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BOUNDS FOR THE r—WEIGHTED GINI MEAN DIFFERENCE
OF AN EMPIRICAL DISTRIBUTION

P. CERONE AND S.S. DRAGOMIR

ABSTRACT. Various bounds for the r—weighted Gini mean difference of an
empirical distribution are established.

1. INTRODUCTION
The Gini mean difference of the sample a = (aq,...,a,) € R" is defined by
1 e 1
) = WZZW—%‘\ =2 > lai—ayl
j=11i=1 1<i<j<n
and
1
a

is the Gini index of a, provided the sample mean @ is not zero [6, p. 257].
The Gini index of a equals the Gini mean difference of the “scaled down” sample

Q= (%0 %) @A)
R(ai,...,an) = nQZZ‘ ‘

=1 j_
The following elementary properties of the Gini index for an empirical distribution
of nonnegative data hold [6, p. 257):

(i) Let (a1,...,a,) € R} with 37" | a; > 0. Then

0=R(a,...,a) < R(a1,...,an) < ( 02%) 1—7<1

R(Bay,...,Ba,) = R(ay,...,a,) forevery >0

and

R(ai+ A,...,an + ) = R(ay,...,an) for A >0.

a
a+ A

(ii) R is a continuous function on R’} .
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2 P. CERONE AND S.S. DRAGOMIR

These and other properties have been investigated in [6], [3] and [4].

For a = (ai,...,a,) € R™ and p = (p1,...,pn) a probability sequence, meaning
that p; >0 (i € {1,...,n}) and >, p; = 1, we considered in [1] the weighted Gini
mean difference defined by formula

1 n n
(1.1) G(Paa)=§zzpipj lai —ajl = > pipjlai —al,

j=11i=1 1<i<j<n

aIld p O\/ed ‘l at
( 2) — B ( a) < ( a) < .[] E |a | < ( a)
. ( f . i — B s s
2 p7 = p7 = R - pl fy — p

where K (p,a) is the mean absolute deviation, namely

(1.3) K (p,a):=» pilai— Y pja;|.
i=1 =1

We have also shown that if more information on the sampling data a = (a1, ..., ay)
is available, i.e., there exists the real numbers ¢ and A such that a < a; < A for
each i € {1,...,n}, then

1
. < — — < Z _
L) Gha -0 ma ma-R)] (sqa-a),
where Py := Ejerj' Also, we have shown that

= 1
(15) LR w1 (s50-0).

Notice that in general the bounds for the weighted Gini mean difference G (p,a)
provided by (1.4) and (1.5) cannot be compared to conclude that one is always
better than the other [1].

The main aim of this paper is to continue the study begun in [1] and provide
various bounds for the more general r—weighted Gini mean difference that has been
introduced in [1].

A—l—a

2. BOUNDS FOR THE r—WEIGHTED GINI MEAN DIFFERENCE

For a = (aj,...,a,) € R™ and p = (p1,...,pn) a probability sequence, meaning
that p; > 0 (i €{1,...,n}) and > ._, p; = 1, define the r—weighted Gini mean
difference, for r € [1,00), by the formula [1, 291]:

n

(2.1) p,a) : %Zzpimai_%r: > pipjlai —a;]".

i=1 1<i<j<n

For r = 1 we have the weighted Gini mean difference G (p,a) of (1.1) which be-
comes, for the uniform probability distribution p = (7, cee %) the Gini mean
difference

::QLZZMF%I:% > lai—ayl.
e

1<i<j<n
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For the uniform probability distribution p = (1 1) we denote

1 n n . 1 .
G (a) =G, (p,a) = TnQZZM —al =5 > lai—al.
i=1 j=1 1<i<j<n
Now, if we define A := {(4,7)i,5 € {1,...,n}}, then we can simply write from
(2.1)
1 r
(22) G'r‘ (pva) = 5 Z bipj ‘ai - aj| ’ r Z 1.
(i,5)€A
The following result concerning upper and lower bounds for G, (p, a) may be stated:

Theorem 1. For any p; € (0,1), i € {1,...,n} with >\ ;p; = 1 and a; € R,
i€{1,...,n}, we have the inequalities

—1

Pip; + pipj (1 —pips)" ,

— la; — aj|
(1 —pipy)

(2.3)

— max
2 (i,j)eA

SG’I‘ (p7a)§ max |a‘i_ajra

1
2 (i,5)en
where r € (0,00).

