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ABSTRACT
For a continuous and positive function w(�), � > 0 and � a positive measure on (0,∞) we consider the following monotonic
integral transform

M(w, �)(T ) ∶= ∫
∞

0
w(�)T (� + T )−1d�(�),

where the integral is assumed to exist for T a positive operator on a complex Hilbert space H . We show among others that,

if � ≥ A, B ≥ � > 0, and 0 < � ≤ (B − A)2 ≤ Δ for some constants � , � , � , Δ, then

0 ≤ −
1
24
�M′′(w, �)(�) ≤M(w, �)(

A + B
2 ) − ∫

1

0
M(w, �)((1 − t)A + tB)dt ≤ −

1
24
ΔM′′(w, �)(�)

and

0 ≤ −
1
12
�M′′(w, �)(�) ≤ ∫

1

0
M(w, �)((1 − t)A + tB)dt −

M(w, �)(A) +M(w, �)(B)
2

≤ −
1
12
ΔM′′(w, �)(�),

whereM
′′(w, �) is the second derivative ofM(w, �) as a real function.

Applications for power function and logarithm are also provided.
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1. INTRODUCTION
Consider a complex Hilbert space (H, ⟨⋅, ⋅⟩). An operator T is said to be positive (denoted by T ≥ 0)
if ⟨Tx, x⟩ ≥ 0 for all x ∈ H and also an operator T is said to be strictly positive (denoted by T > 0) if

T is positive and invertible.
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We have the following integral representation for the power function when t > 0, r ∈ (0, 1], see

for instance [1, p. 145]

tr−1 =
sin(r� )
� ∫

∞

0

�r−1

� + t
d�. (1.1)

Observe that for t > 0, t ≠ 1, we have

∫
u

0

d�
(� + t)(� + 1)

=
ln t
t − 1

+
1

1 − t
ln(

u + t
u + 1)

for all u > 0.
By taking the limit over u → ∞ in this equality, we derive

ln t
t − 1

= ∫
∞

0

d�
(� + t)(� + 1)

,

which gives the representation for the logarithm

ln t = (t − 1) ∫
∞

0

d�
(� + 1)(� + t)

(1.2)

for all t > 0.
Motivated by these representations, we introduce, for a continuous and positive function w(�),

� > 0, the following integral transform

D(w, �)(t) ∶= ∫
∞

0

w(�)
� + t

d�(�), t > 0, (1.3)

where � is a positive measure on (0,∞) and the integral (1.3) exists for all t > 0.
For � the Lebesgue usual measure, we put

D(w)(t) ∶= ∫
∞

0

w(�)
� + t

d�, t > 0. (1.4)

If we take � to be the usual Lebesgue measure and the kernel wr (�) = �r−1, r ∈ (0, 1], then

tr−1 =
sin(r� )
�

D(wr )(t), t > 0. (1.5)

For the same measure, if we take the kernel wln(�) = (� + 1)−1, t > 0, we have the representation

ln t = (t − 1)D(wln)(t), t > 0. (1.6)

Assume that T > 0, then by the continuous functional calculus for selfadjoint operators, we can

de�ne the positive operator

D(w, �)(T ) ∶= ∫
∞

0
w(�)(� + T )−1d�(�), (1.7)

where w and � are as above. Also, when � is the usual Lebesgue measure, then

D(w)(T ) ∶= ∫
∞

0
w(�)(� + T )−1d�, (1.8)

for T > 0.
A real valued continuous function f on (0,∞) is said to be operator monotone if f (A) ≥ f (B)

holds for any A ≥ B > 0.
We have the following representation of operator monotone functions [7], see for instance [1, p.

144-145]:

THEOREM 1.1. A function f ∶ [0,∞) → ℝ is operator monotone in [0,∞) if and only if it has the

representation

f (t) = f (0) + bt + ∫
∞

0

t�
t + �

d�(�), (1.9)

where b ≥ 0 and a positive measure � on [0,∞) such that

∫
∞

0

�
1 + �

d�(�) < ∞. (1.10)
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A real valued continuous function f on an interval I is said to be operator convex (operator concave)
on I if

f ((1 − �)A + �B) ≤ (≥)(1 − �)f (A) + �f (B) (1.11)

in the operator order, for all � ∈ [0, 1] and for every selfadjoint operator A and B on a Hilbert space

H whose spectra are contained in I . Notice that a function f is operator concave if −f is operator

convex.

