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O-NORM INEQUALITIES FOR SEQUENCES
OF HILBERT SPACE OPERATORS

S. S. DRAGOMIR, M. S. MOSLEHIAN AND J. SANDOR

(communicated by R. Oinarov)

Abstract. We give some inequalities related to a large class of operator norms, the so-called Q-
norms, for a (not necessary commutative) family of bounded linear operators acting on a Hilbert
space that are related to the classical Schwarz inequality. Applications for vector inequalities are
also provided.

1. Introduction and preliminaries

Let (7;(-,)) be areal or complex Hilbert space, B(.7°) the Banach algebra of
all bounded linear operators acting on .7 and / denote the identity operator on 7.

In many estimates one needs to use upper bounds for the norm of a sum of products
Al,...,Au,By,...,By € B(), where separate information for norms of operators are
provided. The special case in which B; = o;I (0 € C,1 < i < n) and the norms in the
question are the operator norm has already investigated in [4]. The celebrated Holder’s
discrete inequality stating

n p s, 1/q

Sapl<(Slar) [Sipe )

i=1 i=1 i=1

1 1
(1<p, 1 <gq, ;4’5:1, o, B € C (1<i<n)>

and its variance in the special case p = g = 2 (the so-called Cauchy—Bunyakovsky—
Schwarz (CBS) discrete inequality) are of special interest and of larger utility.
To each symmetric gauge functions defined on the sequences of real numbers there

corresponds a unitarily invariant norm ||| - ||| defined on a two-sided ideal %j.| of
B(#) enjoying the invariant property |||[UAV|[| = [[|A]|| for all A € % and all
unitary operators U,V € B(5¢). It is known that %] is a Banach space under the
norm [ -[[|. If B € %, then [[|B*[[| = ||[B][| and [[|AB||| < [|A[|[[[B]|| for all A

B(s7), from which we easily conclude that

HABC[| < lAHIBI[lICl - (A,C € B(A)).
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Some well-known examples of unitarily invariant norms are the Schatten p-norms
|B||, := tr(|B|P)!/? for 1 < p < o, operator norm || - ||, and the Ky-Fan norms; cf.
[1, 6]. A unitarily invariant norm || - [|o is called a Q-norm if there is a unitarily invari-
ant norm |- || 5 such that ||BB*[|5 = [|B]3-

The aim of the present paper is to establish some upper bounds of interest for
the quantity [|3L; A;Bi|, under certain assumptions on A;’s and B;’s. Our results are
significant since we do not use any commutative assumption on the families of operators
and as well we provide inequalities for a class of norms which are larger than operator
norms (compare the results with those of [4]). Applications for vector inequalities are
also given.

We need the following lemmas concerning real numbers (the second lemma is
obvious):

1 1
LEMMA 1.1. (Young’s inequality; see [5,p. 30orp. 49]) Ifp>1and —+—- =
P 4

1, then
14 b4
ab< 4+ =
p q
forall a,b>0.
LEMMA 1.2. If a,b > 0, then
1 1
ab < Z(a+b)2 < E(aerbz).

1 1
LEMMA 1.3. (Daykin—Eliezer; see [2]) If ax > 1,by > 1 and —+ — < 1, then
P 4

1,1 1 1

n 2 n n q

(Zakbk) < (z) (zbz) .
k=1 k=1 k=1

2. Some General Results

==

The following result containing 9 different inequalities may be stated:

THEOREM 2.1. Let Ay,...,A, € B(S) and By,...,B, € 6g. Then

2
n

Y AiB;

A
<4 B (2)
i=1 C

Q
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mas. A4 3 |
<n i,j=1

1<k

n r
A Aill”
po ) ol (£ 000) (£ (

where r > 1, 7+;:1,

1),

| (
max [|Ag]| Z llA; H max (
1<k<n <n j

S
j=1

1
p
max 4] (z ||Ak||f’ b

1<i<

1
(Bleols)
1 Y
(Z1a0)" (£ haurr) [ ) 7

where r > 1, —&-l:l,

l

n
£ ai (£ 1) max

1
+—=1;and
q

n n
max i) £ au) £ o {|
I<isn k=1 i=11<j<n

N3
1
n a7 o
(2 (Al ) > Akl [ (max {‘
i=1 k=1 1 \U<j<n

where m,l > 1,
n
(3 1m) ma {]
k=1 <hjsn

lo}

Proof. In the operator partial order of B(.7°), we have

_EA*B*ZBA = ZABBA

i,j=1

3

“
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Taking the norm in (4) and noticing that ||BB*||; = ||B ||2Q forany B € 6y, we have

