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MONOTONICITY RESULTS FOR ARITHMETIC MEANS OF
CONCAVE AND CONVEX FUNCTIONS

HUAN-NAN SHI, TIE-QUAN XU, AND FENG QI

ABSTRACT. By majorization approaches, some known results on monotonic-
ity of the arithmetic means of convex and concave functions are proved and

generalized once again.

1. INTRODUCTION

Let f be a strictly increasing convex (or concave) function in (0,1]. In order to

improve and generalize Alzer’s inequality in [I], J.-Ch. Kuang in [7] verified that

i§f<7]z) n+lnz+:1f<n+1> / uc )

The left inequality in reveals a monotonic property for the arithmetic means of

convex (or concave) function f.

In [9], F. Qi generalized the left inequality in and obtained the following

Theorem A ([9]). Let f be a strictly increasing convex (or concave) function in
(0,1]. Then the sequence %Z?:kk—s-l f(%—&-k) is decreasing in n and k and has a
lower bound fol f(x)dx, that is,

1 n+k i 1 n+k+1
ﬁ:z: f<n+k>>n+1 Z f<n+k+1> /f @

=k+1

where k is a nonnegative integer and n a natural number.
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As a generalization of Theorem A, F. Qi and B.-N. Guo in [I1], among other
things, obtained the following

Theorem B ([11]). Let f be an increasing convex (or concave) function on [0, 1]

and {az}leN an increasing positive sequence such that { (

fi(== - 1)}ieN increases). Then the sequence { %> 7", f(

aj

)}iGN decreases (or

)}neN is decreasing

Zf(j) n—luil (an+1> /f (3)

As a subsequence of [9, [I1], Ch.-P. Chen, F. Qi, P. Cerone and S. S. Dragomir

and

proved in [3] the follwoing two theorems.

Theorem C ([3]). Let f be an increasing convez (or concave) function on [0,1].

Then the sequence {2 37 | f(L) }neN decreases and {1 2?2—01 f(L) }neN increases,

and

i ()2 e () 2 [ s
> () 2 2o (D) o

1=

Theorem D ([3]). Let f be an increasing convex (or concave) function on [0,1)
and {a;};en a positive increasing sequence such that the sequence { ( e 1)}

decreases (or {z(a—+1 - 1)} increases). Then the sequence {37~ 01 f( )}

€N

is increasing and

neN
1 1 n
doe >
| 1@ 27

a; 1 el a;
() =1 0(2), )
— An 41 n =0 Qnp

where ag = 0.

In recent years, some further generalizations and applications about inequalities
, , , and have been obtained in [2} 4 [6, 9], 10, 2], 13} [16] and the
references therein.

In this paper, the first aim is to prove once again the left hand side inequality in
(3) and the right hand side inequality in (5)) by majorization approaches. The second
aim is to generalize inequalities and . As applications, Alzer’s inequality in

[1] and Minc-Sathre’s inequality in [8] are improved partially.
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2. LEMMAS

The following notations and the first six lemmas can be looked up in the books
[T°7, 18] for details.
Let € = (z1,...,2,) and y = (y1, .- .,Yn) be two real n-tuples.
(1) « is said to be majorized by y (in symbols & < y) if Zle rp) < Zle Y[il
fork=1,2,...,n—1and Y} 2; = > ;" y;, where x3) > -+ > xp,,) and
Y] = -+ = Ypp are rearrangements of & and y in a descending order.
L o . "
(2) @ issaid to be weakly sub-majorized by y (in symbols <, y) if Y, xp; <
Zle y for k=1,2,...,n.
(3) xissaid to be weakly sup-majorized by y (in symbols & <* y) if Zle Ty >
Zle yuy for k= 1,2,...,n, where x(1) < zo) < -+ < 2,y and y(p) <
Y2) < -+ < Y are rearrangements of x and y in an increasing order.
(4) > y means x; > y; for all i = 1,2,...,n. A multi-variable function ¢ is

said to be increasing if > y implies p(x) > ¢(y).