We have the following representation of operator convex functions [1, p. 147]:

THEOREM 1.2. A function f ∶ [0,∞)→ ℝ is operator convex in [0,∞) with f ′+(0) ∈ ℝ if and only if it

has the representation

f (t) = f (0) + f ′+(0)t + ct
2 + ∫

∞

0

t2�
t + �

d�(�), (1.12)

where c ≥ 0 and a positive measure � on [0,∞) such that (1.2) holds.

For a continuous and positive function w(�), � > 0 and a positive measure � on (0,∞), we can

de�ne the following mapping, which we call monotonic integral transform, by

M(w, �)(t) ∶= tD(w, �)(t), t > 0. (1.13)

For t > 0 we have

M(w, �)(t) ∶= tD(w, �)(t) = ∫
∞

0
w(�)t(t + �)−1d�(�)

= ∫
∞

0
w(�) (t + � − �) (t + �)−1d�(�)

= ∫
∞

0
w(�)[1 − �(t + �)−1]d�(�).

(1.14)

If ∫ ∞0 w(�)d�(�) < ∞, then

M(w, �)(t) = ∫
∞

0
w(�)d�(�) −D(�w, �)(t), (1.15)

where � (t) = t , t > 0.
Consider the kernel e−a(�) ∶= exp(−a�), � ≥ 0 and a > 0. Then after some calculations, we get

D(e−a)(t) = ∫
∞

0

exp(−a�)
t + �

d� = E1(at) exp(at), t ≥ 0

and

∫
∞

0
w(�)d� = ∫

∞

0
exp(−a�)d� =

1
a
,

where

E1(t) ∶= ∫
∞

t

e−u

u
du.

This gives that

M(e−a)(t) = tD(w, �)(t) = tE1(at) exp(at), t ≥ 0.
By integration we also have

D(�e−a , �)(t) = ∫
∞

0

� exp(−a�)
t + �

d� =
1
a
− tE1(at) exp(at)

for t > 0.
One observes that

M(e−a)(t) = ∫
∞

0
w(�)d� −D(�e−a , �)(t), t > 0

and the equality (1.15) is veri�ed in this case.

If we take wr (�) = �r−1, r ∈ (0, 1], then ∫ ∞0 wr (�)d� = ∞ and the equality (1.15) does not hold in

this case.
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For all T > 0 we have, by the continuous functional calculus for selfadjoint operators, that

M(w, �)(T ) = TD(w, �)(T ) = ∫
∞

0
w(�)[1 − �(T + �)−1]d�(�). (1.16)

This gives the representation

T r =
sin(r� )
�

M(wr , �)(T ),

for T > 0.
In this paper, we show among others that, if � ≥ A, B ≥ � > 0 and 0 < � ≤ (B − A)2 ≤ Δ for some

constants � , � , � , Δ, then

0 ≤ −
1
24
�M′′(w, �)(�)

≤M(w, �)(
A + B
2 ) − ∫

1

0
M(w, �) ((1 − t)A + tB) dt

≤ −
1
24
ΔM′′(w, �)(�)

and

0 ≤ −
1
12
�M′′(w, �)(�)

≤ ∫
1

0
M(w, �)((1 − t) + tB)dt −

M(w, �)(A) +M(w, �)(B)
2

≤ −
1
12
ΔM′′(w, �)(�).

Applications for power function and logarithm are also provided.

2. SOME REPRESENTATIONS
We have the following representation of the Fréchet derivative D(M(w, �)):

LEMMA 2.1. For all A > 0,

D(M(w, �))(A)(V ) = ∫
∞

0
�w(�)(� + A)−1V (� + A)−1d�(�) (2.1)

for all V ∈ S(H ), the class of all selfadjoint operators on H .

Proof. The proof follows directly from the fact that the Fréchet derivative of the map Inv(A) = A−1 is

D(Inv)(A)(V ) = −A−1VA−1

for all A > 0 and V ∈ S(H ). □

For the case of second Fréchet derivative D2(M(w, �)), we have the representation:

LEMMA 2.2. For all A > 0,

D2(M(w, �))(A)(V , V ) = −2 ∫
∞

0
�w(�)(� + A)−1V (� + A)−1V (� + A)−1d�(�) (2.2)

for all V ∈ S(H ).

