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A NEW REFINEMENT OF JENSEN’S INEQUALITY IN LINEAR
SPACES WITH APPLICATIONS

S.S. DRAGOMIR

ABSTRACT. A new refinement of Jensen’s celebrated inequality for functions
defined on convex sets in linear spaces is given. Applications for norms, mean
f-deviation and f-divergences are provided as well.

1. INTRODUCTION

Let C be a convex subset of the linear space X and f a convex function on C.
If p=(p1,...,pn) is a probability sequence and x = (z1,...,z,) € C", then

(1.1) f <ZP19€1> <Y pif (@),
i=1 i=1

is well known in the literature as Jensen’s inequality.

The Jensen inequality for convex functions plays a crucial role in the Theory of
Inequalities due to the fact that other inequalities such as the arithmetic mean-
geometric mean inequality, Holder and Minkowski inequalities, Ky Fan’s inequality
etc. can be obtained as particular cases of it.

In 1989, J. Pecari¢ and the author obtained the following refinement of (see
[13)):

- u Tip + -+ Ty,
(1.2) f <Zpi$i> > Z Diy - Digyr f (W)
i=1

i1, lk41=1

5 s ()

i1, nin=1

<) opif (),
i=1

A

IN

for k£ > 1 and p,x as above.
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2 S.S. DRAGOMIR

If g1,...,qx > 0 with Z?:l g; = 1, then the following refinement obtained in
1994 by the author also holds (see [6]):

n n xil + N + X
(1.3) / <sz$z> < Z Piy - Di | (kk>
i=1 i1 yemsin=1

n

< Z Diy - -Pi [ (i, + - + quiy)

i1 i =1
n

< sz'f (i) ,
i=1

where 1 < k <n and p, x are as above.
More recently the author obtained a different refinement of Jensen’s inequality
incorporated in (see [8]):

ke{l,...n} 1—pi

(1.4) f ijxj < min l(l—pk)f<zj:1pjxjpkxk> +pkf(33k)]

< [ (B ) S e
no Pk —1
< pemax [(1 —pr) f (Zj:lfjiﬂ;k_ pkxk) +pkf($k)]

<Y pif(x)),
j=1

where f,x; and pg are as above.

For other refinements and applications related to Ky Fan’s inequality, the arith-
metic mean-geometric mean inequality, the generalized triangle inequality, the f-
Divergence measure etc., see [3]-[12].

In this paper, a new refinement of Jensen’s celebrated inequality for functions
defined on convex sets in linear spaces is given. Applications for norms, mean
f-deviation and f-divergences are provided as well.

2. GENERAL RESULTS

Let C be a convex subset in the real linear space X and assume that f: C — R
is a convex function on C. If z; € C and p; > 0,i € {1,...,n} with > | p; = 1,
then for any nonempty subset J of {1,...,n} we put J := {1,...,n} \ J (# 0) and
define P; := Y, ;p; and P; := Py = >jeiPi =1 =2 ,c;pi. For the convex
function f and the n-tuples x := (x1,...,x,) and p := (p1, ..., p) as above, we can
define the following functional

(2.1) D(f,p,x;J):=PF;f (;J Zpi$i> + Py f ]%ijxj

i€J jeT

where here and everywhere below J C {1,...,n} with J # 0 and J # {1,...,n}.
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It is worth to observe that for J = {k},k € {1,...,n} we have the functional
(2.2) Dy, (f,p,x) = D (f,p,x;{k})

=prf (Ik) + (1 — pk) f <Zz]fz_xz - pkxk)
Pk

that has been investigated in the earlier paper [§].

Theorem 1. Let C' be a convex subset in the real linear space X and assume that
f:C — R is a convex function on C. If x; € C and p; > 0,i € {1,....,n} with
iy pi =1 then for any nonempty subset J of {1,...,n} we have

(2.3) Y pif (@) = D(fpxiJ) > f (me) :
k=1 k=1

Proof. By the convexity of the function f we have

D(f.p,x;J)=P;f (;JZPZ%) +Psf }%ijxj

icJ jeJ

1 _ 1
> [Py (P Zpil“z) + Py ?ijwj
J ey Jies
n
=f (ZPkJSk)
k=1

for any J, which proves the second inequality in ({2.3]).
By the Jensen inequality we also have

> onf (@) =Y pif (@) + Y pif (z))
k=1

i€J jeJ
> Pyf (1 ZPM%) +Psf = > i
Priz Py jes
=D (f.p,x;J)
for any J, which proves the first inequality in . O

Remark 1. We observe that the inequality can be written in an equivalent
form as

2.4 > D(fipix:J

(2.4) kz::lpkf(xk) R (f,p,x;J)
and

2.5 min D(f,p,x;J)> )
(25) 0£JC1,m} (f,px;J) > f (;pk k;)

These inequalities imply the following results that have been obtained earlier by the
author in [8] utilising a different method of proof slightly more complicated:

(2.6) > pef (wx) > wcmex D (f,p,x)
Pt )
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and

ke{l,...,n}

(2.7) min Dy (f,p,X) >f<2pkxk>.