Lemma 1 ([I7, p. 7]). Let z,y € R™ and 6 = > (yi — z;). If & <y y, then

) 5
z,—....,— | <|y,0,...,0]. (6)
— —

Lemma 2 ([I7, p. 5]). Let x,y € R" and u,v € R™.
(1) If & <y y and u <y v, then (z,u) <y (y,v);
(2) If £ <* y and u <* v, then (z,u) <* (y,v).

Lemma 3 ([I7, p. 5]). Letw € R" and & = 237" | x;. Then (Z,...,T) < =.

Lemma 4 ([I7, pp. 48-49]). Let @,y € R", I C R be an interval and g : I — R.

(1) © <y if and only if

Zg(wi) < Zg(yi) (7)

holds for all convex functions g,
(2) <y if and only if @ reverses for all concave functions g,
(3) © < y if and only if @ holds for all increasing convex functions g,

(4) © <" y if and only if @ reverses for all increasing concave functions g.
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In order to prove our main results, we need the following four lemmas which can

be showed by majorization approaches.

Lemma 5. Let {a;}ien be a positive and increasing sequence,

- a1 a1 a2 a2 An+1 An+1
€T = ey , e RN ey ,
Ap+1 Ap+1 QAp41 Ap+1 Ap41 Ap41
n n n
and
ai ap az az Qn, an
Y= — . . cy—, ., RN ey
an Gp A Qnp Qnp Gnp,
n+1 n+1 n+1

If {z( i 1)}1.6N decreases, then © <, Y;

Ai+1

If {z(aa—fl - 1)}ieN increases, then x <" y.

—~
N =
~—  ~—

Proof. Let
_ a; a; d _ ai—1 Aj—1 Q4 a;
u; = yoesey an v; = yesey g Ty ey
Ap+1 Ap+1 (079 ap, anp, (07
N———
n 1—1 n—i+1

fori =1,2,...,n+ 1. The first conclusion in Lemma [2| tells us that, in order to

prove & <., y, it is sufficient to prove u; <, v;. If 1 <k <n—i+ 1, then

Ap+1 (07

k " " k

7 )
Zuim =k S’f**Z”m
=1

Ifn—741<k <n, then

Ap+41 (7% (7%

. k

a; . a; : Gi-1
Zuz‘m:kz S—itl)—+[k—(n—i+1)] :Zvim’
i=1 e

ai—1

k-2 < (n—i+ 1)+ [k — (n—i+1)]
An41 a;

an a;—1 . aj—1
- = < — - .
kz(nl l) (n z+1)(1 Z) (8)

)
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f n _ @i—1
Ant1 a;

<0, since {ay, }nen is positive and increasing, then 1 — aa—:l >0 and
. . Anp a;—1 : . a;
inequality holds. If T T e > 0, since {Z(ﬁ - 1)}ieN decreases, then

k( an a“4>;gn( an a%4>::n( an _1>_ﬂl<w_1_1)
Ayt a; Ap+1 a;

a;

i a;_ a;—1 . a;—1
<(z—1)<11—1)—n<1 —1>:(n—z+1)<1— . ),
a; a; a;
and inequality holds also.
Let
a; a; 41 Qi1 a; a;
u; = ey , Sy and vi=|—, ..., —
Ap+1 Ap+1 QAp41 Ap+1 (7% an,
—_——
n—i+1 7 n+1
fori=1,2,...,n. The second conclusion in Lemma 2] shows that, in order to prove

x <Y y, it is sufficient to prove u; <% v;. If 1 <k <n —i+ 1, then
y7 p )

k k
a; a
> iy = kai <k — =Dy,
=1 n n+1 =1
Ifn—i+1<k<n+1, then
k
Z”im =z Z“lw
i=1 =1
a; a;

k— > —1+1
. >(n—i+1)

n

F k= (n—i+ 1)) 2t
Ap41

R > (n =i 1) 4 [k — (n— i+ 1)] 22
an )