Proof. Observe that

> pipj(ai —aj) =0.

(i,5)eA
Then, for any fixed (i,5) € A we have
(2.4) pipj (e —a;) == > pepi(ar—ar).
(k,HeAN{(4,5)}

Taking the modulus in (2.4) and utilising the Holder discrete inequality for multiple

indices and r > 1, % + % =1 (q = ﬁ) , we have successively:

(2.5) pipj la; — aj|

= Z pepi (ax — ar)

(k. DeAN{(4:5)}
1 1
< Z Pk Z prpular — arl”
(kD eAN{(4.9)} (kD eAN{(4,5)}
= Y. mpi—pip;
(kDA

3=

< | D pepilax — al” = pipj lai — ;"
(k,l)eA

|=

3

=(1- pz'pj)% (2G, (p,a) — pipj |a; — a;|")
for each (4, j) € A.
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Taking the power r in (2.5) we have

Piptla; —a;|” < (1—pipy)" "' (2G, (P, a) — pipj |a; — a;]"),

giving
r—1 r r—1
pip; +pip; (1 —pip;)" | lai —a;|" <2(1—pip;)" G (p,a),
so that
r—1
1 pip} +pipj (1 —pipj) .
(26) — .2 J J ‘ai - aj| < Gr (p7a)

2 (1—pipy)" "

for each (4, ) € A.

Taking the maximum over (4,j) € A in (2.6), we deduce the first inequality in
(2.3).

The second inequality is obvious on observing that

1
Gr(p;a) < 3 Z piD;
(i,7)eA

T T
max |a; —a;| = - max |a; —a4| .
(1.5)€A 2 (i.j)ea

The proof is complete. |

Remark 1. The case r = 2 is of interest, since

2
1 n n

G2 (p,a) = 9 Z pipj lai — a;|* = Zpia? - <Z,’Diai> ;
i=1 i=1

(i,5)eA
for which we can obtain from Theorem 1 the following bounds:
en g {2 (0] < Ga (o) < o (00"
Remark 2. Consider the function
ottt
(1— t)r—l

defined fort € [0,1) and r > 1. Then

W) =14+rt" 1=8)""+@Fr—-Dt"(1—1t)"

which shows that h, is strictly increasing on [0, 1).

hy (1) : —t4+t"(1—t)"

Therefore
e+ pips (1= pipy) .
min pos = min Do (pipj)
(i.5)€A (1 —pip;) (i.5)€A

> h, | min (p;p;
> Li’j)eA (p pj)}

Y

h, min ;- Iin ;
(ie{l,...,n}p je{l,.“,n}pj)
r—1
_ oo 05 (- p7)
(1-p2) "

)

where P, = min;eqy, . ny pi > 0.
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In conclusion, from Theorem 1 we can obtain a coarser but, perhaps, a more
useful lower bound for the r—weighted Gini mean difference, namely:

1 opZ+p2 (1-p2)""

2.8 G, (p,a) > = - a; — a
( ) (p ) ) (1 —p%)Pl (w)eA| j|
where p.,, 1s defined above.
For r = 2, we then have:
1 2
(2.9) Go (p,a) > Pm_ . max (a; —a;)?.