Moreover, since

D , Py ;J > D R )
ooy DRI 2 i, Pr ()
and
in Dy (f,p, pyx;J),
pemin k(f,p,x) > @#JC{L ) D(f,p,x;J)

then the new inequalities and (2.4) are better than the earlier results developed
in [§].

The case of uniform distribution, namely, when p; = % for all {1,...,n} is of

interest as well. If we consider a natural number m with 1 < m <n — 1 and if we
define

n

1 - 1
(2.8) Dm(f,x)::::f<m;xi>+nnmf n—m Z Zj

j=m+1

then we can state the following result:

Corollary 1. Let C be a convex subset in the real linear space X and assume that
f:C — Ris a convex function on C. If x; € C, then for any m € {1,....,n — 1} we
have

(29) =3 (@) 2 Dy ( Zxk>

k=1

In particular, we have the bounds

(2.10) Zf (z1)
S mna mf 1 ix n n— mf 1 i -
X — — i 1
~ me{l,..,n—-1} [ n m = n n—m . J

1 n
(oz)

The following version of the inequality (2.3)) may be useful for symmetric convex
functions:
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Corollary 2. Let C be a convex function with the property that 0 € C. If y; € X
such that for p; > 0,4 € {1,...,n} with Y p; = 1 we have y; — Y . piy; € C for
any j € {1,...,n}, then for any nonempty subset J of {1,...,n} we have

(2.12) Zpkf (yk — Zm%) > Pyf | Py szyz Zpgy;

’LEJ gEJ

+pJf Py ijy] P szyz > f(O)

JeJ ieJ

Remark 2. If C is as in Corollary|d and y; € X such that y; — % Yoy €C for
any j € {1,...,n} then for any m € {1,...,n — 1} we have

' n Yk nizlyz “n n mizlyl n—m Yi

j=m+1

A Z yj——Zyz > £(0).

n
] =m+1

Remark 3. It is also useful to remark that if J = {k} where k € {1,...,n} then
the particular form we can derive from can be written as

(2.14) Zp/zf (ye sz:%)

1
1—px

ijyj — Pk
j=1

>prf [(1=pr) | ye —

+ (L —pr) f | Pk > vy —oruk | — e || = £(0)
j=1

which is equivalent with

(2.15) Zpgf (ye Zl%%) >pef |k — ijyj

+ (1 =pe) f > pyi—uk || = £(0)
j=1

for any k € {1,...,n}.

Remark 4. Continuous versions for the Lebesque integral are considered in [9].

3. A LowER BOUND FOR MEAN f-DEVIATION

Let X be a real linear space. For a convex function f : X — R with the
properties that f(0) = 0, define the mean f-deviation of an n-tuple of vectors
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x = (1,...,2,) € X" with the probability distribution p = (p1,...,pn) by the
non-negative quantity

(3.1) Ky (p,x):=> pif (CUz - ZPWk) :
i=1 k=1

The fact that K¢ (p,x) is non-negative follows by Jensen’s inequality, namely

Ky (p,x) > f (Zpi (arz - me)) = f(0)=0.
i=1 k=1

A natural example of such deviations can be provided by the convex function
[ (z) :=||z||" with r > 1 defined on a normed linear space (X, ||-||) . We denote this
by

T

(3.2) K, (p,x) = p;
i=1

n
Z; — E PrTg
k=1

and call it the mean r-absolute deviation of the n-tuple of vectors x = (21, ...,x,) €
X™ with the probability distribution p = (p1, ..., pn) -
The following result that provides a lower bound for the mean f-deviation holds:

Theorem 2. Let f : X — [0,00) be a convexr function with f(0) = 0. If x =
(1, eeyxp) € X™ and p = (p1,-.,pn) 18 a probability distribution with all p;
nonzero, then

. 1 1
3.3) Ks(p,x)> max P Pr| — L — —— L
(383) Kp(px)z  max 3Pif|Pr| 5 ;p 7 j;pg J

1 1
tPif | 5 > iy - B > pii | ¢ (=0).
T jer T e

In particular, we have

(3.4) K (p,x)

> pemax {(1 —pr) f [ﬁkm (;pzml - xk) +prf (fﬂk - ;pw&) } (>0).

