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A B S T R A C T   

The bends under sagging moments in a Reinforced Concrete Stair Beam (RCSB) in staircases may be damaged 
because of improper detailing design or construction; therefore, they need to be strengthened or repaired. The 
structural behavior of strengthened RCSBs has not been investigated adequately. This paper presents experi
mental and numerical investigations on the flexural strengthening of RCSBs with bends under sagging moments. 
Tests on RCSBs were undertaken that were strengthened by using either the Near-Surface Mounted Steel Bars 
(NSMSBs) or the Externally Bonded Steel Plates (EBSPs). Three steel materials were employed, including Steel 
Bars (SBs), Steel Sheets (SSs) and Stainless-Steel Plates (SSPs). The test program and outcomes are described in 
detail of six full-scale strengthened RCSBs loaded up to collapse. A finite element model is developed employing 
ABAQUS to simulate the performance of the tested RCSBs. It is found that the utilized strengthening techniques 
effectively enhance both the cracking and ultimate loads in addition to the energy absorption capacity. The 
agreement between simulations and experiment is good, suggesting that the model of nonlinear finite element 
analysis can be used with confidence to perform further parametric instigations.   

1. Introduction 

Reinforced Concrete Stair Beams (RCSBs) are often used to support 
the stair slabs in multi-story Reinforced Concrete (RC) buildings. The 
bends in a RCSB under sagging moments may be damaged. As reported 
by Li and Mosalam [1], the 8.0 Mw earthquake in Sichuan, China led to 
severe damage to the existing buildings or the collapse of structures. 
Field studies afterwards the earthquake found that in some cases, stair 
beams were damaged more severely than the main structures. Bechtoula 
and Ousalem [2] reported the similar outcome from the field studies 
afterward 2003 Algeria earthquake. Wrong detailing of opening bends/ 
joints could also result in the spalling of concrete cover and the devel
opment of cracks at the opening bend, as illustrated in Fig. 1 [3]. The 
need to strengthen existing stair beams has often been overlooked 
compared to main structures. Strengthening of structures or a portion of 
a structure is often required to meet the demand for additional load- 

bearing capacity. Similarly, strengthening of opening bends in the 
stair beams may be required for retrofitting purposes. However, 
strengthening the opening bend in the stair beams has been rarely 
investigated. 

There are various techniques used to strengthen structures such as 
concrete patching, adding an additional layer of cementitious material, 
enlarging cross-section, bonding external steel plates, and bonding 
carbon fiber. Fiber Reinforced Polymer (FRP) materials have been 
widely used in strengthening structures due to their high tensile strength 
and corrosion resistance. Modified fiber-reinforced concrete materials, 
such as engineered cementitious concrete (ECC), have been developed 
that exhibit high strain-hardening performance and have high strain 
capacity in tension besides having high compressive and tensile strength 
[4–10]. Researchers investigated the effectiveness of ECC in retrofitting 
structural elements subjected to various loading conditions [9,11–14]. 
Hamoda et al. [15] studied the effects of ECC on the torsional behavior 
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of steel–concrete composite joints. It was found that the structural per
formance of composite joints with ECC is much higher than that of 
composite joints made of Normal Concrete (NC) in terms of strength and 
energy absorption. Emara et al. [16] carried out tests on ECC columns 
loaded concentrically. Test results showed that ECC columns exhibited 
thin cracks and improved load-carrying capacity. 

Stainless steel is often used in the construction industry due to its 
strain-hardening characteristics and excellent corrosion resistance. 
Recently, researchers have studied the applicability of Stainless Steel 
Plates (SSPs) in the strengthening of structural elements. Hamoda et al. 
[7,9] studied the performance of RC beams strengthened with ECC and 
SSPs subjected to various loading. It was reported that the flexural and 
shear strengths of a RC beam can be improved significantly using ECC 
and SSPs. 

Externally Bonded Steel Plates (EBSPs) with adhesive materials have 
been used to strengthen reinforced concrete members [17]. The most 
widely used adhesive material is epoxy. These adhesive materials need 
good preparation of the concrete surface to remove the external weak 
layer that may cause poor and inappropriate attachment [18]. Rasheed 
et al. [19] found out that the EBSP strengthening system results in higher 
tensile capacity of RC members and better durability to rain and cold 
weather than the technique using Near Surface Mounted Steel Bars 
(NSMSBs). However, these advantages can be realized only if the 
strengthening is properly treated [20–25]. 