s

2
Soaf - |§ S wmna]
i=1 0 i=1j=1
<3 3 Il IIHBB*HQ
i=1j=1

n n
~Sian (3 118871, =
i= j=

Utilizing Holder’s discrete inequality we have that

max |
1<k<n

| 1

n n [ n qg\1?
A P

IS (&) ( Q> |

1,1
where p > 1, ;—&—5—1,

Z |Ag|| max

1<j<n

forany i € {1,...,n}.

This provides the following inequalities:

n n
max [Acl| ¥ [|Ai] <
1<k<n i=1 j=1

1
n » %n n qg\9

< (znAu) S a( 3 s ) = m,
k=1 i=1 =1

where p > 1

Lyl

’p

; }‘ §> = M...

& 1acl £ 1l (max |
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1
Utilizing Holder’s inequality for r,s > 1 — =1, we have:

max [|A; || 2
1<i<n
1 514
oo (21ai)" |2 ( £ |
2||A,|<2HB,B}‘HQ> < & =1\ S e 7
i=1 j=1 where r > 1, %4’%:1,
n
Z||A|max< sz>v
1<i<n j=1 0

and thus we can state that

max HAk||
1<k<n
1 s\ ¥
n r r i n
max ||A A; ,
< | s (,21” ) <,~1 <,~1
where r > 1, %Jr%:l,
n
max ||A A;|| ma ~ >
[max | kIIZH I max Z BB 5
and the first part of the theorem is proved.
1 1
) _+_:1)
P q

By Holder’s inequality we can also have that (for p > 1

n
max [|A;| 2 (
j=1

1<isn

n ; % n n q

Sllal) |2 i

i=1 i=1 \ j=1 0
where r > 1, %—&-%:1,

g\
Ilg ’

Q=

1
P

n
My < (Z IAk||”> X

k=1

n
2 [|Ail| max (
1<i<n j=1

and the second part of (2) is proved.
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Finally, we may state that

max ||A;]| 2 max {‘

1<i<n i=11<j<n

J Q}’

3 $ )" [3
M. < ZHA/CHX i=1 ! i=1 121]2‘1?,1
ki

where m,[ > 1

e

N|._.

£l max {

1<i,j<n

giving the last part of (2).

REMARK 2.2. One can obtain various particular inequalities as well. For in-
stance, by using the usual Cauchy—Bunyakovsky—Schwarz inequality and norm prop-

erties of the space ¢y we get
2 2
n
<Y |AiBill o
0 i=1
1

n 2
< <2|Ai“ |Bi|Q>

n n
< EHAiHZZHBiHZQ' (%)
i=1

i=1

n

Y AB;

i=1

If we consider again the Cauchy—Bunyakovsky—Schwarz inequality

n

2
Y AiB;

i=1

n n
<Y l4illy X 1Bl (6)

0 i=1 i=1

then we can conclude that (5) is a refinement of the (CBS) inequality (6) whenever the
operator norm || - || is majorized by || - ||o.

COROLLARY 2.3. Let Ay,...,A, € B(J€) and By, ...,B, € 6y so that B,-B;‘. =0
with i # j. Then

2
<
Q

n

Y AiB;i

i=1

(M

) B >
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where

max 4> 3 [1Bi],
1<k<n i=1 Q

)
I

kKN

1 1
max |Ak||(z||A ||) (an 2 ) 7

—

where r > 1, r+§—

n
A A { B, 2}
max 4 3 A max {1Billg s

n p % n 2
A; A B;
max ] ( 3 1) £ 181,

($1a) (S 1) [$1m05] "

where r > 1, t+1:1,

u

s
I

n n
S 1I4; (z A ”> max{B }
1 (£ 1) s {113

where p > 1 and

n n
Al S |lA BillZ
max 7] £ ) 3 1813

1
n m n T
(,z ||Al-|m) znAkn(zw 12 ) ,
i=1 k=1

wherem,l>17 —:1,

n 2
A {1813}
(£ 1au1) max {1513

As in the proof of the Theorem 2.1 one has

A
I

n
ZAiBi
i-1

ZHA I (2 14; |||BB*|Q> M

0 J=1

Using Holder’s generalized inequality from Lemma 1.3, and assuming that ||A ;|| >
1, HB,~B§||Q > 1, we get

(}ilmjn |B,~B*|Q> (2 ||Ak|"> - (z BB |q> -

Thus the following result is true:
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THEOREM 2.4. Let Ay, ...
> 1 forali,je{l,2,...