)
Ap41

3

a;
k(“rbﬂ_aﬂ) >(n—i+1)<1—“”1>.
Gnp, 4%}

a;

(9)

If &ntt _ %41 > () gince {a, 'neny be positive and increasing, then 1 — %+ <
an a; ) S b g, a;
and inequality (9) holds. If #2£1 — 2L < (), since {i(“ —1) }iEN increases, then



n ( An41
an

—1) Zi(55 -

L <an+1 . i1

an Q;
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1), hence

> > (n+ 1) <a2“ - a;ﬂ)

(n+1) (Cﬁzl—l) —(n+1)<

Zn(anﬂ1>(n+1)<a¢+1
Ay a;
ZZ.<C%‘+1 _ 1) _ (n—|—1) (ai+1 _
a; a;
. Ai41
= — H(1-—
(=it (1- %),

Aj41

a;

)
)

and then inequality @ holds. The proof of Lemma [5[is complete.

)

O

By the same method as in the proof of the second conclusion in Lemma [5] we

obtain the following

Lemma 6. Let {a;}ien be a positive increasing sequence,

and

ay a An+1 Ap+1
yeey Yy Sy
an+2 an+2 an+2 an+2
n n
a1 ay Qp Gnp
g ey g ey 900y —
An41 Qn41 Ap+41 an,
n+1 n+1

If {z(% - 1)}iEN increases, then v <% u.

Lemma 7.

Let {a;}ien be a positive increasing sequence,

| ao ap a1 aq Apn—1 Ap—1

r=|— ..., —, —, .., —, ..., ey

Qnp ap  Qp Qp Qp Gnp

n+1 n+1 n+1
and
agp ag ai ai Qp Qnp

y = e , . e e

An 41 Ap+1 Qn+1 An+41 An+41 An+41

n n n

with assumption ag = 0.
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1) If{ ( [LIE5 )}ieN decreases, then <, Y;
(2) If {i(2=

y w
-~ )}ZEN increases, then x <" y.

Proof. Since {z(% — 1)}i€N decreases, then

z<““1> (z+1)<ai+2 1) z¢<ai+21>,
a; a; a;

therefore, the sequence {a”l }z en decreases.

Let
a; a; a; a;  Gi41 Ai+1
u=|—...,— and v; = ey , ey
(7% anp, Ap+1 Ap+1 Ap41 Ap41
—_———
n+1 n—i i+1
fori =0,1,...,n—1. Considering the first conclusion in Lemma|[2] it is easy to see

that, in order to prove the first conclusion in Lemma it suffices to show u; <, v;.

From the assumption that ag = 0, it follows easily that ug <., vo.

Fori>1and 1<k <i+1, since {a;fl }ieN decreases, then “ > 2ol and
k3 k3 n
k “ u k
; i1
> wiy =k <k =) wy
[5] a a 1 [5]
=1 n n+ j=1

Fori>landi+1<k<n+1,

zm z

kﬂg(iﬂ) B4 (k- 1)—
ap Apt1 An41

k(T—l)S(i—H)(aZ:—l). (10)

From {i ( Sitl 1)}Z.eN and {aatl }ieN being decreasing, it follows that
e I
an, - a;
and
Ap41 1 < a2+1 -1
an a; '

Addition on both sides of above two inequalities yields

(n+1) (“Zf1> <(i+1) <aa+1 1>.
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k (anJrl _ 1) <(n+1) (anJrl _ 1)
Qp, 27

a;
Q41

Combining this with

leads to (10).

By similar argument as above, since {z(

Let

(223

Ajt1 }iEN'

71) }ieN increases, so does {

_ aj—1 Aj—1 Q5 a; d _
u; = goey g Ty e ey T an v, = gee ey
Ap, (079 an Ay, Ap+1 Ap+1
—_———

a; a;

i n—i n
for i = 0,1,...,n. From the first conclusion in Lemma [2| it is sufficient to show
v; <Y u,.

