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A REVERSE OF THE TRIANGLE INEQUALITY IN INNER
PRODUCT SPACES AND APPLICATIONS FOR POLYNOMIALS

SEVER S. DRAGOMIR

ABSTRACT. A reverse of the triangle inequality in inner product spaces re-
lated to the celebrated Diaz-Metcalf inequality with applications for complex
polynomials is given.

1. INTRODUCTION
In 1966, J.B. Diaz and F.T. Metcalf [3] proved the following reverse of the triangle

inequality:

Theorem 1 (Diaz-Metcalf, 1966). Let a be a unit vector in the inner product
space (H;{-,-)) over the real or complex number field K. Suppose that the vectors
xz; € H\{0}, i € {1,...,n} satisfy

Re (z;,a)

(1.1) 0<r<
Al

, ief{l,...,n}.

Then

(1.2) ry il <
i=1

where equality holds if and only if

(1.3) Zwl =r (Z |xl||> a.

In an effort to find other sufficient conditions for the vectors x1, ..., x, such that
a reverse of the generalised triangle inequality would hold, the author obtained in
[] the following results:

)

n
i
i=1

Theorem 2 (Dragomir, 2004). Let a be as in Theorem[]] and p € (0,1). If z; € H,
1€ {l,...,n} are such that

(1.4) lx; —al <p foreach i€{l,...,n},
then

(1.5) V1I=p2) il <
i=1

i

n
D> i
i=1
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with equality if and only if

n n
(1.6) D ai=/1-p? <Z ||in|> a
i=1 i=1
Theorem 3 (Dragomir, 2004). Let a be as above and M > m > 0. If z; € H,
i €{l,...,n} are such that either
(1.7) Re (Ma — z;,x; —ma) >0

or, equivalently,

(1.8)

T; —

1
§§(M—m)

holds for each i € {1,.. .,n}, then

(1.9) i Z il <

=1
with equality if and only if

(1.10) sz 2 m]\]\:[[ (Z ||~”Cz‘||> a

The aim of this paper is to provide refinements for the inequalities (|1.5)) and
under slightly more general assumptions for the vectors involved z1, ..., z,.
Applications in the spirit of Wilf [9] for polynomials with complex coefficients are
also given.

For some classical results concerning reverses for the generalised triangle inequal-
ity, see [0], [7] and the Chapter XIII of the book [8]. For recent results, see [1], [2]
and [5].

Z

2. REVERSES OF THE TRIANGLE INEQUALITY
The following result holds:

Theorem 4. Let (H;{-,-)) be a real or complex inner product space 3 € K (C,R)
and vy > 0 such that |B| > 7. Ife, x; € H, j € {1,...,n} are such that |le]| =1 and

[N

(2.1) lz; — Be|| < (|B\2—72> for each je{l,...,n},
then
Iﬂ\ Iﬂl

(2.2) Z ;| < Zm Z

Jj=1 Jj=1
The equality holds in all inequalities from simultaneously if and only if
(2.3) sl = for any j€{1,....n}
and

(2.4) 1 Z ;= il i
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Proof. The condition (2.1)), on taking the square, is equivalent to
(2.5) l;1* ++* < 2[Re SRe (2, ¢) + Im fTm (;, )]

for any j € {1,...,n} with equality if and only if the equality case holds in (2.1))
for je{1,...,n}.
Since

(2.6) 29 |lz;|| < |laj]|* +~% for each j e {1,...,n}

with equality iff ||x;]| =+ for j € {1,...,n}, hence, by (2.5) and (2.6) we have

ReBRe(z;,e) + ImGIm (z;,¢e)
Y

with equality iff the case of equality holds in (2.1)) and ||z,|| =~ for j € {1,...,n}.
Summing (2.7) over j from 1 to n we get

Re3Re <Z;L=1 xj, e> + Im 8 Im <Z?=1 T, e>
v

(2.7) ;] < for je{l,...,n}

@8 Ylkyls

with equality if and only if the equality case holds in (2.1 for each j € {1,...,n}
and ||z;|| =~ for every j € {1,...,n}.
Utilising the Cauchy-Buniakowsky-Schwarz inequality

(m?+p?) (M2 + P?) > (mM +pP)*, m,p,M,P€R
with equality if and only if pM = mP, we can state that

(2.9) Re( - Re <§n:xj,e> +ImgG-Im <§n:xj,e> < B <zn:xj,e>
j=1 j=1 j=1

with equality iff

(2.10) Re () ~Im<2mj,e> =Im(F) - Re <ij,e>.
j=1 j=1

Making use of the elementary fact that

2 2 2
ly = (wse)ell” = llyll™ = [y: &)l
where y € H and e € H with |le|| = 1, we deduce, for y = Z;lzl xj, that

(2.11) <ixj7e> < i%‘
j=1 j=1

with equality if and only if

(2.12) ij = Z (xj,e)e.

