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1. Introduction

The following integral inequality

wy o (5) s [ rwa< LOHI0

which holds for any convex function f : [a,b] — R, is well known in the
literature as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and
nice result which has many applications in the Theory of Special Means
and in Information Theory for divergence measures, for which we would
like to refer the reader to the papers [1] — [61] and the references therein.

Recently we proved the following Hermite-Hadamard type inequality
[22]:

Theorem 1. Let f : [a,b] C (0,00) — R be a convex function on [a,b],
then we have the inequalities

a b
(1.2) o), /blf(t)dt> f (H (a,b))
' G?(a,b) “b—als 3 = H(a,b) G2 (a,b)’
where
2 -
H(paq) = l—_{_l7 G(p’q) = \/p_q and A(p’q) — I%
p g

are the Harmonic, Geometric and Arithmetic means, respectively.
If the function f is concave, then the inequalities (1.2) reverse.
Let us recall the following means :
The logarithmic mean:

a ifa="»
L=L(a,b) := b—a oty a,b>0;
Inb—1Ina
The identric mean:
a ifa="»
I:=I(a,b) = L/ = a,b > 0;
— <—a> lf a ;’é b
e \a

The p-logarithmic mean:
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prrl — gbtl

m] Hezh

L, = Ly (a,b) := where p € R\ {—1,0}

a ifa=10
and a,b > 0.
It is well known that L, is monotonic nondecreasing over p € R with
L_1:=Land Ly:=1.
In particular, we have the inequalities

(1.3) H<G<L<I<A.

Utilising Theorem 1, we can state the following proposition [22]:
Proposition 1. For any 0 < a < b we have

(1.4) G? > LH,

(1.5) OSAL—GQSE(b—aV%
and ) AL
(1.6) OSGQ—HLSZ(b—aVE.

In this paper we establish some companions of Hermite-Hadamard in-
equalities for convex functions defined on the positive axis in the case when
the integral has either the weight t% or %, t > 0. Applications for special
means are provided as well.

2. The Results

We start with the following companion of Hermite-Hadamard inequality:
Theorem 2. Let f : [a,b] C (0,00) — R be a convex function on [a,b],
then we have the inequalities

1 {L(a,b)—a_f(a)_i_b—L(a,b) f(b)]

21) b—a | L(a,b) a L(a,b) b

G2(a,b
1 /blf(t)dt > f(L(Elab)))
“b-al, 2 = G2 (a,b)

If the function f is concave, then the inequalities (2.1) reverse.
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Proof. Define 2 := 1 < 1 :=y and take t,s € (z,y).
By the convexity of f on [a,b] we have

1 1 1 1 1
Z) - > (2 i
1(3)-15) =1 6) G-3)
Integrating over ¢ on [z,y| and dividing by y — = we get
1 Y 1 1 1 1 vdt 1
2.2 Nat— (=) =7 (- @_Z
e g [r(5) -1 () =n () G= L5 3)

for any s € (z,vy).
Since

1 y@_lny—lnx_ 1

y—zle t  y—z  L(zy)
then from (2.2) we get

(2.3) yigj/jf(%)dt—f(%) > fl (%) (ﬁ_é)

for any s € (z,y).
Taking s = L (z,y) in (2.3) we get the following inequality of interest

in itself
L)z (r0)
1
L

(2.4)

Changing the variable u = e obtain

1

2 [ () =g

b 2 a
= [ an=ECD [y a

1_1
a

b

and since

1 _Iny—Inz In

then from (2.4) we get the second inequality in (2.1).
We know that for any convex function g on [m, M| we have the inequal-
ity
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Sl )+ o ()

M—-m M —
(2.5) = M_”)Ef(;_mm} - f )
for any v € [m, M]. X )
yza,vzfandM:

Now, if we write the inequality (2.5) for m =

1_
2 = b then we get

for any t € [z,y], which is equivalent to
x 1 1 1 1 1 1 1
S1G-)G)-G-0 ()= 6)
y—z [\z t Y t oy T t

for any ¢ € [z,y].
Integrating (2.6) over ¢ on [z,y] and dividing by y — x we get

%G ) G)+ (e ) )]

y—x |[\z L(z,y) Y

(D

which is an inequality of interest in itself.
Writing the inequality (2.7) in terms of a and b we obtain

L Kb_ G (a,b)> o)+ (GL(<bZ;) _ ) f(b)]

(2.6)

(2.7)

28 = T (a,0)

2 (4 b
>M/a %f(u)du

- b—-a

Since

G* (a,b) _ a_ \ f(a)
(b_ T (a.b) ) f(a) =ba (1_ L(a,b)) o

:G2(a,b).L<L“zZ?b—)a.f(<la>

and
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G” (a,b) _ b f(b)
(L(a,b) _a>f(b)_ab<L(a,b)_1) b
b-L(ab) f(b)