Since ag = 0, it is clear that vg <" ug.

Fori>1and 1<k <1, since {a—} increases, then &=L < _%n_ apd
Ai41 a; An+1

k a a k
. -
Zvim:ka — =k ; =D Uiy
j=1 n+1 n j=1

Fori>landi+1<k<n,

k k
Zvim = ZUZ[J]’
Jj=1 Jj=1
a Qi1 a;
k——>i— + (k—i)—,
an+1 Qp, (079
a a1 .
k—"— >i— + (k — i),
an+1 a;

k( n —1)22'(““—1). (11)
Gn+1 a;

a;

From the increasingly monotonic property of {z(% — 1) }ieN and {ai+1 }Z.GN, it is

deduced that
Qnp . ai—1
—1)>0G-1 -1
n<an+1 >_(Z )(ai )

()= ()
Ap+1 a;

Adding these two inequalities on both sides gives

(n+1) <ajil - 1) > (a; - 1> . (12)

and
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Substituting
k:< an 1) 2(n+1)< n 1>
Ap+1 Ap+41
into leads to . The proof of Lemma [7|is complete. O

By the same method as above, the following is obtained.

Lemma 8. Let {a;}ien be a positive increasing sequence,

ao ao ai ai an—1 an—1
u = ey , Sy sy ey
Qp—1 Up—1 Ap-1 Qp—1 Qp—1 Gp—1
n+1 n+1 n+1
and
ag ap ai ay (27 Gnp
== 77 ceey 7, 7’ ceey 7’ ) 77 ceey —
ap Ap  Gp 2% A (¢2%)
n n n

If {z(% - 1)}i€N increases, then v <% wu.

3. MAIN RESULTS AND THEIR PROOFS

In the following, we are in a position to state our main results and give proofs

of them.

Theorem 1. Let f be an increasing function on (0,1] and {a;};en a positive in-

creasing sequence.

a;
Aj41

(1) If f is convex (or concave) and {i( — 1)}ieN decreases (or {z(% —

1)}z’eN increases), then

() () (13
ne="\a,) n+l Uni1 )’

=1

2) If f is concave and {i(%: — 1)} increases, then
ieN

ajg

()= ) s

an+1 i—1 an+2

Proof. Inequality follows from combining the third and fourth conclusions in
Lemma [ with the first and second conclusions in Lemma [f] respectively. Inequal-
ity can be deduced from combining the fourth conclusion in Lemma 4| with
Lemma [Gl O
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Remark 1. The first conclusion in Theorem [ is the same as the left hand side
inequality in of Theorem B. However, we recover it by a majorization method

here.

Remark 2. We claim that inequality can be deduced from . In fact, since

e . @ @
the sequence {a;};en be a positive increasing sequence, then a = o and,

utilizing the increasingly monotonicity of f,
n

S(2)- ()

a
i—1 n+1

Replacing n+ 1 by n in leads to

an() z(n—l)éf( ). (16)

Ap+1

Combining and yields

n—1 n
an(ji) +nf(2”> +Zf(2“>

=1

which can be rewritten as

(n+1)if(;“) mif( G >

i=1

which is equivalent to .
The following two corollaries show that inequality is better than .

Corollary 1. Forn € N,

n

n—|—1< n!
n+2 = Y (ny1)

Proof. Let f(t) = Int in (0,1], an increasing concave function in (0,1]. Taking

(17)

a; = i, then it is clear that {a;};en is a positive increasing sequence such that

{z(% — 1) }i ¢y increases. Applying this to the second conclusion in Theorem

reveals
1 n n+1
- - > P —
- ;Zl[lnz In(n+1)] > i ;:1 [lni—In(n + 2)],

which can be rewritten as the form of inequality . (]
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Remark 3. Inequality (17), a refinement of the left hand side inequality of Minc-
Sathre’s inequality in [I1 [§]

n

n n!
< <1,
n+1 "R/ (n+ 1)!

has been generalized in [5] 6], 10, [13], T4, [I5] and the references therein.