Proof. The proof follows directly from the fact that the Fréchet second derivative of the map Inv(A) =
A−1 is

D2(Inv)(A)(V , V ) = 2A−1VA−1V −1

for all A > 0 and V ∈ S(H ). The details are omitted. □

We have the following representation for the transformM(w, �):
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THEOREM 2.3. For all A, B > 0 we have

M(w, �)(B) =M(w, �)(A) + ∫
∞

0
�w(�)(� + A)−1(B − A)(� + A)−1d�(�)

− 2 ∫
1

0
(1 − t) [∫

∞

0
�w(�)(� + (1 − t)A + tB)

−1(B − A)

× (� + (1 − t)A + tB)
−1(B − A)(� + (1 − t)A + tB)

−1d�(�)] dt.

(2.3)

Proof. We use the Taylor’s type formula with integral remainder, see for instance [2, p. 112],

f (E) = f (C) + D(f )(C)(E − C) + ∫
1

0
(1 − t)D2(f )((1 − t)C + tE)(E − C, E − C)dt (2.4)

that holds for functions f which are of class C2 on an open and convex subset O in the Banach

algebra B(H ) and C , E ∈ O.

If we write (2.4) forM(w, �) and A, B > 0, we get

M(w, �)(B) =M(w, �)(A) + D(M(w, �))(A)(B − A)

+ ∫
1

0
(1 − t)D2(M(w, �))((1 − t)A + tB)(B − A, B − A)dt

and by the representations (2.1) and (2.2) we obtain the desired result (2.3). □

We have the following representation of operator Jensen’s gap for the n-tuple of positive operators

A = (A1,… , An) and probability density n-tuple p = (p1,… , pn),

J(A, p,M(w, �)) ∶=M(w, �)
(

n
∑
k=1

pkAk)
−

n
∑
k=1

pkM(w, �) (Ak ) .

THEOREM 2.4. We have the representation

J(A, p,M(w, �)) = 2
n
∑
k=1

pk ∫
∞

0
�w(�)

⎛
⎜
⎜
⎝
∫

1

0
(1 − t)

(
� + (1 − t)

n
∑
j=1

pjAj + tAk)

−1

×
(
Ak −

n
∑
j=1

pjAj)(
� + (1 − t)

n
∑
j=1

pjAj + tAk)

−1

×
(
Ak −

n
∑
j=1

pjAj)(
� + (1 − t)

n
∑
j=1

pjAj + tAk)

−1

dt
⎞
⎟
⎟
⎠
d�(�)

≥ 0

(2.5)

for the n-tuple of positive operators A = (A1,… , An) and probability density n-tuple p = (p1,… , pn).
This also shows thatM(w, �) is operator concave on (0,∞).

Proof. From the identity (2.3) we get

D(M(w, �))(

n
∑
j=1

pjAj)(
Ak −

n
∑
j=1

pjAj)
+M(w, �)

(

n
∑
j=1

pjAj)
−M(w, �) (Ak )

= 2 ∫
∞

0
w(�)

⎛
⎜
⎜
⎝
∫

1

0
(1 − t)

(
� + (1 − t)

n
∑
j=1

pjAj + tAk)

−1

×
(
Ak −

n
∑
j=1

pjAj)(
� + (1 − t)

n
∑
j=1

pjAj + tAk)

−1
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×
(
Ak −

n
∑
j=1

pjAj)(
� + (1 − t)

n
∑
j=1

pjAj + tAk)

−1

dt
⎞
⎟
⎟
⎠
d�(�) ≥ 0

for all k ∈ {1,… , n}.

If we multiply this inequality with pk ≥ 0, take into account that ∑n
k=1 pk = 1 and

n
∑
k=1

pkD(M(w, �))(

n
∑
j=1

pjAj)(
Ak −

n
∑
j=1

pjAj)

= D(M(w, �))(

n
∑
j=1

pjAj)(

n
∑
k=1

pkAk −
n
∑
j=1

pjAj)

= D(M(w, �))(

n
∑
j=1

pjAj)
(0) = 0,

then we obtain the desired result (2.5). □

For a continuous function f on (0,∞) and A, B > 0 we consider the auxiliary function

fA,B ∶ [0, 1]→ ℝ

de�ned by

fA,B(t) ∶= f ((1 − t)A + tB), t ∈ [0, 1].
We have the following representations of the derivatives:

LEMMA 2.5. Assume that the operator function generated by f is twice Fréchet di�erentiable in each

A > 0, then for B > 0 we have that fA,B is twice di�erentiable on [0, 1],
dfA,B(t)
dt

= D(f )((1 − t)A + tB)(B − A) (2.6)

and

d2fA,B(t)
dt2

= D2(f )((1 − t)A + tB)(B − A, B − A) (2.7)

for t ∈ [0, 1], where in 0 and 1 the derivatives are the right and left derivatives.