Jj=1 Jj=1

Now, by (2.8), (2.9) and (2.11]) we deduce the desired inequality (2.2)).
5.1

Further, if (2.3)) and ( hold true, then, obviously, the equality case is realised
simultaneously in all inequalities from ([2.2)).
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Conversely, if the case of equality is realised in both inequalities in (2.2)), it

must hold in all the inequalities used to prove them. Therefore, ||z;|| =+ for each
j€{1,...,n}. Moreover, we must have

1
(2.13) |lz; — Bel| = (|ﬂ|2 - '72> * forany je{l,...,n},
and (2.10) and (2.12)). Squaring ([2.13) and utilising (2.3) we deduce Re [3 (z;,e)] =
72 for each j € {1,...,n}, which is clearly equivalent to
(2.14) Ref - Re(zj,e) +ImfB-Im (z;,¢e) = ~*

for every j € {1,...,n}. Summation over j from 1 to n in ([2.14]) produces

(2.15) Ref-Re <ij,e>+1mﬁ-1m<2xj,e> = n~H2.

j=1 j=1

A simple calculation shows that the equations (2.10) and (2.15]) give

n n I
(2.16) Re <ij,6> =ny?. Rig and Im <sz,e> :an-m—?,
j=1 |ﬂ| Jj=1 |/6|
which, by (2.12)) imply ([2.4).
The proof is complete. |

The following corollary may be stated.

Corollary 1. Let (H;(-,-)) be as above and §, A € K (C,R) such that Re (Ad) > 0.
Ife,x; € H, j € {1,...,n} are such that either

(2.17) Re(Ae —zj,x; —de) >0 for each je{l,...,n}
or, equivalently,
A 1
(2.18) xj—5+~e”§2A—6| for each je{l,...,n},
then
. 1 JA+6 . 1 A+ ||
(219) Yyl < L JAEL <Z> S hE
j=1 Re (Ad) [ \i=1 Re (Ad) |i=1

The equality holds in all inequalities simultaneously if and only if

(2.20) |z;] = \/Re (Ad) for each je{1,...,n}
and

I 2 (A + 6)Re (A6)
2.21 — T = -e.
(22 n ; ! A+ 67

Proof. Let (B := % and v = [Re (AE)]%. Then it is clear that |3] > ~ and
applying Theorem [1| for these choices, we deduce the desired result. |

Remark 1. I[f A= M >m =6 >0, then provides a refinement of @

Another particular case of interest is incorporated in the following corollary:
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Corollary 2. Lete € (0,1). Ife,z; € H are such that |le|| =1 and

(2.22) lz; —ell <e foreach je{l,...,n},
then

n 1 n 1 n
2.23 i < ——= rie)| < —— T
I S | IEE ) o

The equality holds in all inequalities simultaneously if and only if
(2.24) |zl =vV1—e2 foreach je{l,...,n}

and
1 n
(2.25) szj =(1-¢€?)-e.
j=1

The proof is obvious by Theorem |1|on choosing =1 and v = v/1 — 2.
Remark 2. The above Corollary | provides a refinement of the result in Theorem

2

3. APPLICATIONS FOR POLYNOMIALS

In 1963, H.S. Wilf obtained the following inequality of arithmetic mean — geo-
metric mean type for complex numbers:

Theorem 5 (Wilf, 1963). Suppose the complex numbers z; satisfy

(3.1) |argzi|§w<g, i=1,...,n.
Then
(3.2) |2122---zn\% <(secw)%|zl+~-~+zn\,
unless n is even and z1 = -+ = Zpja = Z(nj2)41 = 0 = Zn = re’ (r>0), in
which case equality holds.
Let
(3.3) P()=ay+arz4+ - Fapt" =an(z—21) (2 — zp)
be given, where 21, ..., 2, are the zeros of P (z).

Utilising Theorem [5], Wilf proved the following interesting inequalities for the
polynomial P (z).

Theorem 6 (Wilf, 1963). Let z be a point from which the convex hull of the zeros
of the polynomial P (z) subtends an angle 2¢) < w. Then

n—1
" Ccos .

ES
n

(3-4) [P (2)] = nlan

P(2)

If p denotes the distance from z to the centre of gravity of the zeros of P (z), then
(3.5) [P (2)] < an| (psech)”.
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Now, utlising the well-known arithmetic mean - geometric mean inequality

1
n 2 n
1
(36) (Haz) SE E aj, a; >0, iE{l,...,n},
i=1 i=1

with equality if and only if a; = --- = a,, we can state the following result.

Theorem 7. Let (H;(-,-)), B,7,€e and LL‘j, je{l,...,n} beasin Theorem. Then

n

(37) Il g@ %Z
j=1

with equality if and only if and (2.4}) hold true.