The closely spaced rebars in star beams may hinder the flowability 
and passing ability of concrete in narrow gaps. The microstructures of 
concrete e.g. flowability and high-passing ability of concrete are 
important to ensure that the concrete pass-through narrow gaps of 
reinforcement and reach the corners of formwork [26–28]. The 

flowability and passing ability of concrete in composite columns can be 
improved by using cementitious fillers and inert filler proposed by Lai 
et al. [29]. The cementitious fillers such as ground granulated blast 
furnace slag can also improve the heat resistance and residual strength 
of concrete [30]. In addition, increasing wet packing density can 
improve the passing ability of concrete in narrow places [31]. Lai et al. 
[32] used cementitious fillers, such as silica fume and fly ash to improve 
the wet packing density of concrete in order to increasing the flowability 
of heavy-weight concrete. 

This study investigates the flexural performance of RCSBs where the 
opening bends are strengthened by using either EBSPs or NSMSBs. Tests 
were carried out on six full-scale RCSBs subjected to flexural loads. 
Different strengthening techniques and configurations have been 
implemented including: (a) bonding two bottom bars facing each other 
at the opening joint with different development lengths inside the RCSBs 
to study the effectiveness of the NSMSBs technique; (b) bonding a steel 
sheet with anchorage bolts at the bottom surface of the opening joint 
using the EBSPs technique; (c) bonding SSPs at the RCSBs bottom sur
face with two surrounding SSPs around the RC beam applying EBSPs 
technique; (d) and bonding SSPs at both sides of the RC beam repre
senting EBSPs technique. The experimental program and results ob
tained are presented. A finite element model is developed to simulate the 
test behavior of such beams and verified by test data. 

2. Test program 

2.1. Specimens 

The experimental program was designed to test six-full scale RCSBs 
including one control beam (B0) without strengthening and five RC 
beams (B1-B5) with various strengthening techniques. The dimensions 
and details of the main reinforcement of each were identical. The angel 
of the tested stair beams was very close to the angel of the real-life RC 
stair beams. Each stair beam had a span of 2550 mm, a width of 200 mm, 
and a thickness of 400 mm. It was divided into three parts: two hori
zontal parts with lengths of 1150 mm and 200 mm, respectively, and the 
last inclined part with a length of 1200 mm with an angle of 1 (vertical): 
2 (horizontal), which corresponded to the slope of a typical flight of RC 
stairs as illustrated in Fig. 2. In the preliminary design of the specimens, 
a finite element analysis on the stair beam was initially performed to 
ensure the specimens failed in bending mode rather than shear failure. 
Shear failure often occurs in a beam where the load is applied close to 
the support or for a span with a short overhang. To avoid shear failure, 
the length of the horizontal and inclined parts of the specimens was 
almost the same and the applied load was approximately at the center of 
the horizontal and inclined parts of the specimens. Design consideration 
of the shear is beyond the scope of this study. All tested beams had 2 
rows of bars with 10 and 12 mm diameter in flexure. In order to avoid 
local compression failure during the test, 0.48 % flexural reinforcement 
ratio was considered which was below the maximum ratio permitted by 

Fig. 1. Reinforcement details in the opening bend of RCSB: (a) Right details and (b) Wrong details.  

Fig. 2. Dimension and reinforcement details of the reference beam (B0).  
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the ACI 318–19 [33]. In this context, the strengthening reinforcement 
ratios were selected with consideration of suppressing the probable 
unwanted compression or shear collapse. The compression reinforce
ment of all beams consisted of four bars of 12 mm diameter to prevent 
compression failure as illustrated in Fig. 2. All beams were reinforced 
with stirrups of 8-mm diameter with a spacing of 150 mm. The thickness 
of the SPs and the diameter of the bars were selected based on the 
availability of the materials in the local markets and the preliminary 
results obtained from FE models to ensure the ultimate load was within 
the maximum capacity of the testing machine. In order to ensure the 
total tensile forces provided by the steel bars, SSP, and SS on the stair 
beams were similar for the comparison purposes, materials with a very 
similar yield strength available on the market were chosen for this study. 

The yield strengths of the 10-mm steel bars, 12-mm steel bars, SSP, and 
SS were measured as 384, 415, 466, and 406 MPa, respectively. How
ever, it should be mentioned that regardless of the similar yield strength 
of conventional steel bars and stainless-steel materials, due to the 
distinguished strain hardening performance, SSP, and SS provide higher 
tensile force under loading. Therefore, it is not rational to expect that the 
performance of stair beams reinforced with different materials is the 
same. 

All beams were cast with NC at the same time with the same 
compressive strength as can be seen in Fig. 3. Beam B1 was strengthened 
by bonding two bars at the tension side with a diameter of 12 mm facing 
each other at the opening joint with a development length (Ld) equal to 
twenty times the bar diameter (20Db) as shown in Fig. 4a. The method of 

Fig. 3. Wooden formworks and field casting process.  