Proof. We prove only for the interior points t ∈ (0, 1). Let ℎ be in a small interval around 0 such that

t + ℎ ∈ (0, 1). Then for ℎ ≠ 0,

fA,B(t + ℎ) − f (t)
ℎ

=
f((1 − (t + ℎ))A + (t + ℎ)B) − f ((1 − t)A + tB)

ℎ

=
f ((1 − t)A + tB + ℎ(B − A)) − f ((1 − t)A + tB)

ℎ
and by taking the limit over ℎ→ 0, we get

dfA,B(t)
dt

= lim
ℎ→0

fA,B(t + ℎ) − f (t)
ℎ

= lim
ℎ→0 [

f ((1 − t)A + tB + ℎ(B − A)) − f ((1 − t)A + tB)
ℎ ]

= D(f )((1 − t)A + tB)(B − A),

which proves (2.6).

The identity (2.7) follows in a similar way. □

For the transformM(w, �)(t) de�ned in the introduction, we consider the auxiliary function

M(w, �)A,B(t) ∶=M(w, �)((1 − t)A + tB)
where A, B > 0 and t ∈ [0, 1].
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COROLLARY 2.6. For all A, B > 0 and t ∈ [0, 1],

dM(w, �)A,B(t)
dt

= D(M(w, �))((1 − t)A + tB)(B − A)

= ∫
∞

0
�w(�)(� + (1 − t)A + tB)

−1(B − A) × (� + (1 − t)A + tB)
−1d�(�)

(2.8)

and

d2M(w, �)A,B(t)
dt2

= D2(M(w, �))((1 − t)A + tB)(B − A, B − A)

= −2 ∫
∞

0
�w(�)(� + (1 − t)A + tB)

−1(B − A)

× (� + (1 − t)A + tB)
−1(B − A)(� + (1 − t)A + tB)

−1d�(�).

(2.9)

We observe that if f (t) = M(w, �)(t), t > 0, in Lemma 2.5, then by the representations from

Lemma 2.1 and Lemma 2.2 we obtain the desired equalities (2.8) and (2.9).

3. MIDPOINT AND TRAPEZOID INEQUALITIES

We have the following identity for the midpoint rule:

THEOREM 3.1. For all A, B > 0 we have the identity

M(w, �)(
A + B
2 ) − ∫

1

0
M(w, �)((1 − t)A + tB)dt

= 2 ∫
1

0 (t −
1
2)

2 {

∫
1

0
(1 − s)

×
[∫

∞

0
�w(�)(� + (1 − s)

A + B
2

+ s((1 − t)A + tB))

−1
(B − A)

×(� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1
(B − A)

× (� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1
d�(�)

]
ds

}

dt.

(3.1)

Proof. From (2.3) we have for B = E > 0 and A = C > 0 that

M(w, �)(E) =M(w, �)(C) + ∫
∞

0
�w(�)(� + C)−1(E − C)(� + C)−1d�(�)

− 2 ∫
1

0
(1 − s) [∫

∞

0
�w(�) (� + (1 − s)C + sE)−1 (E − C)

×(� + (1 − s)C + sE)
−1(E − C)(� + (1 − s)C + sE)

−1d�(�)] ds,
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which implies for E = (1 − t)A + tB, t ∈ [0, 1] and C = A+B
2 , that

M(w, �)((1 − t)A + tB)

=M(w, �)(
A + B
2 ) + (t −

1
2)∫

∞

0
�w(�)(� +

A + B
2 )

−1
(B − A)(� +

A + B
2 )

−1
d�(�)

− 2(t −
1
2)

2

∫
1

0
(1 − s) ×

[∫
∞

0
w(�)(� + (1 − s)

A + B
2

+ s((1 − t)A + tB))

−1
(B − A)

×(� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1
(B − A)

(� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1
d�(�)

]
ds.