The proof follows from Corollary [2] and Remark
As a particular case of interest, we have the following;:

Corollary 3. Let (X, ||-||) be a normed linear space. If x = (x1,...,x,) € X™ and
p = (p1,.-.,pn) 1S a probability distribution with all p; nonzero, then for r > 1 we
have

(3.5) K, (p,x)

T

— _ 1 1
> max PiPy (P 4+ Py ) pimi— = Y piz; >0).
0#JC{1,..m} (75 i) Py ; Py gf " =0
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Remark 5. By the convezity of the power function f (t) =t",r > 1 we have
PyP; (P '+ PyY) = PyPy + Py Pj
> (PyP;+ P;P;)" =2"PjP;}

therefore
T
(3.6) PJPJ (P;_l + P; 1 szxz - ijx]
zEJ jEJ
I
> 2"PjP; me - Zpﬂj =2"||Py Y piwi = Pr ) pj;
T e JG] ieJ jeJ
Since

Py piwi— Py Y pjwj=(1—Py)Y pii— Py (Zpkxk - Zpﬂ%)

ieJ jeJ ieJ ieJ

- szxl PJ Zpkl'ka

i€J

then by - we deduce the coarser but perhaps more useful lower bound

szxz Py Zpkxk } > O) .

i€J
Corollary 4. Let (X, ||-||) be a normed linear space. If x = (z1,...,x,) € X™ and
p = (p1, .-, pn) is a probability distribution with all p; nonzero, then for r > 1 we

have

Remark 6. Since the function hy (t) := (1 —t)" " ¢"+t, 7> 1, ¢t € [0,1) is strictly
increasing on [0,1), then

3.8 K, (p,x) > 2"
( ) (p X) @#Jc{l m}{

The case for mean r-absolute deviation is incorporated in:

n
Ty — szxz

(3.9) K, (p,x) > max {[(1—pk)1_7'p2+pk]
=1

ke{l,...n}

min {(1 —p) ok +pk} = P+ (1= pm) " P,
ke{l,...,n}

ooy TV

where py, = i min  p. By , we then obtain the following simpler inequality:

n p

Tp — Zplxz

=1

(310) Ko (px) > [+ (L=pa)' " p]  max

ke{l,...n} ’

which is perhaps more useful for applications(see also [§]).
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4. APPLICATIONS FOR f-DIVERGENCE MEASURES

Given a convex function f : [0,00) — R, the f-divergence functional

(4.1) It (p,q) = g‘h‘f (2) :

where p = (p1,.-.,Pn), 4= (q1,--.,qn) are positive sequences, was introduced by
Csiszar in [I], as a generalized measure of information, a “distance function” on the
set of probability distributions P”. As in [I], we interpret undefined expressions by

o=t s, of ()
Of(%)— lim qf( ):alimf(t), a>0.

q—0+ t—o0 t

The following results were essentially given by Csiszar and Kérner [2]:

(i) If f is convex, then Iy (p,q) is jointly convez in p and q;
(ii) For every p,q € R, we have

(4.2) }j% ( Jl“>-

] 19

If f is strictly convex, equahty holds in iff
pr_P2_  _Pn

Qg Gn’
If f is normalized, i.e., f (1) = 0, then for every p,q € R with Y ;" p; =
Z?Zl q;, we have the inequality

(4.3) It (p,q) > 0.

In particular, if p,q € P, then holds. This is the well-known positivity
property of the f-divergence.

We endeavour to extend this concept for functions defined on a cone in a linear
space as follows.

Firstly, we recall that the subset K in a linear space X is a cone if the following
two conditions are satisfied:

(i) for any z,y € K we have x +y € K;

(#4) for any z € K and any o > 0 we have ax € K.

For a given n-tuple of vectors z = (21, ..., 2,) € K™ and a probability distribution
q € P™ with all values nonzero, we can define, for the convex function f : K — R,
the following f-divergence of z with the distribution q

(1.4) meqwéé%f<z).

It is obvious that if X = R, K = [0,00) and x = p €P" then we obtain the usual
concept of the f-divergence associated with a function f : [0,00) — R.

Now, for a given n-tuple of vectors x = (x1, ..., ) € K™, a probability distribu-
tion q € P" with all values nonzero and for any nonempty subset J of {1,...,n} we
have

as = (Qs,Q,) €P?
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and
Xy i= (XJ,XJ) S K2
where, as above

XJ::in, and X_J::Xj.
e

Iy (x7,q7) =Qsf (gj) +Quf (gj) .

The following inequality for the f-divergence of an n-tuple of vectors in a linear
space holds:

It is obvious that

Theorem 3. Let f : K — R be a convex function on the cone K. Then for any
n-tuple of vectors x = (x1,...,2,) € K™, a probability distribution q € P" with all
values nonzero and for any nonempty subset J of {1,...,n} we have

A5 I (x,q) > It (x5, qy) > 5 (%),
(4.5) F(x,q) > @#J?{&K..7n} r(xs,a7) > Iy (x7,a7)

> i It (xy,q5) > f(Xn
2 gl (x7,q7) > f(Xn)

where X, = > | x;.

The proof follows by Theorem [I| and the details are omitted.