Fig. 4. Geometric details of strengthened beams: (a) Beams B1 and B2, (b) Beam B3, (c) Beam B4, (d) Beam B5.  
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Fig. 5. Strengthening preparation and adapting: (a) embedded steel bars in B1 and B2; (b) bonding of and adapting of steel sheets for B3; (c) bonding of SSPs used for 
B4; (d) bonding of SSPs used for B5; (e) ECC mechanical mixing used as concrete re-covering for B1. 

A. Hamoda et al.                                                                                                                                                                                                                                
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strengthening for specimen B2 was similar to specimen B1 but the 
development length was equal to 25Db. It should be notes that the 
development lengths were selected with respect to previous recom
mendations [34–36]. Beam B3 was strengthened by bonding Steel 
Sheets (SSs) at the tension side along the bottom surface with anchorage 
bolts at the opening joint and having a width of 50 mm and thickness of 
1 mm as shown in Fig. 4b. The strengthening of beam B4 was similar to 
that of beam B3 but SSP was used and the anchorage bolts were replaced 
by two surrounding SSPs around the beam at the opening joint as 
illustrated in Fig. 4c. The beam B5 was strengthened from the two sides 
by bonding SSPs with a width and thickness of 50 mm and 1 mm, 
respectively, as illustrated in Fig. 4d. It should be noted that the beams 
had to be lifted and hung up using a crane in order to replicate the real- 
life strengthening from underneath the beam. Therefore, the safety of 
the person involved in the strengthening could not be guaranteed due to 
the scale and weight of the test specimens. Due to safety concerns, the 
beams were therefore flipped upside down as illustrated in Fig. 5 to 
perform the strengthening. However, in real-life, the stairs are con
nected to the main structures and sufficient room is available to do the 
strengthening from underneath without any issues. Therefore, the 
quality of the strengthening should not be a concern. Table 1 presents 
the details of the method of strengthening of the RC stair beams. The 
strengthening techniques and preparations can be detailed in the 
following sections. 

2.2. Strengthening with bottom steel reinforcement 

When adding an additional layer of concrete to the RC beam, care 
should be given due to the difference in the motions between the 
additional layer and RC element caused by shrinkage, temperature 
variations or both. These would cause durability problems [37,38]. As a 
result, there may be some cracking and delamination along the zone 
where the two materials meet. Hence, it is crucial to use appropriate 
connectors to bond the two layers and/or to properly prepare the surface 

[39,40]. 
The beams B1 and B2 were strengthened with two bottom reinforc

ing bars face to face at the opening joint with a diameter of 12 mm and 
Ld inside the concrete equal to twenty and twenty-five bar diameters, 
respectively, as shown in Table 1. The schematic design and details of 
strengthening can be seen in Fig. 4a. The construction process of the 
beams B1 and B2 was as follows; (a) formwork was prepared and re
inforcements were placed as illustrated in Fig. 3; (b) the cast was 
implemented in the field as shown in Fig. 3; (c) the formwork was 
removed after few days then the RC beams were left to cure for 28 days; 
(d) the bottom concrete cover was removed until the tensile beam 

Table 1 
Test matrix and method of strengthening.  

Specimen‘s 
ID 

Concrete 
type 

Strengthening 
technique   

Ld 

Thickness of 
SPs (or) bar 
diameter 

Figure 

B0   

‘    

NC ————   —————— Fig. 2 

B1 NC + ECC 
Recover 

NSMSBs 20Db Db = 12 mm Fig. 4 
(a) B2 25Db 

B3 NC EBSPs with SSs —— ts = 1 mm Fig. 4 
(b) 

B4 NC * EBSPs with 
SSPs 

—— ts = 1 mm Fig. 4 
(c) 

B5 NC ** EBSPs with 
SSPs 

—— ts = 1 mm Fig. 4 
(d) 

Note:- NSMSBs: Near-Surface Mounted Steel Bars; EBSPs: Externally Bonded 
Steel Plates; SBs: Steel Bars SSs: Steel Sheets; SSPs: Stainless Steel Plates. 
* Lower SSP with two surrounding SSPs around the beam at the opened-joint 
shown Fig. 4(c). 
** SSPs at both sides of RC beams shown Fig. 4(d). 

Table 2 
Mix proportion and concrete compressive strength.  

Concrete  Cement 
(kg/m3) 

Fine aggregate 
(kg/m3) 

Coarse aggregate 
(kg/m3) 

Fly ash 
(kg/m3) 

Water/binder polypropylene Fiber 
(%) in volume 

HRWR 
(kg/m3) 

fc‘ 
(MPa) 

Poisson Ratio 

NC 350 700 1150 —  0.43 — —  29.5  0.2 
ECC 552 442 — 602  0.25 2.00 14.42  44.19  0.22  

Fig. 6. Uniaxial tensile tests observed experimentally: (a) concrete dimensions; 
(b) test set-up and failure model of NC. 