(3.2)

If we integrate (3.2) over t ∈ [0, 1], then we get

∫
1

0
M(w, �)((1 − t)A + tB)dt =M(w, �)(

A + B
2 )

+ ∫
1

0 (t −
1
2)

dt

× ∫
∞

0
�w(�)(� +

A + B
2 )

−1
(B − A)(� +

A + B
2 )

−1
d�(�)

− 2 ∫
1

0 (t −
1
2)

2 {

∫
1

0
(1 − s)

×
[∫

∞

0
w(�)(� + (1 − s)

A + B
2

+ s((1 − t)A + tB))

−1
(B − A)

×(� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1
(B − A)

× (� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1
d�(�)

]
ds

}

dt

and since ∫ 10 (t − 1
2) dt = 0, hence the identity (3.1) is proved. □

COROLLARY 3.2. Assume that � ≥ A, B ≥ � > 0 and 0 < � ≤ (B − A)2 ≤ Δ for some constants � , � , � ,

Δ, then

0 ≤ −
1
24
�M′′(w, �)(�)

≤M(w, �)(
A + B
2 ) − ∫

1

0
M(w, �)((1 − t)A + tB)dt

≤ −
1
24
ΔM′′(w, �)(�).

(3.3)

Proof. Since � ≥ A, B ≥ � > 0, hence

� + � ≤ � + (1 − s)
A + B
2

+ s((1 − t)A + tB) ≤ � + �,

for all � ≥ 0 and t ∈ [0, 1]. This implies that

(� + �)−1 ≤ (� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1
≤ (� + �)−1 (3.4)
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for all � ≥ 0 and t ∈ [0, 1]. If we multiply this both sides with B − A, then we obtain

(� + �)−1(B − A)2 ≤ (B − A)(� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1
(B − A)

≤ (� + �)−1 (B − A)2
(3.5)

for all � ≥ 0 and t ∈ [0, 1]. Since 0 < � ≤ (B − A)2 ≤ Δ, hence (� + �)−1(B − A)2 ≥ �(� + �)−1 and

(� + �)−1(B − A)2 ≤ (� + �)−1Δ, then by (3.5)

�(� + �)−1 ≤ (B − A)(� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1
(B − A) ≤ Δ(� + �)−1 (3.6)

for all � ≥ 0 and t ∈ [0, 1]. If we multiply both sides with (� + (1 − s)A+B2 + s((1 − t)A + tB))
−1

we

derive

�(� + �)−1(� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−2

≤ (� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1
(B − A)

×(� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1
(B − A)

×(� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1

≤ Δ(� + �)−1(� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−2

for all � ≥ 0 and t ∈ [0, 1]. By utilising (3.4) we further obtain the bounds

�(� + �)−3 ≤ (� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1
(B − A)

×(� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1
(B − A)

×(� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1

≤ Δ(� + �)−3

for all � ≥ 0 and t ∈ [0, 1]. If we multiply by 2�w(�) (t − 1
2)
2 (1 − s) ≥ 0 and integrate, then we get

2� ∫
∞

0
�w(�)(� + �)−3d�(�) ∫

1

0 (t −
1
2)

2
dt ∫

1

0
(1 − s)ds

≤ 2 ∫
1

0 (t −
1
2)

2 {

∫
1

0
(1 − s)

×
[∫

∞

0
�w(�)(� + (1 − s)

A + B
2

+ s((1 − t)A + tB))

−1
(B − A)

×(� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1
(B − A)

× (� + (1 − s)
A + B
2

+ s((1 − t)A + tB))

−1
d�(�)

]
ds

}

dt

≤ 2Δ ∫
∞

0
�w(�)(� + �)−3d�(�) ∫

1

0 (t −
1
2)

2
dt ∫

1

0
(1 − s)ds

(3.7)
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and by the identity (3.1) and the fact that

∫
1

0 (t −
1
2)

2
dt =

1
12

and ∫
1

0
(1 − s)ds =

1
2

we obtain

1
12
� ∫

∞

0
�w(�)(� + �)−3d�(�) ≤M(w, �)(

A + B
2 ) − ∫

1

0
M(w, �)((1 − t)A + tB)dt

≤
1
12
Δ ∫

∞

0
�w(�)(� + �)−3d�(�).

(3.8)

If we take the derivative in (1.6) over t , then we get

M
′(w, �)(t) = ∫

∞

0

�w(�)
(� + t)2

d�(�), t > 0,

and

M
′′(w, �)(t) = −2 ∫

∞

0

�w(�)
(� + t)3

d�(�), t > 0.

