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AN ALGEBRAIC INEQUALITY, II

BAI-NI GUO AND FENG QI

ABSTRACT. In this article, using inequality between logarithmic mean and
one-parameter mean, which can be deduced from monotonicity of the extended
mean values, an integral analogue of J. S. Martins’ inequality is proved. An

open problem is proposed.

1. INTRODUCTION

In [1, 12, 35, 37], double inequalities were proved using mathematical induction

and other techniques, which can be expressed as
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where r > 0 and n € N.

We call the left-hand side of inequality (1) H. Alzer’s inequality [1], and the right-
hand side of inequality (1) J. S. Martins’ inequality [10]. The inequality between
the two ends of (1) is called Minc-Sathre’s inequality [11].

In [16], the second author generalised Alzer’s inequality and obtained
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where r is a given positive real number, n and m are natural numbers, and k is a
nonnegative integer. The lower bound in (2) is the best possible.
In [3], Martins’ inequality was generalised: Let {a;}$2; be an increasing sequence

of positive real numbers and
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(1) for any positive integer £ > 1,
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(2) for any positive integer £ > 1,

()= () g

Then, for any natural numbers n and m, we have
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where n,m € N and r is a positive number, a;! denotes []_; a;. The upper bound

is best possible.
As a corollary of inequality (5), we have: Let a and b be positive real numbers,

k a nonnegative integer, and m,n € N. Then, for any real number r > 0, we have
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Inequalities (5) and (6) answer an open problem proposed in [15, 16].

The Alzer’s inequality and inequality (2) have been generalised and extended by
many mathematicians. For more information, please refer to [2, 4, 5, 8, 15, 20, 23,
26, 34]. The Minc-Sathre’s inequality was generalised in [8, 15, 18, 20, 24, 26]. In
[18, 24, 26], the following inequalities were obtained:

n 1/n ntm 1/(n+m)
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where n,m € N and k is a nonnegative integer.

In [13], the second author proved the integral analogue of inequality (2): Let

b>a >0 and § > 0 be real numbers. Then, for any given positive r € R, we have
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The lower bound in (8) is the best possible.

Inequality (8) has been generalised to inequalities for a positive functional in [6].
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In this paper, by monotonicity of the extended mean values, from which an
inequality between the logarithmic mean and one-parameter mean is deduced, we

will prove an open problem proposed in [13] as follows:

Theorem 1. Let b > a > 0 and § > 0 be real numbers. Then, for any positive

r € R, we have

b+d—a  brHl—artl N\ b} /a®)V/ (=)
( b—a  (btoyti— ar+1> <ropr g O
The upper bound in (9) is the best possible.

At last, we propose an open problem.

2. LEMMAS

In [36], Stolarsky defined the extended mean values E(r, s;x,y) and proved that

it is continuous on the domain {(r,s;z,y) : r,s € R,z,y > 0} as follows
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E(r,r;z,y) = e 1T (yy> , r(z —y) # 0; (12)
E(0,0;z,y) = V7Y, T #y; (13)
E(r,s;z,x) =, T =y.

Leach and Sholander [9] showed that E(r,s;z,y) are increasing with both 7 and
s, or with both z and y. The monotonicities of F have also been researched by
the authors and others in [7, 25] and [27]-[32] using different ideas and simpler
methods. In [19], the logarithmic convexity of E was proved.

Most two variable means are special cases of E, for example
E(0,Lz,y) = L(z,y), (14)
E(r,r+ L;z,y) = J.(x,y), r>0. (15)

They are called the logarithmic mean and the one-parameter mean, respectively,

and, by the monotonicity of E, we have
Jr(z,y) > L(z,y), r>0. (16)

Recently, the concepts of mean values has been generalised in [14, 17, 21, 22],

[27)-[31] and [33].
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3. PROOF OF THEOREM 1

Inequality (9) can be rewritten as follows

br+1 _ ar+1 (b + 5)r+1 _ ar—i—l
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Therefore, it suffices to prove the function
T gt
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is decreasing in x > a > 0.
Taking the logarithm and differentiating yields

dlng(z)  a®t" +a®t'r —a' e — o' Tre — a?a” — aPra” + ax't + ara' T
de (a — z)2(altr — z147)
re*t Inz — o' Trelng — are' Inx + o' In(a"%%) — ratt In(a" ")
(a — 2)2(al+" — 21+7)
a[(1+7)(x—a)(z" —a") + r(@'™ —a'™")(Ina — Inz)]
(a _ x)Q(alJrr _ l.lJrr)

r(zt T —altT)

a1 +7)(@" — o) (na — Inz) (R - peme)
(a — 2)2(altr — 21+7)
a(l+7r)(z" —a")(Ina —Inz) (Jr(a,z) — L(a, z))
(a — 2)2(altr — z1+r)

< 0.
(19)
Thus, the function ln ¢(x), and ¢(x), is decreasing.
Here L’Hospital’s rule yields
_ r+1 _ r+1 1/r b/ all/(b—a)
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Hence, the upper bound in inequality (9) is the best possible. The proof is complete.

4. OPEN PROBLEM

Lastly, we propose the following

Open Problem. Let b > a > 0 and § > 0 be real numbers, f(x) a positive

integrable function. Then, for any given positive r € R, we have

SUPze(a,b] f(l‘) 1 b . 1 b+6 ) 1/r
S, cponen 1) <b—a/a fz) dx/zhus—a/a fe) dx)

b b+6
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(21)

b—a b+d—a

The lower and upper bounds in (21) are the best possible.
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