Fig. 7. Uniaxial stress–strain law for NC.  
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reinforcement bars were exposed; (e) planting reinforcing bar anchoring 
adhesive regime was used herein as follows: two holes (with lengths of 
240 mm and 300 mm achieving 20 and 25 times of bar diameter for 
beams B1 and B2, respectively) and a diameter of 12 mm were made 
inside the concrete at the extension surface of the straight and inclined 

parts of the lower surface of the RC beams by using a drilling machine to 
achieve the development length (f) using air pressure, the specimen’s 
bottom surface and two holes were cleaned to remove dust (g) epoxy 
was used at the bottom surface of the RC beam and all holes were filled 
(h) two steel bars with a diameter of 16 mm were glued at the centerline 
of the bottom surface of the RC beam one at the bottom straight part of 
the beam and the other at the inclined surface part of the beam facing 
each other at the opened-joint and the two ends of the steel bars were 
placed in the holes at the opened-joint as illustrated in Fig. 5a and (i) 
ECC was mechanically mixed as shown in Fig. 5e with proportions 
presented in Table 2 in order to cover the bottom concrete surface. 

2.3. Strengthening with bottom steel sheets 

Beam B3 was strengthened with SSs with a width of 50 mm and 2100 
mm of total length welded together with a square steel plate (200 × 250 
mm) as illustrated schematically in Fig. 4b. The tensile stresses devel
oped in the opening joint in the RC beam under vertical load can be 
resisted by steel sheets and anchorage bolts. The beam B3 was con
structed as follows: (a) after curing the beam for 28 days, the bottom 
surface of the B3 was cleaned well; (b) two holes having the diameter of 
16 mm at the steel sheets were made as well as in the RC beam with a 
depth of 90 mm using a drilling machine; (c) by using air pressure, the 
specimen’s bottom surface, and all holes were cleaned well; (d) epoxy 
was used at the bottom surface and all holes were filled; and (e) the steel 
sheets were attached to the tensile surface and anchored with bolts. The 
embedded length of the anchored bolts was 90 mm. The experimental 
preparation of beam B3 is illustrated in Fig. 5b. 

2.4. Strengthening with bottom and side SSPs 

The strengthening process of beam B4 was similar to that of beam B3 
with a difference in the steel sheet as shown schematically in Fig. 4c. The 
steel sheet of beam B4 was continuous and made of SSPs with a length of 
2330 mm and was attached to the tension surface of the RC beam using 
chemical epoxy as illustrated in Fig. 5c. Two surrounding SSPs were 
bonded to the RC beams using epoxy at the opened joints to resist tensile 

Fig. 8. Uniaxial tensile tests observed experimentally for steel elements.  

Table 3 
Material properties of steel elements.  

Steel 
element 

Yield strength Ultimate tensile 
strength 

Modulus of 
elasticity, E 
(GPa) 

Poisson 
Ratio 

σy 

(MPa) 
εy(%) σu 

(MPa) 
εu(%) 

8 mm bar 296  0.16 565  12.9 189  0.30 
10 mm 

bar 
384  0.20 640  12.2 194  0.30 

12 mm 
bar 

415  0.21 691  11.3 194  0.30 

SSP 466  0.22 745  11.4 205  0.29 
SS 406  0.21 610  10.5 198  0.28  

Fig. 9. Measured and idealized stress–strain curves of steel elements.  
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Fig. 10. Test set-up and instrumentation: (a) schematic illustration; (b) actual set-up.  

Table 4 
Experimental results.  

Specimen 
ID 

Cracking Stage Yield Stage Ultimate Stage Max 
deflection 

Ductility 
index 

Absorbed 
Energy  

Failure 
Mode* 

Pcr 

(kN) 
PcrB/ 
PcrB0 

Δcr 

(mm) 
Wcr 

(mm) 
Py 

(kN) 
PyB/ 
PyB0 

Δy 

(mm) 
Pu 

(kN) 
PuB/ 
PuB0 

Δu 

(mm) 
(DI) 
Δu/ Δy 

(E) 
(kN.mm) 

B0 66  1.00  3.89  0.23 97  1.00  8.02 110  1.00  28.41  3.54 2497 F 
B1 106  1.61  4.01  0.19 143  1.47  7.22 162  1.47  44.38  6.15 6430 F þ Bp 