= G2 (CL, b) I (CL, b) : b )

then by (2.8) we get

1 L(a,b)—a f(a)
— G? (a,b) - T a + G? (a,b)

b—L(a,b) f(b)
L (a,b) b

G?(a,b) (b1
> G2 [

Finally, dividing by G? (a,b) we get the first inequality in (2.1). O
We have the following result as well:
Theorem 3. Let f : [a,b] C (0,00) — R be a convex function on [a, ],
then we have the inequalities

(2.9) 1 {b—L(a,b) L(a,b) —a

b—al T ‘W Ty S

f(L(a,b))
L(a,b)

If the function f is concave, then the inequalities (2.9) reverse.

1

_b_a/ a

b1
Lf(@)dt =

Proof. By the convexity of f we have

F@)=f(s)=f(s)(t—s)

for any t,s € (a,b).
If we multiply this inequality by % and integrate over t on [a,b] we get
by division with b — a

1 [ f(t) 1 b1 ) 1 b1
b_a/aT‘”‘f(s)m/a;d’foHS)(l‘%_a/azdt)

(2.10)
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and since

1 b1 1
—dt =
b—alJg t L(a,b)

then we get from (2.10) the inequality

b s s
(2.11) bia/a fit)dt_Lf(é,z)) > fi(s) <1_L(a,b))

for any s € (a,b), which is an inequality of interest in itself.
By taking s = L (a,b) in (2.11) we get the second inequality in (2.5).
From the inequality (2.5) we get

Pl 2wy

(2.12)

for any t € [a, 0] .
If we multiply this inequality by % and integrate over t on [a,b] we get
by division with b — a

bty Ju gt — 1 L —agls [y gt 0
—a Ja —a Ja >
b—a fla)+ b—a f(b)_b—a/a t di,

which is equivalent to

b1 1— 2 b
L(ab) Tah) ¢y > L /f(t)
et AC R et AU el LS

which proves the first inequality as well. O

3. Applications for Special Means

We have:

Proposition 2. For any 0 < a < b we have
b—L(a,b) L(a,b)—a

(3.1) b~ b a o >G(a,b).

Proof.  Using the inequality (2.1) for the convex function f : [a,b] C
(0,00) = R, f(t) =tInt we get
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-lna+b_L(a’b)

1 [L(a,b)—a
[ L (a,b) L(a,b)

-1
— nb}

G?(a,b) In ( G2(a,b) )

1 b1 L(a,b) L(a,b)
z > ’ ’
_b—a/a tln(t)dt_ G2 (a,b)

Observe that

1 b1 1 (Inb)? — (Ina)?
) | _ =
(3.3) | s =5
1nb—Inaj[lnb+Ina] InG(a,b)
2 b—a ~ L(a,b)
and
1 [L(a,b)—a b— L(a,b)
-1 el St A |
b—a[ A AR nb]
b—L(a,b) L(a,b)—a
(3‘4) = 1n |:b(ba)L(a,b)a(ba)L(a,b):| ,

then by (3.2) we get

1
_L(a, a,b)—a 2 L(a,b)
In b(bbag(L(f,)b)a(bL(a)?(a,b)] > In [G (a’ b)]L(i,b) > ln G (a’ b)
- — \ L(ab)
which is equivalent to
1
b—L(a,b) L(a,b)—a 1 G2 (a b) L(a,d)
. b =a)L(a,b) g ®—a)L(a,b) > b Tw@d > [ ——2< .
(35) a > [G (a, )] 7D > ( T )
Taking the power L (a,b) in (3.5) we obtain
b—L(a,b) L(a,b)—a G2 (a,b)
. b b—a b—a > b > ? .
(3.6) a > G (a,b) = T(a.0)

The second inequality in (3.6) is obvious, so we drop it. O
The following result also holds:

Proposition 3. For any 0 < a < b we have
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b [L@b)—a () b-r@p n(})
b—a L(a,b)  a + L(a,b) b

1 [L(a,b)—a In(a) b—L(a,b) In(d)
b—a[ L(a,b) a L (a,b) b }

G2(a,h)
1 b1 In ( T(ab) )

=In(#)dt < ——"—~.
- b—a/a t2 n(t)dt < G? (a,b)
Integrating by parts, we have

1 b1 1 b 1
—b_a/a t—21n(t)dt——b_a/a ln(t)d(;)

1 |1 1 1/t
——b_algl (b)—aln(a)‘i‘_a
1 1 1 1 1
:—b_a[gln(b)——ln(a)+g—a]
1 1 1 1 1
“b_a[zl <b)‘aln<a>+z‘a]
el ) 3
b—a bn b an a b a
_ 1 Fl (1>_11 (l)]+i
b—alb " \b o \a ba’