> 1 and ||B,BjH§

n

Y AB;

i=1

2
g(
Q

1 1
where — +— < 1.

A different approach is embodied in the following theorem:

THEOREM 3.1. IfAy,...

/A

n

)y IAkII”>

k=1

JA, € B(I) and By,...
,n}. Then

_r
pta
1Al (2 ||Bi B*|q> ;

_q_
pta n

>

i=1

3. Other Results

2 [lA; H max

1<i<n

n »
(& 1)

max ||4; ||
1<i<n

7]

1

A, € B(S) and By, ...

l

2
n n
< 1a 3 55,
o =1 j=1

3

j=1

[i=1 \J=!

Proof. From the proof of Theorem 2.1 we have that

0 i=1j=1

Using the simple observation that

Al {]A]]

2
n n
<2 X lAilflajll i85 5-

1
<5 (1P +a]7), igedt,

where p > 1, %+

,B, € 6y, then

_ 1=

b

)

1
=L

,Bn € €. Assume that ||A|]|

®)
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we get

n n

X 2 A [1B:5jllp <

i=1j=1

l\)lH
o=

TM: HM:

P R I

I
N =
M=

—_

[HA 17 181851 5 + 11 185 )

=S 3 5.

which proves the first inequality in (8).
The second part follows by Holder’s inequality and the details are omitted.

REMARK 3.2. Ifin (8) we choose A| = ... = A, =, then we get

1/2 1/2
,~ <2HBB*HQ> <(2|B|QHB*HQ) -
[}

ij=1 i,j=1

n

S5

i=1

)

0
which is a refinement for the generalized triangle inequality for || - || 5 Whenever Il-1lo

is majorized by || - HQ

The following corollary may be stated:

COROLLARY 3.3. IfAy,...,A, € B() and By, ...,B, € 6p are such that BB}
=0fori#j, i,je{l,...,n}, then

2
n n
2 2
YABi|l <Y Al IBillg 9)
i=1 0 i=1
n 2 02
iglnAlH 1‘2[?2‘””3!”@
1
) q
B (zmn”) PALT ] ,

1
Whelrep>17 E+a—1,

max [|A> S [1Bi]3-
i<i<n = e
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THEOREM 3.4. If Ay,...

2
n
Y AB;
i=1

Q

Proof. We know that

n
Y AiB;
i=1

Firstly, we obviously have that

P< max {||A I ||A

A, € B(S) and By, ...

S. S. DRAGOMIR, M. S. MOSLEHIAN, J. SANDOR

B, € 6y, then

max ||4; ||
1<i<n
1
q

n % n
1P
<,-21'A") <,-,j21 ! (10)

1 1 _
where p > 1, F+5_1’

(801) I}

max
I<i,j<n

2
n n
<35 i | 5.3 5 =P

0

i=1j=1

— max [|4;|
1<i<n

I} 3 (185511 =

l‘]f

3 5],

Secondly, by the Holder inequality for double sums, we obtain

P< Ljilomin la;)?

~(Bwrg HAJH">F 2
(Z 1A II”>

1 1
where p>1, —+—-=1.

Finally, we have

P < max
I<i,j<n

-(3

and the theorem is proved.