B2 116  1.76  3.56  0.16 151  1.56  6.05 170  1.55  52.57  8.69 7496 F þ Bp 

B3 83  1.26  3.54  0.21 110  1.13  5.61 120  1.09  19.87  3.54 1105 F þ SSd 

B4 91  1.38  3.61  0.21 110  1.13  5.36 136  1.24  45.32  8.46 5539 F þ SSPd 

B5 101  1.53  4.02  0.19 118  1.22  4.91 137  1.25  35.89  7.31 4390 F þ SSPd 

Note:- Pcr = cracking load, Py = yield load, Pu = ultimate load; Δcr = deflection recorded at Pcr, Δy= deflection recorded at Py, Δu = maximum deflection, and Wcr =

cracking width measured at Pcr, *F: Flexural failure; Bp: Pulling-out of embedded bars; SSd: de-bonding of steel sheet; and SSPd: de-bonding of SSP. 

A. Hamoda et al.                                                                                                                                                                                                                                
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Fig. 11. Crack pattern and failure mode of tested beams: (a) master beam B0; (b) B1; (c) B2 (d) B3; (e) B4; (f) B5.  
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Fig. 11. (continued). 
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stress. The tensile resultant forces developed at the stair joint were 
carried by the two surrounding SSPs. The preliminary results obtained 
from FE models showed that the longer the length of the surrounding 
SSPs, the higher the bearing capacity of the beams. Therefore, the full 
depth of the beam (400 mm) was chosen as the length of the surrounding 
SSPs to prevent premature failure and to provide the maximum resis
tance to the tensile stresses. 

Beam B5 was strengthened with two side SSPs as shown schemati
cally in Fig. 4d. The purpose of this external strengthening was to 
simulate the internal reinforcing bars at the bottom of the beam. The 
specimen B5 was constructed by the following process: (a) after curing 
the beam for 28 days, the two sides of the RC beam were roughened; (b) 
the position of SSPs at all sides of the beam was perfectly cleaned; and 
(c) the SSPs were bonded with chemical epoxy as illustrated in Fig. 5d. 

3. Material properties 

Two types of concrete, namely NC and ECC were used to cast the 
tested beams. The ECC was only used in beams B1 and B2 at the bottom 
surface as a concrete cover layer. Table 2 presents the mix designs of 
both NC and ECC. The compressive concrete strength was determined by 
averaging the test results of three cylinders with a diameter of 150 mm 
and a length of 300 mm, cast at the same time as the tested beams. The 
concrete compressive strengths of the NC and ECC were about 29.90 N/ 
mm2 and 44 N/mm2 as shown in Table 2. The tensile strength of 
different concrete was measured in the lab as shown in Fig. 6. The 
measured uniaxial tensile stress–strain curve for NC with about 2.54 N/ 
mm2 tensile strength is given in Fig. 7. 

The steel bars with diameters of 10 and 12 mm were used as longi
tudinal reinforcements whereas the diameter of the stirrups was 8 mm. 
The material properties of each steel element were measured using 
tensile tests and the test set-up is shown in Fig. 8. The material properties 
of steel sheets and SSPs were measured from the tensile coupon test. The 
measured yield strength, ultimate tensile strength, elastic modulus and 
Poisson’s ratio of steel elements are presented in Table 3. The recorded 
stress–strain curves for steel elements are shown in Fig. 9. The tensile 
strength of the anchorage bolts was 600 MPa according to the 
manufacturer. 

4. Test setup 

Fig. 10 shows the typical test setup of the tested beams. It should be 
noted that the beams were tested after 40 days and 35 days of casting NC 

Fig. 12. Load-Deflection responses of the specimens.  

Fig. 13. The absorbed energy (E) values for all beams (kN.mm).  

Fig. 14. Interaction between concrete-NSMSBs.  
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and ECC, respectively. Before the test, the tested beams were cleaned to 
remove dust and painted white for better visualization and to mark the 
cracks on the beams during the test. Considering the heavy weight of the 
beam, a steel crane was used to lift the beam and placed it on the loading 
machine as illustrated in Fig. 10. This study examined the performance 
of stair beams where the opening bend was strengthened using different 
strengthening techniques. Applying a point load at the opening joint was 
sufficient to cause the beam to fail in modes reported. A hydraulic jack 
with a capacity of 200 kN was used to apply the load at the top surface of 
the beam at the opening joint at a rate of 0.80 kN/sec. The ends of the 
beams were subjected to hinge and roller support. One Linear Variable 
Differential Transformer (LVDT) was attached to the bottom of the 
tested beams at the opening joint to measure the deflection during the 
loading stage. In addition, an electrical PI-shape Displacement Trans
ducer having 50-mm gauge length was located at the vertical side of the 
tested beam to record the expected flexural cracks. The strain distribu
tion in the middle reinforcing bar at the mid-length was measured using 
one strain gauge. 