Observe that

|

357

If we write the inequality (2.1) for the concave function f :
[a,b] C (0,00) = R, f(t) =Int we have
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In7 (41
k= [ (2) -t ()] - _ i)
ba | -1 b b a a G2 (a,b)

then by (3.8) we get

1 [L(a,b)—a In(a) b—L(a,b) In(d)
b—a{ L(a,b) a L(a,b) b }

11 G?(a,b)

c I(3) ()
- G?(a,b) — GZ%(a,b)

If we multiply this inequality by —G? (a,b) < 0 we get

b—a L (a,b) a + L(a,b) b

>l (% é) = ((?2((622))

and the inequality (3.7) is proved.
We notice that the second inequality is obvious, since

11 11 11
(621695
b a b a lng—lna

~a-b 1  L(ab)
~Ina—Inb ab  G2(a,b)’

G2 (0, ) [L(a,b)—a‘ln(%) b— L (a,b) hl(%)]

so we drop it. O
We have:

Proposition 3. For any 0 < a < b and p € (—00,0) U (1,00) \ {2} we have

(3.9) 1 [L(a,b)—a ,; b—L(ab)

Cpp—1
r—al Lo ¢ tTaon ¥
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Proof.  Consider the function f : [a,b] — (0,00), f () = tP with p €
(—00,0) U (1,00) \ {2}, then f is convex on [a,b] and if we apply the
inequality (2.1), we get

1 [L(ab)—a ,; b—L(ab) , 4
(3.10) b—a { b ° Ty
1 b G*~2 (a,b)
P2gp > 2
_b—a/at at Lr (a,b)
Since . ) - o
b_a/at dt = 17"} (a,b),

then by (3.11) we get the desired result (3.9). O
Utilising Theorem 3 we can get the following inequalities for means:
Proposition 5. For any 0 < a < b we have

a b—L(a,b) b L(a,b)—a
(3.11) a ®—=a)L{ab) b (o—a)L(a,b) > ](a7 b)_

Proof.  Using the inequality (2.9) for the convex function f : [a,b] C
(0,00) = R, f(t) =tInt we get

1 [b—L(a,b) L(a,b)—a
1 ————bl
b—a{ T(ab) ‘et "Ly ol
b
(3.12) > bia/ Intdt > In (L (a, b))
and since
1 b
b—a/a Intdt =1n1 (a,b)
and
b—L(a,b) L(a,b) —a
———al —————————blnd
G-a L) b-a b "

b—L(a,b) a L(a,b)—a b
=1In |a®oLE@n *pT-al@n |

then by (3.12) we get

b—L(a,b) a L(a,b)—a b
In [awaww DD ] > Inl(a,b) > In (L (a,b)).
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The second inequality is obvious and we drop it. O
Proposition 6. For any 0 < a < b we have

b—L(a,b) L(a,b)—a

(3.13) G(a,b) >a =a b T-a

Proof.  Using the inequality (2.9) for the concave function f : [a,b] C
(0,00) = R, f(t) =1Int we get

1 [b— L(a,b) L(a,b)—a
(3.14) b_a[ T @+ = me)
1 b1 In (L (a, b))
< b_a/a It < =TS
However
1 /bllntdt_lnG(a,b)
b—alJ, t o L(a,b)
and since
1 [b—L(a,b) L(a,b)—a
b_a[ T o)+ st ln(b)]

b—L(a,b) L(a,b)—a
—1In [a G—a)L(a,b) b(b—a)L(a,b)] ,

then by (3.12) we get

b—L(a,b) L(a,b)—a

1 1
In | g ®=a)L(a,b) b(b—a)L(a,b):| < nG (a, b) L{ab) < In (L (a, b) L(a,b)> ,

1.e.

b—L(a,b) L(a,b)—a 1 1
a ®=a)L(a,b) h (b—a)L(ab) < G (a, b) L{ab) < L (a, b) L(a,b) |

Taking the power L (a,b) > 0 we get
b—L(a,b) L(a,b)—a

a t-a b o <G(a,b)<L(ab).

The second inequality is obvious and we drop it. O
Finally, we have:
Proposition 7. For any 0 < a < b and p € (—00,0) U (1, 00) we have
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e b=L(ab)

(3.15)

Proof.  Consider the function f : [a,b] — (0,00), f(t) = t¥ with p €
(—00,0) U (1,00), then f is convex on [a,b] and if we apply the inequality
(2.9), we get

1 [b—L(ab) , L(ab)—a
(3.16) b—a { L) " T L(ab)
b a
> = a/a 1dt > % = (L (a,b))P .
Since

1 b
p—1l gy _ 1p
b_a/at dt = L (a,b)

then by (3.16) we get the desired result (3.15). O
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