21 —p2, (i,j)eA
The following result for the weighted Gini mean difference can be stated:

Theorem 2. For any p; € (0,1), 4 € {1,...,n} with Y. p; = 1 and a; € R,
i€ {l,...,n}, we have the bounds:

1 1
(2.10) = max < pp; |1+ - a; — aj
2 (i,j)eA max
7 0 2y PP
1
<G(paa)§* ma. |a1 a;
2 (i,
Proof. As in the proof of Theorem 1 we have
pipj lai — a;| = > pepi(ax —an)
(k,DEAN{(i,5)}
< omax  Apep}e Y. pepilas —alf
(k,DEAN{(4,4)} (k) en{(i.0)}

= max PrPL PkPi Ak — ay| — PiPj (A — Qj
(w)eA\{(i,j)}{ } (klz)éA | = pipslai—ay

which gives:

pipj |1+ ~ max {Pkpl}] la; — a;| < {pepi} > pipilar — a

(k,hHeA\{(,9)} (k, l)GA\{( )} (kDeA
That is
1+ max
e S8y (PP}
DiDj max {prpi) |la; — a;] < Z prpulak — all
(B, D)EA\{(4,5)} kL (k)EA

which, by taking the maximum over (¢,7) € A implies the first part of (2.10).
The second part is obvious. i

Remark 3. Since

<
(R {pp} g?XA{pkpz} P

where par = MaxXpe(1,... n} Pk hence
1 1

1+ ol 21t
max
(kean((gyy LR Pm
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and we get from Theorem 2 the following lower bounds for G (p,a)

2
pM+1)
max \p;p; |a; — Qj
(B2 ) g s = o

2

py +1

A (B1) s o
Py (i,)€eA

where py, := minge(1,... n} Pk and ppr = maXge{1

(2.11) G(p,a) >

vV
N = N =

n} Pk-

geeey

3. RELATED RESULTS
The following result is due to Izumino and Pecarié¢ [5] (see also [2, p. 174 - 175]):

Lemma 1. Let f be a convex even function defined on [m — M, M —m] (0 <m < M)
with f(0) = 0. Then for each n—tuple x = (x1,...,x,) satisfying the condition
m<xzp, <M (k=1,...,n) and for each positive weight ¢ = (q1,.-.,qn) we have

(3.1) > aiaif (wi—w) M —m) max [Qs(1=Qy)

1<i<j<n e}

where Q; = ZjGJ q;-

The following result holds concerning upper bounds for the r—weighted Gini
mean difference when some information on the size of the elements a;, ¢ € {1,...,n}
are available.

Theorem 3. For any p; € (0,1), 4 € {1,...,n} with Y. p; = 1 and a; € R,
i€ {1,...,n} with the property that
(3.2) —o<a<a; <A<oo foreach i€ {l,...,n},

we have the inequality:

B3 Grpa)<(A—a max [Pr(-P) (s La- a)?“) 7

forr>1.

Proof. Without loss of generality, we may assume that a > 0.
Now, if we apply Lemma 1 for f (z) = |z|", z; = a; and ¢; = p;, i € {1,...,n},
we get

]. T ks
Gr(p.a) =5 > pipjlai—a;" < |A—aql S [Py (1= Py)]

i.j=1 T

and the result is proved. I

Finally, the following result that provides a connection between

n n 2
G (p,a) = Y piaj — (me) :
i=1 i=1
and )
G (a)—lzn:ag— lzn:a-
o = [t )

can be stated.
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Theorem 4. Ifp; € (0,1) fori e {1,...,n} with> ", p; =1, then for any a; € R
i€ {l,...,n} we have the inequality:
n 2
(Zi:l pg’)
n 2
(> izt pf)

Proof. Utilising the Cauchy-Bunyakovsky-Schwarz inequality, we have that:

(3.4) Gs (p,a) < n? [1 - G2 (a).