5. Test results and discussions 

The observed failure modes, cracking characteristics, ultimate 
loading capacity, load–deflection responses, and absorbed energy 

capacity of the tested beams are presented herein. Table 4 presents the 
test results including first cracking load (Pcr), yield load (Py), ultimate 
load (Pu), deflection recorded at Pcr (Δcr), cracking width measured at 
Pcr (Wcr), deflection recorded at Py (Δy), maximum. 

deflection (Δu), and failure modes. The Py value was defined as the 
load at which the flexural steel bar reached the yield strain. Such strain 
was measured by strain gauges mounted on the flexural steel bar for all 
tested beams. The ultimate load Pu was the peaked load recorded during 
the test. 

5.1. Cracking, yield, and ultimate loads 

Generally, all tested beams had higher cracking load, yield load, and 
ultimate load than the control beam. From Table 4, it can be seen that Pcr 
of the tested beams is higher than that of the control beam B0. The rate 
of increase is 61 %, 76 %, 26 %, 38 % and 53 % for beams B1, B2, B3, B4 
and B5, respectively. Similarly, Py for beams B1, B2, B3, B4 and B5 is 47 
%, 56 %, 13 %, 13 % and 22 % higher than B0, respectively. The increase 
in Pu of the tested beams is similar to the increase in the yield load. As 
can be seen from Table 4, beams B1, B2, B3, B4 and B5 had the ultimate 
load about 47 %, 55 %, 9 %, 24 % and 25 % higher than the B0, 
respectively. The experimental results show that the beam B2 had the 
most improvement in performance followed by beams B1, B5, B4 and 

Fig. 15. Development of the FE: (a) B0; (b) B1andB2; (c) B3; (d) B4; (e) B5.  
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B3, respectively when compared to the control beam B0. Therefore, the 
strengthening method using NSMSBs with two bars facing each other at 
the opening joint with Ld = 25Db is the most effective in improving the 
cracking, yield and ultimate loads. Then, the applications of externally 
bonded reinforcement (EBR) with SSPs made a satisfactory contribution 
to the load-carrying capacities. However, the non-rust feature of 
stainless-steel makes it suitable for use in corrosive environments. On 
the other hand, the strengthening method by attaching lower SS with 
anchorage bolts resulted in the least contribution to the load-carrying 
capacity compared to other techniques. 

5.2. Cracking and failure modes 

All beams were tested to failure. The cracking and failure modes of 
the tested beams are presented in Fig. 11. The failure modes of the tested 
beams are also provided in Table 4. For beam B0, the first crack was 
observed at the bottom surface of the beam at the opening joint at a load 
value about of 66 kN (about 60 % of Pu) achieving about 0.23-mm 
cracking width. Cracks then spread to the inclined part of the beam 
due to support movement. As the load was increased, the crack’s width 
increased, and some cracks spread on the tension side. Finally, at the 
ultimate load, the beam failed in flexural mode as shown in Fig. 11a. 

The failure of beams B1 and B2 was a typical flexural failure 
accompanied by pulling out of the embedded bar as shown in Fig. 11 b 
and c, respectively. The first cracking in the tested beams was observed 
at a load value about of 106 kN (about 65 % of Pu) and 116 kN (about 68 
% of Pu) for beams B1 and B2, respectively. The recorded cracking width 
at Pcr was about 0.19 mm and 0.16 mm, respectively. The additional ECC 
layer delayed the appearance of the first crack and increased the tensile 
strength of the beam at the tension zone which delayed the failure of the 
beams. However, close to the ultimate load, major flexural cracks at the 
opening joint were observed as shown in Fig. 11 b and c. Furthermore, 
NSMSBs were pulled out which caused the surface deterioration at the 
bottom face. The beams B1 and B2 achieved an ultimate load of about 
162 kN and 170 kN, respectively. 

The failure of beam B3 was classified as a flexural failure accompa
nied by de-bonding of the steel sheet as shown in Fig. 11d. At a load 
value about of 83 kN (about 69 % of Pu) the first crack was observed at 
the bottom surface of the beam at the opening joint with cracking width 
of about 0.21 mm. As the load was increased, the width of the cracks 
increased, and cracks developed upward towards the loading cell. With 
increasing the load, the de-bonding of the steel sheet occurred at the 
stair joint close to the ultimate load. It was observed that the bolts pulled 
out as shown in Fig. 11d. It should be mentioned that the embedded 
length of the anchored bolts was 90 mm which was determined based on 
the preliminary results obtained from FE models. However, future 
studies should focus on the effects of the embedded length of the 
anchored bolts on the performance of stair beams. 