Remark 3. [t is obvious that the inequalities and can generate the
following multiplicative weaker versions

1 |A+5| 12":
2 W/R j=1

provided x;,e, § and A satisfy the hypotheses of Corollary l, and

IA

(38) L1l

1

n " 1 1 n
(3.9) [Hlzl] <——=> ]
=1 e =

where x;,e and ¢ satisfy the hypothesis of Corollary @

If one is interested to state a Wilf-type inequality for the arithmetic mean —
geometric mean of complex numbers as in (3.2]), then one can obtain the following
result:

Proposition 1. Let £ € C with [§| =1 and e € (0,1). If uq,...,u, € C are such
that

(3.10) lu; — €&l <e foreach je{l,...,n}
then

(3.11) [Mul €£——=> u
j=1 VI—e?|n =
with equality if and only if
(3.12) luj| =V1—e2 foreach je{l,...,n}
and

(3.13) %iu] =(1-¢%¢

Now, applying Proposition [1| to the complex numbers
1 1

z—z1 T z— 2z,

and proceeding as in Wilf’s paper, we can state the following result:



REVERSE OF THE TRIANGLE INEQUALITY IN INNER PRODUCT SPACES 7

Proposition 2. Let P and z1,...,z, be as above. If z € C is such that for £ € C
with €| =1 and € € (0,1),

1
(3.14) §'§€ for each ke {l,...,n},
Z— Zk
then
(3.15) P/ (2)] > nlan|® VI—2|P(2)]" 7,
with equality if
|z —2p| = ——== for each ke {l,...,n}
1—¢2

and ()

1 P (z

—. =(1-¢?)¢.

n P(z) (1-<9)¢

Finally, if one applies Proposition [I| to the complex numbers
Z— 21,y 2 — Zn,

then one can state the following result:

Proposition 3. Let P and z1, ..., z, be as above. If z € C is such that there exists
€eC, ¢l =1 ande € (0,1) with
(3.16) |z — 2z — €| <e foreach ke{l,...,n},
then
jas| 1|
an
3.17 Pl < — o257,
(317) PEIS e

The equality holds in if and only if
|z —zk| =V1—¢%2 foreach ke{l,...,n}

and
n

z:%22k+(1—52)§.

k=1

REFERENCES

1] AH. ANSARI and M.S. MOSLEHIAN, Refinements of reverse triangle inequali-
ties in inner product spaces, Preprint, Math. ArXiv, math.FA/0502010. [ONLINE
http://front.math.ucdavis.edu/math.FA/0502010] .

2] AAH. ANSARI and M.S. MOSLEHIAN, More on reverse triangle inequality
in inner product spaces, Preprint, Math. ArXiv, math.FA/0506198 [ONLINE:
http://front.math.ucdavis.edu/math.FA/0506198] .

(3] J.B. DIAZ and F.T. METCALF, A complementary triangle inequality in Hilbert and Banach
spaces, Proc. Amer. Math. Soc., 17(1) (1966) 83-97.

[4] S.S. DRAGOMIR, Reverses of the triangle inequality in inner product spaces, Austral. J.
Math. Anal. Appl., 1(2) (2004), 1-14. [ONLINE: http://ajmaa.org].

[5] S.S. DRAGOMIR, Advances on Inequalities of the Schwarz, Triangle and Heisen-
berg Type in Inner Product Spaces, RGMIA Monographs, Victoria University,
2005. [ONLINE: http://rgmia.vu.edu.au/monographs/]. Preprint, Math. ArXiv, [ONLINE
http://front.math.ucdavis.edu/math.FA/0503059] .

[6] S. M. KHALEELULLA, On Diaz-Metcalf’s complementary triangle inequality. Kyungpook
Math. J. 15 (1975), 9-11.



8 SEVER S. DRAGOMIR

[7] P.M. MILICIC, On a complementary inequality of the triangle inequality (French), Mat. Vesnik
41 (1989), no. 2, 83-88.

[8] D.S. MITRINOVIC, J.E. PECARIC and A.M. FINK, Classical and New Inequalities in Anal-
ysis, Kluwer Academic Publishers, 1993.

[9] H.S. WILF, Some applications of the inequality of arithmetic and geometric means for poly-
nomial equations, Proc. Amer. Math. Soc., 14 (1963) 263-265.

SCHOOL OF COMPUTER SCIENCE AND MATHEMATICS, VICTORIA UNIVERSITY, PO Box 14428,
MELBOURNE VIC 8001, AUSTRALIA.

E-mail address: sever.dragomir@vu.edu.au

URL: http://rgmia.vu.edu.au/dragomir



	1. Introduction
	2. Reverses of the Triangle Inequality
	3. Applications for Polynomials
	References