Corollary 2. Letn € N and 0 <r <1. Then

1 n . 1/r
n+ n+1 Ez 1 "

Proof. Let f(t) = t" in (0,1], an increasing concave function in (0,1]. Taking

a; =1, then {a; };en is a positive and increasing sequence such that {z(aa—tl — 1) }ZEN

increases. Applying this to the second conclusion in Theorem [I] leads to

n n+1

1 1
. .
n(n—l—l)’";Z *(n+1)(n—|—2)’“;Z’
which can be rearranged as . ]

Remark 4. Let n € N and r > 0. Alzer’s inequality [I] states that

n 1 & jass Hr vn!
— _— 19
n+1<<n; nJrlZ ) < "/ (n+1)! (19)
When 0 <r <1, improves .

Remark 5. The right hand side inequality in is not valid in general. A coun-
terexample is given as follows. Let f(t) = t in [0,1]. Taking a; = 2%, then

{z(#jrl — 1)} = —% increases. However, when n > 4,
ai I~/ 1\ 1&/1\° 4 1
2(2)=1x(e) <ix(i) =msi= [ o

Theorem 2. Let f be an increasing function on [0,1] and {a;}ien @ positive in-

creasing sequence.

(1) If f is a convex (or concave) function and {i ( Dbl 1)}i€N decreases (or

{z(m - 1)} increases), then

() s () &
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(2) If f is a concave function and {i(“:=> — 1)}ieN increases, then

1n—1 a _
n§f< )_

1 - a;
) =) 2

=0

with assumption ag = 0.

Proof. Inequality follows from combining the third and fourth conclusions in
Lemma [4 with the first and second conclusions in Lemma/[7] respectively. Inequality

follows from combining the fourth conclusion in Lemma |4| with Lemma (]

Remark 6. In the first conclusion of Theorem the condition that {z(aa—tl — 1) }neN

decreases can be weakened to that {z(a“i — 1)}nEN decreases. In this case, the

assumption ag = 0 can be broadened to ag > 0. However, when ag = 0 the

a;
ai—1

{i(3% — 1)}, decreases only if i > 1.

a;—1

sequence {z( — 1)}2 en decreases only if ¢ > 2, and when ag > 0 the sequence

Remark 7. The first conclusion in Theorem [2] is the right hand side inequality in
of Theorem D.

Remark 8. Tt is claimed that inequality can be deduced from . Indeed,

a;

since {a;}ien is a positive increasing sequence, then - > — "
n n

and, from f being

increasing,

S(2)-5i()

i=0 im1 \On+l
Replacing n by n + 1 in yields

- a; ! a;
(n+2)§f(an)§(n+l)2f( )

a
i=0 n+l

which can be rewritten as

n

w2 (2) () EA(2)

i=0
) () () o
i—o \dn+1 n+1 ico  \dn+l
Combining with shows
— a a
(n+1)2f<a;) >ny (an;) (24)

which is equivalent to .
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Corollary 3. Forne N and 0 <r <1,
1/r
% Dy 1 n—1
e < . (25)
1 En i —
n+1 i=1

Proof. Let f(t) =t" in (0, 1], an increasing concave function in (0, 1]. Taking a; = 1,

then {a;};cn i a positive increasing sequence such that { (a‘—l — 1) }z eN increases.
Applying these to the second conclusion in Theorem [2] produces
— n
i,
n(n—1)" Z (n+ l)n’” ;
which can be rearranged into ([25)). O

Remark 9. Let n € N and r > 0, Corollary 1 in [3] verified
15—l 1/r
sl ) (26)
T Qim0 n+1

When 0 < 7 < 1, inequality refines .

Remark 10. The left hand side inequality in does not hold. The following is a
counterexample.