(3t

)

Y 1Bl

)

)

2
P

(3 Imi

{18:8515} 3 14 /]

l]—

A, ||>2 max {||B:5;] 5}
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COROLLARY 3.5. IfAy,...,A, € B() and By, ...,B, € 6p are such that BB}
=0 fori,j€{l,...,n} with i+ j, then

2 2
max [|A]| '21 IBillg »
=

1<i<n
) 2 1
n & RN
2 |lA p) (E B; ;
Y ABi|| < <51| 4 5:1” lo (11)
i=1 0 Whelrep>1,%+$:17

n 2
. 12
(214 max {115}

1 1
THEOREM 3.6. If —+ — <l and ||A;|| > 1 and ||B;B}|| > 1 forall 1 <i,j<n
P 4

then
2 29 r_
n ptq n P+q
< (z ||A,~||P> ( ) |B,~B;||g> :
i=1 1

0 hi=

n
Y AiB;
i=1

Proof. Using Lemma 1.3 for double sums, we have, as in the proof of Theorem
3.4, that

n n n ﬁ n ﬁ
p=2 X lAillllA;llB:Bjllg< | X (lAillllAzlD” > IIBiBqu@ ;
i=1j=1

ij=1 i,j=1

if we assume that [|A;[| > 1 and |[B;B}|| > 1 forall 1 <i,j<n.
Thus, we get

29

n rtq n ﬁ
p< | Thadr) (X sG]
i=1

=1

1 1
if —+-<1
P 4q

Finally, the following result may be stated as well:

1 1
THEOREM 3.7. If —+— =1, Ay,...,A, € B(J¢) and By,...,B, € €p, then
P 4

n

Y AiB;

i=1

? 1 1
< | = AP+ = A9
< p;\l il +qi:ZlH il|" | max

0

n
Y 185,

j=1
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Proof. As in the proof of Theorem 3.1 we have

n n

< Z 1Al 11451 11BiBj 6

i=1j=

n
ZAiBi

Now, using Lemma 1.1, we can write

1 1
AillllA:]] < =||Ai||P + =||A;]]9.
(Al [}l p|| ill qH ill

Thus, we have

n n n n

. 1 I .
325 Jad 14,1851 [;minu;nmnq] BB 5

i=1j= :1]:1

n
Y 2 A" |BiBjll 5 + 22 14,[1711B:Bjl| 5

i=1j q;- 1j=

n
Sl 3 18515+ znA I3 188515

i=1 j=1 =1 i=1

n n n
D lAP+~ ZIIA |q> max ZIBB*IIQ]
i<n J

i=1 j=1

1
p
1
p

REMARK 3.8. Another variant may be obtained via Lemma 1.2:

”clv—

2
lAil[ 1A < 7 (Al + 1A;11)7 so

N

n n . 1 n n "
X X lAilllajlBiBilg < 7 2 2 Al + 1471)* 11B:B3 | g
i=1j=1

i=1j=1

I<i<n j=1 i,j=1

< swp 3 IBE ( > (i + |A,~|>2> .

4. Applications

Throughout this section we assume || - [|o (and hence | - || 5) to be the operator
norm. If by M (B A) we denote any of the bounds provided by (2), (5), (8) or (10) for

the quantity , then we may state the following general fact:

Under the assumptlons of Theorem 2.1, we have:

< |lx|>M (B,A). (12)

2
n
ZA,'B,')C
i=1
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forany x € 7 and

2

n
2 (AiBix,y)| <|lx|*lv|I*M (B,A). (13)

forany x,y € 5, respectively.
The proof follows by the Schwarz inequality in the Hilbert space (7,(.,.)).
Now, we consider the non zero vectors yi,...,y, € . Define B; : & — F by

Bi= "Fﬁ’ (1 <i<n). Then

BiBS|| =
1B:53]| ||ym|y]\|

=iy (1<ij<n).
If (yi)i<i<, is an orthogonal family on ¢, then ||Bi|| = 1 and B;B; = 0 for

i,je{l,...,n}, i#j.
Now, utilizing, for instance, the inequalities in Theorem 3.1 we may state that:

n xyl 2 2 n 2 n
2 Tl < X1 Y 1A ZIKynyJN (14)
i=1 i=1 j=

n n
El IIAI-HZIIQ% Lzl |<Yi7YJ>|] ;

1 s
< Jlx))? (,2 IAfIIZ”) [,2 (ZK%W!H :
i=1 i=1\ j=1

1,12
where p > 1, ;—FL—]—I,

n
gl_aégminzig RIS

for any x,y1,...,yn € H and Ay,... A, € B(JZ).

The choice A; = ||y;||I (i=1,--- ,n) will produce some interesting bounds for the
norm of the Fourier series ||} (x,y;)||. Notice the vectors y; (i =1,---,n) are not
necessarily orthonormal.
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