This gives

∫
∞

0

�w(�)
(� + �)3

d�(�) = −
1
2
M

′′(w, �)(�),

∫
∞

0

�w(�)
(� + �)3

d�(�) = −
1
2
M

′′(w, �)(�)

and by (3.2) we obtain (3.3). □

We have the following identity for the trapezoid rule:

THEOREM 3.3. For all A, B > 0 we have the identity

∫
1

0
M(w, �)((1 − t)A + tB)dt −

M(w, �)(A) +M(w, �)(B)
2

= ∫
1

0
t(1 − t) [∫

∞

0
�w(�)(� + (1 − t)A + tB)

−1(B − A)

×(� + (1 − t)A + tB)
−1(B − A)(� + (1 − t)A + tB)

−1d�(�)] dt.

(3.9)

Proof. Using integration by parts for the Bochner integral, we have

1
2 ∫

1

0
t(1 − t)

d2M(w, �)A,B(t)
dt2

dt

=
1
2 [t(1 − t)

dM(w, �)A,B(t)
dt

||||

1

0
− ∫

1

0
(1 − 2t)

dM(w, �)A,B(t)
dt

dt]

= ∫
1

0 (t −
1
2)

dM(w, �)A,B(t)
dt

dt

= (t −
1
2)
M(w, �)A,B(t)

||||

1

0
− ∫

1

0
M(w, �)A,B(t)dt

=
1
2[
M(w, �)A,B(1) +M(w, �)A,B(0)] − ∫

1

0
M(w, �)A,B(t)dt,

that gives the identity

M(w, �)(A) +M(w, �)(B)
2

−∫
1

0
M(w, �)((1−t)A+tB)dt =

1
2 ∫

1

0
t(1−t)

d2M(w, �)A,B(t)
dt2

dt. (3.10)
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By (2.9) we have

1
2 ∫

1

0
t(1 − t)

d2M(w, �)A,B(t)
dt2

dt = − ∫
1

0
t(1 − t) [∫

∞

0
�w(�)(� + (1 − t)A + tB)

−1(B − A)

×(� + (1 − t)A + tB)
−1(B − A)(� + (1 − t)A + tB)

−1d�(�)] dt.
(3.11)

By making use of (3.10) and (3.11) we obtain (3.9). □

We have:

COROLLARY 3.4. Assume that � ≥ A, B ≥ � > 0, and 0 < � ≤ (B − A)2 ≤ Δ, then

0 ≤ −
1
12
�M′′(w, �)(�)

≤ ∫
1

0
M(w, �)((1 − t)A + tB)dt −

M(w, �)(A) +M(w, �)(B)
2

≤ −
1
12
ΔM′′(w, �)(�).

(3.12)

Proof. As in the proof of Corollary 3.2 we have

�(� + �)−3

≤ (� + (1 − t)A + tB)
−1(B − A)

× (� + (1 − t)A + tB)
−1(B − A)(� + (1 − t)A + tB)

−1

≤ Δ(� + �)−3

(3.13)

for all � ≥ 0 and t ∈ [0, 1]. If we multiply by t(1 − t)�w(�) ≥ 0 and integrate, then we get

� (∫
1

0
t(1 − t)dt)∫

∞

0
�w(�)(� + �)−3d�(�)

≤ ∫
1

0
t(1 − t) [∫

∞

0
�w(�)(� + (1 − t)A + tB)

−1(B − A)

×(� + (1 − t)A + tB)
−1(B − A)(� + (1 − t)A + tB)

−1d�(�)] dt

≤ Δ(∫
1

0
t(1 − t)dt)∫

∞

0
�w(�)(� + �)−3d�(�).

(3.14)

Since

∫
1

0
t(1 − t)dt =

1
6
,

∫
∞

0

�w(�)
(� + �)3

d�(�) = −
1
2
M

′′(w, �)(�)

and

∫
∞

0

�w(�)
(� + �)3

d�(�) = −
1
2
M

′′(w, �)(�),

then by (3.14) we derive (3.12). □

We have an alternative identity for the midpoint rule:
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THEOREM 3.5. For all A, B > 0 we have the identity

M(w, �)(
A + B
2 ) − ∫

1

0
M(w, �)((1 − t)A + tB)dt

= ∫
1/2

0
t2 [∫

∞

0
�w(�)(� + (1 − t)A + tB)

−1(B − A)

×(� + (1 − t)A + tB)
−1(B − A)(� + (1 − t)A + tB)

−1d�(�)] dt

+ ∫
1

1/2
(t − 1)2 [∫

∞

0
�w(�)(� + (1 − t)A + tB)

−1(B − A)

×(� + (1 − t)A + tB)
−1(B − A)(� + (1 − t)A + tB)

−1d�(�)] dt.