Let f(z) = «* in [0,1]. Taking a; = 1 — 5, then {i(%2 — 1)} = ﬁ
decreases. Let g(z) = 5707, it is easy to verify that ¢'(x) < 0 and g(x) strictly
decreases in (0,00). Hence, when n > 5,

1. a; 1 1-1/20 S N2
ngf(an):n;(l_mn) >nZ(1_2i>

i=1

n—1 n—1 o'}
1 2 n—1 2 1 n-1 2 1
ni_1< 2’) n n < 2 n nz_:Q’

This leads to a contradiction.

Theorem 3. Let f be an increasing function in [0,1].

(1) If f is convex and k > —1, then

1~ itk L itk
n;f<n+k>n+1zf(n+k+1> (27)
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(2) If f is concave and k > 0, then

1 i+ k 1o i+ k
- > - ). 28
n;f<n+k+1>_n+1;f<n+k+2> (28)
Proof. Let
B k+1 k+1 k+n+1 k+n+1
Tl k41T k4 n+1 T T k+n+1 T k+n+1
and
Y= k+1 E+1 k+2 k+2 k+n k+n

rrn Rk rn ke ke Uk
n+1 n+1 n+1

Taking a; = k + ¢ in Lemma [5] yields « <, y for K > —1. By the third conclusion

in Lemma {4} the first conclusion in Theorem [3|is proved.

Let
k+1 k+1 k+n+1 k+n+1
E+n+2 " k4+n+2  Tk4+n+2 k+n+2
and
o= k+1 kE+1 k+n k+n
Tl k4417 k4041 T k+n+1 Tk+n+1
n+1 n+1

Applying a; = k+i to Lemmalf|leads to v <" u for k > 0. By the fourth conclusion

in Lemma [4] the second conclusion in Theorem [3]is proved. g

Remark 11. As argued above, the second conclusion in Theorem [3| implies the first
conclusion in Theorem Hence Theorem extends the first inequality in where

k is requested to be a nonnegative integer.

Theorem 4. Let f be an increasing function in [0,1].

(1) If f is conver and 0 < k < 1, then

lnif itk
n n+k

/() ®
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(2) If f is concave, then

()= ()

1=0

Proof. Let

o k k k+n—1 k+n—1

v e TR en T hem

n+1 n+1
and
k k k+n k+n
Y E+n+1""" "k4+n+1""" k4+n+1"" " Tk+n+1

Taking a; = k+1i, from Remark [6] and Theorem 2] the first conclusion of Theorem

is proved.
Let
0 0 1 1 n—1 n—1
< 2 n-1 "n—1’ "n—1’ "n—1
n+1
n+1 n+1
and
1 1 n n
vV = 07‘..,0757...75,...,;, ’ﬁ
M —— ——
n n

Taking a; = i in Lemma [0] gives v <, w. Then the second conclusion of this
theorem follows from the fourth conclusion in Lemma 4l The proof of Theorem

is complete. ([l

Remark 12. By Remark [2 the second conclusion of Theorem [4] can be reduced to
the very right hand side inequality in . Hence, Theorem 4] extends the very right
hand side inequality in .
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Theorem 5. Let f be an increasing function on [0,1] and k > —1. Then

k41 asy k+1
Z;f(n+k> n+1§:f<n+k+1>

k+1 n+2k+1
+f<2(n+k)(n+k+1)) —10) =2/ <4(n+k)> - f(0)>0. (31)

Proof. For & and y defined in Lemma [7] we have x <,, y for £k > —1. Now let

n(n+1) n(n+1)

0= Z (yi — i) = Zn(nﬂ Z Ti

) nn+1)(n+2k+1) (n+2k5+2)n(n+1) _on(n+1)(k+1)
2(n+ k) 2(n+k+1) C2n+k)(n+Ek+1)

From Lemma [I] and Lemma [3] it is obtained that

n+2k+1 n+2k+1
Ak+n) 77 Ak+n)