(35) DiDj |ai — Cljl

= > ek —a)
(k,DeAN{(5:7)}

3 3
< Z Pip; Z lar — a; 2
(k,DeA\{(4,5)} (k,DeAN{(4,5)}
3 3
2 2
= > piri-pip? > ak —al* = lai — a;
(k,l)eA (k,l)eA
~ 1 1
n 2 2 2
2 2
= <ZP§> - pips > lax —al® —lai —a;
| \i=1 (k,l)eA

The square of (3.5) produces

2
n
pip? la; —a;]” < (Zzﬁ) o3| | D ek —af’ —lai— s
k=1

(k,l)eA

giving

2
n
s (Yok) oot b o
k=1
n 2
2
< (Zzﬁ) -l D lak—a
k=1

(k,l)eA

from which we get

2 pip 2
(36) \ai—aj| < [1—”‘| Z |ak—al\ .

n 2
Chei PO ] wpea

Now, if we multiply (3.6) with p;p; > 0 and sum over (4, j) € A then we get

n 3\ 2
(37) Gs (p,a) < n? [1 - g—z” Ga (a),

and the result is proved. I
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Remark 4. It is obvious, by the definition of G, (p,a) in (2.2) that for r =2

1 9 1 2
(38)  Gz2(pa)=3 Z pipj lai —aj|” < §(£§§A{pipj} Z |a; — aj|
(i,7)€A (i,j)eA
2
=n‘ ma ipit Go (a).
(w,)eXA{ppJ} 2 (a)

Then, it is natural to ask when comparing (3.7) and (3.8) the question, when is the

bound )
> i1 Py
Bl(p) =1- ( n ! 2)2
(Zi:l i )
better than

Bs (p) = (oax, {pip;}-

If we taken =2 and p1 = p, po =1 —1p, p € (0,1) then
2
p3+(1—p)3]

Bi(p)=1- 2t (1—p?

and
B (p) = max {pQ,p(l —-p),(1 —p)2} :
The variation of the bounds By (p) and Bs (p) are depicted in Figure 1 and Figure

2, respectively. The plot of the difference D (p) := By (p) — Bz (p) shows that one
bound is not always better than the other (see Figure 3).

07

.:| 1 d- ) .".
0.3
0.2 / }__

01 / \

I3JIII|III|IIIIIII|III|III|l.I

o 0.z 0.4 05 [RR-) 1
P

FIGURE 1. The plot of By (p).
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FIGURE 2. The plot of By (p).

Finally, the following result in comparing the weighted Gini mean difference
G (p,a) with the unweighted means G, (a) may be stated:

Theorem 5. If p; € (0,1) fori € {1,...,n} with >; p; =1, and q,r > 1 with
% + % =1, then for any a; € Ri € {1,...,n} we have the inequality:

n 2/q
(39) G (p.a) < 2/ 202/ (Zp?> Gy (@)

i=1

Proof. We use Holder’s inequality for double sums to get

(3.10) pipjla; — aj| = Z prp (ax — ar)
(k,DeAN{(5:7)}
1/q 1/r
< Z Pip; Z |y — al|”
(k,DeAN{(4,4)} (kDeAN{(4:5)}
1/q 1/r
< Z pip} — pip] Z lak —al” = la; — a5
(k,HeA (k,heA
B n 2 1/q
r1/r
= (ZPZ> —pip}|  (2n*G.(a) — o —a;]")
k=1

for each (4, j) € A.
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0.4

0.2

04
o8]/

oed / \

FIGURE 3. The plot of the difference D; (p) .

Utilising the elementary inequality
(a" = B (1" = 69T < ay — 55
provided a > 3, > ¢ and ¢,r > 1 with % + % =1, we can get that

=1

n 2/‘1
1/r
pipj lai — a;| < <ZP?> 202G, (@) = pipj lai — g

which gives

n 2/q
1/r
(311) 2pipj |az- — aj| S (pr) [QTLQG',» (a)] / s
i=1

for each (7,j) € A.
Summing in the inequality (3.11) over (i,5) € A we deduce the desired result
(3.9). 1

Remark 5. The particular case ¢ = r = 2 provides the follwing simple inequality
(3.12) G (p,a) < 220 (pr> Ga (a)].
i=1
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