For beam B4, the first crack was observed at a load of 91 kN (about 
66 % of Pu) with about 0.21-mm cracking width. As can be seen in 
Fig. 11e, the de-bonding of SSPs on the bottom face of the beam as well 
as around the beam occurred as the load was close to the ultimate load. 
The major flexural cracks were observed at the opening joint of the 
beam. The beam could not resist any given load and failed at a load 
beyond about 136 kN. The flexural failure accompanied by separation 
and de-bonding of SSPs can be classified as the failure mode as shown in 
Fig. 11e. 

For beam B5 side strengthened with SSPs, the initial crack appeared 
at a load value about of 101 kN (about 73 % of Pu). Flexural cracks at the 
opening joint initiated as the load increased and the crack’s width 
increased as the load reached to the ultimate load. Surface de-bonding of 
the SSPs was observed as can be seen from Fig. 11f. The beam failure 
occurred at a load close to 137kN. The initial cracks became larger as the 
load increased and moved toward the loading cell. Major flexural cracks 
developed at the opening joint as the load approached the ultimate load. 
The flexural collapse due to de-bonding of the side SSPs can be classified Ta
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as the mode of failure as shown in Fig. 11f. 

5.3. Load-deflection responses 

Fig. 12 presents the load–deflection responses of all beams measured 
during the test. Table 3 also presents the mid-span deflection values 
corresponding to the cracking load and the maximum deflection of the 
tested beams. Based on the load–deflection curves, it is seen that the 
non-strengthened B0 behaved linearly at the un-cracked stage starting 
from the zero loading up to the cracking load. Then, beyond concrete 
cracking, B0 entered the plastic zone and experienced significant 
deformation, hardening up to the peaked load stage, softening perfor
mance, and then failure. All strengthened beams exhibited higher load- 
carrying capacities than B0. Moreover, they entered the plastic zone 
behaving a considerable and larger hardening with higher deflection 
values up to failure than the non-strengthened beam B0. 

However, the differences in the pattern of the load–deflection curves 
depend on the method of strengthening. For beams B1 and B2, 

significant hardening behavior can be observed which may be attributed 
to the presence of ECC layer or ECC with steel bars. Then, a sudden 
decrease in the load values for both beams B1 and B2 was caused by the 
pulling-out of the embedded steel bar. 

The yield deflection of beams B1, B2, B3, B4 and B5 were about 10 %, 
25 %, 30 %, 33 %, and 38 %, respectively, lower than that of B0. 
However, for beams B1, B2, B4 and B5, the ultimate deflection was 
about 56 %, 85 %, 60 % and 26 %, respectively, higher than that of the 
control beam B0. The application of ECC improved the ultimate load of 
the beams and increased the ultimate deflection. In summary, the beams 
strengthened with either NSM with steel bars or externally bonded with 
SSPs had the best deflection responses compared to other beams. 

5.4. Ductility index and energy absorption capacity 

The absorbed energy (E) of the tested beams was determined by 
calculating the area under the measured load–deflection curves. Also, 
the ductility index computed as the ratio of ultimate deflection to the 

Fig. 16. Final cracks of tested beams obtained from FE analysis: (a) Master beam B0; (b) B1 and B2; (c) B4.  
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Fig. 17. Comparisons of the test and predicted load–deflection curves.  

Fig. 18. Flexural-compression failure mode for FEM with Ld higher than 30Db (Ab = 13564 mm2).  
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deflection at the yielding of the tensile reinforcement bar is presented in 
Table 4. The absorbed energy was used to compare the reflection of 
strengthening techniques and materials on the total energy consumed up 
to the peak load stage. It was also employed to provide further under
standing of the structural efficiency of strengthened beams taking into 
account both elastic and plastic performance as previously reported 
[35]. Table 4 presents the E values for all tested RCSBs. Fig. 13 sum
marizes a schematic comparison. It is seen that E values for the 
strengthening technique of NSM with steel bars and EBR with SSPs 
enhanced the absorbed energy of RCSB compared to the non- 
strengthened one. The E value of RCSBs strengthened with NSMSBs 
was higher than that of non-strengthened ones within the range of 2.60 
to 3.00 times. In this context, due to its higher strain hardening char
acteristics, the greater contribution to the absorbed energy was credited 
to the beams strengthened with the ECC layer as shown in Fig. 13. Also, 
The EBR with SSPs increases the E value within the range of about 1.81 
to 2.21. Generally, the ductility index of all tested beams showed a 
significant increase compared to the control beam B0 as shown in 
Table 4. However, the use of steel sheet to strengthen beam B3 presented 
the non-satisfied enhance compared to the NC beam. This may be 
attributed to the shorter anchorage length used in in the opening joint. 