(3.15)

Proof. Using integration by parts for Bochner’s integral, we have

1
2 ∫

1/2

0
t2
d2M(w, �)A,B(t)

dt2
dt =

1
2 [t

2 dM(w, �)A,B(t)
dt

||||

1/2

0
− 2 ∫

1/2

0
t
dM(w, �)A,B(t)

dt
dt]

=
1
8
dM(w, �)A,B(1/2)

dt
− ∫

1/2

0
t
dM(w, �)A,B(t)

dt
dt

=
1
8
dM(w, �)A,B(1/2)

dt
− [tM(w, �)A,B(t)

||||

1/2

0
− ∫

1/2

0
M(w, �)A,B(t)dt]

=
1
8
dM(w, �)A,B(1/2)

dt
−
1
2
M(w, �)A,B(1/2) + ∫

1/2

0
M(w, �)A,B(t)dt

and

1
2 ∫

1

1/2
(t − 1)2

d2M(w, �)A,B(t)
dt2

dt

=
1
2 [(t − 1)

2 dM(w, �)A,B(t)
dt

||||

1

1/2
− 2 ∫

1

1/2
(t − 1)

dM(w, �)A,B(t)
dt

dt]

= −
1
8
dM(w, �)A,B(1/2)

dt
− [(t − 1)M(w, �)A,B(t)

||||

1

1/2
− ∫

1

1/2
M(w, �)A,B(t)dt]

= −
1
8
dM(w, �)A,B(1/2)

dt
−
1
2
M(w, �)A,B(1/2) + ∫

1

1/2
M(w, �)A,B(t)dt.

If we add these two equalities, then we get

1
2 ∫

1/2

0
t2
d2M(w, �)A,B(t)

dt2
dt +

1
2 ∫

1

1/2
(t − 1)2

d2M(w, �)A,B(t)
dt2

dt

= −M(w, �)A,B(1/2) + ∫
1/2

0
M(w, �)A,B(t)dt + ∫

1

1/2
M(w, �)A,B(t)dt

= ∫
1

0
M(w, �)A,B(t)dt −M(w, �)A,B(1/2).

(3.16)

By (2.9) we obtain

1
2 ∫

1/2

0
t2
d2M(w, �)A,B(t)

dt2
dt

= − ∫
1/2

0
t2 [∫

∞

0
�w(�)(� + (1 − t)A + tB)

−1(B − A)

×(� + (1 − t)A + tB)
−1(B − A)(� + (1 − t)A + tB)

−1d�(�)] dt

(3.17)
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and

1
2 ∫

1

1/2
(t − 1)2

d2M(w, �)A,B(t)
dt2

dt

= − ∫
1

1/2
(t − 1)2 [∫

∞

0
�w(�)(� + (1 − t)A + tB)

−1(B − A)

×(� + (1 − t)A + tB)
−1(B − A)(� + (1 − t)A + tB)

−1d�(�)] dt.

(3.18)

By employing (3.16)-(3.18) we derive the desired result (3.15). □

REMARK 3.6. By making use of the identity (3.15) one can obtain the same upper and lower bounds

for the midpoint rule as those in Corollary 3.2.

4. SOME EXAMPLES
The case of operator monotone functions is as follows:

PROPOSITION 4.1. Assume that the function f ∶ [0,∞)→ ℝ is operator monotone in [0,∞) and has

the representation (1.9), then for A, B > 0,

f (B) = f (A) + b(B − A) + ∫
∞

0
�2(� + A)−1(B − A)(� + A)−1d�(�)

− 2 ∫
1

0
(1 − t) [∫

∞

0
�2(� + (1 − t)A + tB)

−1(B − A)

×(� + (1 − t)A + tB)
−1(B − A)(� + (1 − t)A + tB)

−1d�(�)] dt.

(4.1)

Proof. From (1.9) we get

M(� , �)(t) = f (t) − f (0) − bt,
where a ∈ ℝ, � (�) = �, b ≥ 0 and � is a positive measure on (0,∞).