2n(n+1)

kE+1 kE+1 k4+n+1 k+n+1
k+n+1""" "k4+n+1k+n+1""" "k+n+1’

k+1 k+1
2k +n)(n+k+1)" " 2(k+n)(n+k+1)

n(n+1)

k+1 k+1 k+n kE+n
k+n,...,k+n,...,k+n,...,k+n
n+1 n+1

,0,...,0|. (32
——

n(n+1)

Since f is an increasing convex function in [0, 1], then, by Lemma and from ,

(n+1)iz:;f(k+i>+n(n+1)f(0)

n+k

>”T§f<n—]i;:—lkl> Tl (%nﬂj(;ik“))

n+2k+1
dn+k)

Therefore, inequality is deduced. (I

> 2nn+1)f
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Remark 13. Since f is an increasing convex function, then

k+1
f<2(n+k)(n+k+1)) — f(0) > 0.

Thus, the condition that f is an increasing convex function and k& > —1 shows that

the first inequality in strengthens the first inequality in .

(1]

2]

(3]

[4]

(10]

(11]

(12]

REFERENCES

H. Alzer, On an inequality of H. Minc and L. Sathre, J. Math. Anal. Appl. 179 (1993),
396-402.

T. H. Chan, P. Gao and F. Qi, On a generalization of Martins’ inequality, Monatsh. Math.
138 (2003), no. 3, 179-187. RGMIA Res. Rep. Coll. 4 (2001), no. 1, Art. 12, 93-101. Available
online at http://rgmia.vu.edu.au/v4nl.html.

Ch.-P. Chen, F. Qi, P. Cerone and S. S. Dragomir, Monotonicity of sequences involving convex
and concave functions, Math. Inequal. Appl. 6 (2003), no. 2, 229-239. RGMIA Res. Rep. Coll.
5 (2002), no. 1, Art. 1, 3-13. Available online at http://rgmia.vu.edu.au/v5nl.html,

P. Gao, A note on a paper by G. Bennett and G. Jameson, RGMIA Res. Rep. Coll. 5 (2002),
no. 4, Art. 1, 1-2. Available online at http://rgmia.vu.edu.au/vbn4.html.

B.-N. Guo and F. Qi, Inequalities and monotonicity for the ratio of gamma functions, Tai-
wanese J. Math. 7 (2003), no. 2, 239-247.

B.-N. Guo and F. Qi, Monotonicity of sequences involving geometric means of positive se-
quences with monotonicity and logarithmical convexity, Math. Inequal. Appl. 9 (2006), no. 1,
1-9.

J.-Ch. Kuang, Some eztensions and refinements of Minc-Sathre inequality, Math. Gaz. 83
(1999), 123-127.

H. Minc and L. Sathre, Some inequalities involving (7"!)1/T7 Proc. Edinburgh Math. Soc. 14
(1964/65), 41-46.

F. Qi, Generalizations of Alzer’s and Kuang’s inequality, Tamkang J. Math. 31 (2000),
no. 3, 223-227. RGMIA Res. Rep. Coll. 2 (1999), no. 6, Art. 12, 891-895. Available online
at http://rgmia.vu.edu.au/v2n6.html,

F. Qi, Inequalities and monotonicity of sequences involving T\‘/m, Soochow J. Math.
29 (2003), no. 4, 353-361. RGMIA Res. Rep. Coll. 2 (1999), no. 5, Art. 8, 685-692. Available
online at http://rgmia.vu.edu.au/v2n5.htmll

F. Qi and B.-N. Guo, Monotonicity of sequences involving conex function and sequence,
Math. Inequal. Appl. 9 (2006), no. 2, 247-254. RGMIA Res. Rep. Coll. 3 (2000), no. 2,
Art. 14, 321-329. Available online at http://rgmia.vu.edu.au/v3n2.htmll

F. Qi and B.-N. Guo, Monotonicity of sequences involving geometric means of positive se-

quences, Nonlinear Funct. Anal. Appl. 8 (2003), no. 4, 507-518.


