo, ..., x,. It is logical then
to use the mean of these values, Z,,, to estimate % fOT x (t) dt, giving the estimation
error as .% fOT x (t)dt — Tp|.

In some continuous stream processes, however, the product, rather than being
purely liquid or gaseous, consists of fine grains of product suspended in a fast
moving hot gas stream. Whilst the product is eventually accumulated separate of
the carrier gas stream and further processed for ease of handling, it is frequently
desired to sample the product whilst it is being manufactured in its suspended
state. Under such circumstances the sample collection time cannot be considered
to be instantaneous and, if sampling is being conducted at regular intervals, the
collection time may well occupy a significant proportion of the time between the
commencement of the collection of consecutive samples.

Suppose that the collection of a sample takes a time p and that the sample thus
obtained represents the mean quality of the stream over the time taken for collec-
tion. From the perspective of using this single sample to estimate the mean flow
over a longer time period which includes this interval, we are led to consideration

of the estimation error
1 d 1 h+p
f/ x(t)dtff/ z (u) dul ,
d Jo PJn

where (h,h +p) C (0,d).
Using the inequality (2.3), we may state that

1 1 he
(6.1) 5/0 x(t)dt—;/h x (u) du

1 1 ho\? 1
< |= - — N < =(d-— !
< 4+(2 d_p) (@=p) ']l < 5 (@ =PIl -

provided that z (-) is absolutely continuous on [0, d].
From (6.1), we observe that the best estimate we can get from (6.1) is for h =

dz;p, obtaining
1 4 1 %" 1 )
(6.2) 3/0 x(t)dt—p/df v () du| < 7 (d—p) ']
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