Then

M(� , �)(B) = f (B) − f (0) − bB, M(� , �)(A) = f (A) − f (0) − bA
and by (2.3) we derive

f (B) − f (0) − bB = f (A) − f (0) − bA + ∫
∞

0
�2(� + A)−1(B − A)(� + A)−1d�(�)

− 2 ∫
1

0
(1 − t) [∫

∞

0
�2(� + (1 − t)A + tB)

−1(B − A)

×(� + (1 − t)A + tB)
−1(B − A)(� + (1 − t)A + tB)

−1d�(�)] dt,

which is equivalent to (4.1). □

The case of operator monotone functions for the Jensen’s gap is as follows:

PROPOSITION 4.2. Assume that the function f ∶ (0,∞)→ ℝ is operator monotone in (0,∞) and has

the representation (1.9). Then,

f
(

n
∑
k=1

pkAk)
−

n
∑
k=1

pkf (Ak ) = 2 ∫
∞

0
�2

n
∑
k=1

pk
⎛
⎜
⎜
⎝
∫

1

0
(1 − t)

(
� + (1 − t)

n
∑
j=1

pjAj + tAk)

−1

×
(
Ak −

n
∑
j=1

pjAj)(
� + (1 − t)

n
∑
j=1

pjAj + tAk)

−1

×
(
Ak −

n
∑
j=1

pjAj)(
� + (1 − t)

n
∑
j=1

pjAj + tAk)

−1

dt
⎞
⎟
⎟
⎠
d�(�) ≥ 0

(4.2)

for the n-tuple of positive operators A = (A1,… , An) and probability density n-tuple p = (p1,… , pn).
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The proof follows by Theorem 2.4 applied for

M(� , �)(t) = f (t) − f (0) − bt,

where a ∈ ℝ, � (�) = �, b ≥ 0 and � is a positive measure on (0,∞).
We have the following midpoint and trapezoid inequalities for operator monotone functions:

PROPOSITION 4.3. Assume that the function f ∶ (0,∞)→ ℝ is operator monotone in (0,∞). If � ≥ A,

B ≥ � > 0 and 0 < � ≤ (B − A)2 ≤ Δ, then

0 ≤ −
1
24
�f ′′(�) ≤ f (

A + B
2 ) − ∫

1

0
f ((1 − t)A + tB)dt

≤ −
1
24
Δf ′′(�)

(4.3)

and

0 ≤ −
1
12
�f ′′(�) ≤ ∫

1

0
f ((1 − t)A + tB)dt −

f (A) + f (B)
2

≤ −
1
12
Δf ′′(�). (4.4)

Proof. From (1.9) we get

M(� , �)(t) = f (t) − f (0) − bt,

where a ∈ ℝ, � (�) = �, b ≥ 0 and � is a positive measure on (0,∞).
Then

M(w, �)(
A + B
2 ) = f (

A + B
2 ) − f (0) − b

A + B
2

,

M(w, �)(A) +M(w, �)(B)
2

=
f (A) + f (B)

2
− f (0) − b

A + B
2

,

∫
1

0
M(w, �)((1 − t)A + tB)dt = ∫

1

0
f ((1 − t)A + tB)dt − f (0) − b

A + B
2

and by Corollary 3.2 and 3.4 we derive (4.3) and (4.4). □

REMARK 4.4. If � ≥ A, B ≥ � > 0 and 0 < � ≤ (B − A)2 ≤ Δ, then for r ∈ (0, 1] we have the power

inequalities

0 ≤
1
24
r(1 − r)��r−2 ≤ (

A + B
2 )

r
− ∫

1

0
((1 − t)A + tB)

rdt ≤
1
24
r(1 − r)Δ� r−2 (4.5)

and

0 ≤
1
12
r(1 − r)��r−2 ≤ ∫

1

0
((1 − t)A + tB)

rdt −
Ar + Br

2
≤
1
12
r(1 − r)Δ� r−2. (4.6)

We also have the logarithmic inequalities

0 ≤
�
24�

≤ ln(
A + B
2 ) − ∫

1

0
ln ((1 − t)A + tB)dt ≤

Δ
24�

(4.7)

and

0 ≤
�
12�

≤ ∫
1

0
ln ((1 − t)A + tB)dt −

lnA + lnB
2

≤
Δ
12�

, (4.8)

if � ≥ A, B ≥ � > 0 and 0 < � ≤ (B − A)2 ≤ Δ.
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