http://rgmia.vu.edu.au/v4n1.html
http://rgmia.vu.edu.au/v5n1.html
http://rgmia.vu.edu.au/v5n4.html
http://rgmia.vu.edu.au/v2n6.html
http://rgmia.vu.edu.au/v2n5.html
http://rgmia.vu.edu.au/v3n2.html

18 H.-N. SHI, T.-Q. XU, AND F. QI

[13] F. Qi and B.-N. Guo, Monotonicity of sequences involving geometric means of positive
sequences with logarithmical convezity, RGMIA Res. Rep. Coll. 5 (2002), no. 3, Art. 10,
497-507. Available online at http://rgmia.vu.edu.au/v5n3.html|

[14] F. Qi and B.-N. Guo, Some inequalities involving the geometric mean of natural numbers
and the ratio of gamma functions, RGMIA Res. Rep. Coll. 4 (2001), no. 1, Art. 6, 41-48.
Available online at http://rgmia.vu.edu.au/v4ni1.html.

[15] F. Qi and Q.-M. Luo, Generalization of H. Minc and J. Sathre’s inequality, Tamkang J.
Math. 31 (2000), no. 2, 145-148. RGMIA Res. Rep. Coll. 2 (1999), no. 6, Art. 14, 909-912.
Available online at http://rgmia.vu.edu.au/v2n6.html.

[16] J.-Sh. Sun, Sequence inequalities for the logarithmic convezr (concave) function, RGMIA
Res. Rep. Coll. 7 (2004), no. 4, Art. 2, 549-554. Available online at http://rgmia.vu.edu.
au/v7n4.htmll

[17] B.-Y. Wang. Foundations of Majorization Inequalities, Beijing Normal Univ. Press, Beijing,
China, 1990. (Chinese)

[18] S.-G. Wang and Z.-Zh. Jia, Inequalities in Matriz Theory, Anhui Educational Press, Hefei
City, Anhui Province, China, 1994. (Chinese)

(H.-N. Shi) DEPARTMENT OF ELECTRONIC INFORMATION, TEACHER’S COLLEGE, BEIJING UNION
UNIVERSITY, BEUING CITY, 100011, CHINA

E-mail address: |shihuannan@yahoo.com. cn|, sfthuannan@buu.com.cn

(T.-Q. Xu) DEPARTMENT OF MATHEMATICS, QINGDAO VOCATIONAL AND TECHNICAL COLLEGE,
QINGDAO CITY, SHANDONG PROVINCE, 266071, CHINA

E-mail address: xutiequan2003@163. com

(F. Qi) RESEARCH INSTITUTE OF MATHEMATICAL INEQUALITY THEORY, HENAN POLYTECHNIC
UNIVERSITY, J1A0ZUO CITY, HENAN PROVINCE, 454010, CHINA

E-mail address: qifeng@hpu.edu.cn, fengqi6l18@member.ams.org, qifeng618Chotmail.com,
qifeng618C@msn.com, 3160208210qq.com

URL: http://rgmia.vu.edu.au/qi.html


http://rgmia.vu.edu.au/v5n3.html
http://rgmia.vu.edu.au/v4n1.html
http://rgmia.vu.edu.au/v2n6.html
http://rgmia.vu.edu.au/v7n4.html
http://rgmia.vu.edu.au/v7n4.html
mailto: H.-N. Shi <shihuannan@yahoo.com.cn>
mailto: H.-N. Shi <shihuannan@263.net>
mailto:T.-Q. Xu <xutiequan2003@163.com>
mailto: F. Qi <qifeng@hpu.edu.cn>
mailto: F. Qi <fengqi618@member.ams.org>
mailto: F. Qi <qifeng618@hotmail.com>
mailto: F. Qi <qifeng618@msn.com>
mailto: F. Qi <316020821@qq.com>
http://rgmia.vu.edu.au/qi.html

	1. Introduction
	2. Lemmas
	3. Main results and their proofs
	References