We observe that, for a given n-tuple of vectors x = (x1, ..., 2,) € K™, a sufficient
condition for the positivity of Iy (x,q) for any probability distribution q € P™ with
all values nonzero is that f (X,) > 0. In the scalar case and if x = p €P", then a
sufficient condition for the positivity of the f-divergence Iy (p,q) is that f (1) > 0.

The case of functions of a real variable that is of interest for applications is
incorporated in:

Corollary 5. Let f : [0,00) — R be a normalized convex function. Then for any
P,q € P"* we have

Py > ( 1-Py )}
4.6 I ,q) > max — |+ (1- >0).
ao neaz mx s () va-ens (25| eo
In what follows we provide some lower bounds for a number of f-divergences that
are used in various fields of Information Theory, Probability Theory and Statistics.
The total variation distance is defined by the convex function f(t) = [t — 1],
t € R and given in:

(4.7) V(p,q) = qu

n
D
= - ’:Z|pj_%’|-
q; =
The following improvement of the positivity inequality for the total variation

distance can be stated as follows.

Proposition 1. For any p,q € P, we have the inequality:

4.8 V(p,q) > 2 P;—Q; (>0).
(4.8) (p,q) > m#én{a}fﬂn}l 7 —Qs (=0)
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The proof follows by the inequality (4.6]) for f(¢) =t —1|,t € R.
The K. Pearson x2-divergence is obtained for the convex function f (¢) = (1 — ¢)?,
t € R and given by

n 2 n 2
pPj bj — g
(4.9) x2(p,q):—ij<], ) :ZL ,]) :
j=1 4 j=1 4
Proposition 2. For any p,q € P”,
Py — Q)
4.10 2(p,q) >  max (Pr=Qy)"
(4.10) X (p.9) (?)#JC{LMM}{QJ (1-QJ)
>4 P;—Qy)° (>0).
> @#J?ﬁf,,n}( 7 —Qy)” (=0)

Proof. On applying the inequality 1' for the function f (¢) = (1 — t)2 ,t R, we

get
1—-P ? P 2
TSN (T R
X" (p,q) = @#J?{aff..,n}{( Q) -0, Q 0,
L e JmQ0° L
0£IC{L,n} | Qu (1 — Q)
Since ) )
Qr(1-Q)<1Qi+1-Q) =7,

then )

(Pr—Qy) 2

-~ >4 (P; -

QJ (1 _ QI) st ( J QJ)
for each J C {1,...,n}, which proves the last part of (4.10). O

The Kullback-Leibler divergence can be obtained for the convex function f :
(0,00) = R, f(t) = tlnt and is defined by

—~  pi, (D) - D)
(4.11) KL (p,q) ::qu'iln <]) zz;njln (j>
= N %

J

Proposition 3. For any p,q € P, we have:

- PP p T
(4.12) KL(p,q) >1n Lb;éJIcn{%f.,n} { (1 — QJ> . (QJ) }‘| > 0.

Proof. The first inequality is obvious by Corollary |5l Utilising the inequality be-
tween the geometric mean and the harmonic mean,
a, l-«a > 1

YT 2 g ey
x Y

x,y >0, a€0,1]

we have for x = %,y = 11:5'; and o = Py that

(5 (3
1-Qy Q. -

for any J C {1,...,n}, which implies the second part of (4.12). a
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Another divergence measure that is of importance in Information Theory is the
Jeffreys divergence

n

(4.13) J(p,q) == éqj : <§j - ) In (pj) =3 (p; —¢;)In (2’;) :

%) =
which is an f-divergence for f (t) = (¢t —1)Int, ¢t > 0.

Proposition 4. For any p,q € P, we have:

(1 _ PJ) Q, (Qs—Py)
(4.14) J(p,q) > In (ke?llaxn} { [(1 o)) PJ}
Qs —Py)?
= ke?ll?--m} P;+ Q5 —2P;Q, =0

Proof. On making use of the inequality (4.6) for f (t) = (¢t — 1) Int, we have
J (p,q)

1-Py 1- Py i Py
> max {(1 -QJ) [(1 ~0, 1) In (1—@)] tQs <QJ - 1) . <QJ>}

- e {@i-pom (1202) - @ - o ()]
= s, 1@ pom [=gn |

proving the first inequality in (4.14]).
Utilising the elementary inequality for positive numbers,

Inb—1Ina 2
> )
b—a “a+b

a,b>0

we have
1-Py Py
@=rnn(i=5;) -n(g:)]
QP G_EQ - &), [1 o P"}
—or — o 1-Qs Qy
_ Qs — Py* In (11:5‘3) —ln (%)
Qs(1-Qy) =0 — 5
(Qs—Py)* 2 _2(Qs—Py) >0
TQ(A-Qu) =4S Pt Q2P0 7
for each J C {1,...,n}, giving the second inequality in (4.14). O
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