6. Finite element modeling 

The performance of tested RCSB was simulated using the Finite 
Element (FE) software ABAQUS [41]. The experimental results obtained 
in this study are used for validation purposes. 

6.1. Constitutive modeling of materials and sensitivity analysis 

The Concrete Damaged Plasticity (CDP) model was employed to 
simulate the performance of concrete. The CDP model generally predicts 
well the performance of concrete in RC beams; therefore, it was adopted 
in this study [42,43]. 

Several analyses have been undertaken to determine the most suit
able values of the constitutive parameters used in the CDP model. The 
parameters related to CDP included the flow potential eccentricity (e), 
dilation angle (ψ), viscosity relaxation parameter (μ), the ratio of biaxial 
to uniaxial compressive stresses (fbo/ fco), and the ratio of the second 
stress invariant on the tensile to compressive meridian (Kc). Analyses 
were executed with different μ values changed from 0.00 to 0.001. 
However, based on previous studies [9,44], it was found that μ = 0,00 
showed satisfactory numerical outcomes with lower running cost. 
Various trials confirmed that the angle of dilation was about 30◦ which 
was close to the value reported in previous research [44,45]. The Kc 
value is between 0.64 and 0.80 as previously mentioned [44]; however; 
the analyses conducted in this study confirmed that kc = 0.66 was 
suitable and is a default value in ABAQUS. Also, in the present model, 
the default value of e = 0.1 in ABAQUS was selected. Several simulations 
have been performed with fbo/ fco ranging from 1.10 to 1.16 based on 
previous reports [46,47]; however, fbo/ fco = 1.16 was considered to give 
better results. 

The measured uniaxial stress–strain responses of steel elements were 
idealized as a piecewise linear curve shown in Fig. 9. Fig. 8 depicts the 
stress–strain relationship of NC under compression and tension, which 
was employed in the modeling. 

6.2. Model set-up, meshing and boundary conditions 

Continuum, three-dimensional and eight-node linear hexahedral 
solid element with reduced integration (C3D8R) available in ABAQUS 
was employed to construct the RC beams and rigid supporting/loading 
steel plates as illustrated in Fig. 14. The steel rebars were represented by 
the two-node and linear truss element (T3D2). Four-node shell element 
with reduced-integration (S4R) was selected to model SS and SSPs. The 
mesh of the numerical model can be seen in Fig. 14. Based on the mesh 
sensitivity analysis, a mesh size of 12.50 mm was chosen for concrete. 

It was assumed that the concrete was perfectly bonded with rein
forcing bars in the RC beam to model steel bars-concrete interaction. 
This interaction was defined by utilizing the embedded element tech
nique available in ABAQUS. In this technique, the RC beam was set as 
the host zone while the bar truss elements were defined as the embedded 
ones. A rigid plate of a dimension of 200 mm × 200 mm × 50 mm was 
used to apply load on the beams. The supports at the two ends of the 
beams were the same as the experimental ones where one was a roller 

Fig. 19. Ultimate load-bar bonded area (Pu- Ab) relationship.  

Fig. 20. Effects of plate thickness on the load–displacement responses of beams B4 and B5.  
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support while the other was a pinned support. Fig. 15 shows the 
development of the FE of the tested beams. 

In order to simulate the pulling out of the steel bars at the opening 
bend, the interaction between the reinforcing bars and the concrete was 
considered with respect to Eligehausen [48]. This interaction was 
cohesive-damage interaction which behaves as simple bilinear trac
tion–separation law written in terms of the effective traction τ and 
effective opening displacement δ. Fig. 14 shows that the relationship 
between the traction stress and effective opening displacement is 
defined by the stiffness, K0, the local bond strength of concrete (τmax), a 
characteristic opening displacement at fracture (δf), and the energy 
needed for opening the crack (Gcr) which is equal to the area under the 
traction–displacement curve. 

The surface-to-surface tie constraint mechanism available in the 
ABAQUS program was delivered herein to simulate the interaction be
tween sheets and concrete surfaces. The beam surface was the master 
while the steel plates were treated as slave ones. The interaction of 
concrete and steel sheets was modeled using the traction-separation 
constitutive model, which assumes the behavior as linear elastic fol
lowed by damage evolution. 

7. Comparison of the test and numerical results 

The accuracy of the FE model is validated by comparison of com
putations with the experimental data of stair beams reported in this 
paper. Table 5 presents the comparison of the predicted and experi
mental results on the cracking, yield, and ultimate stages in terms of load 
and deflection values. The main failure modes predicted by the FE model 
can be seen in Fig. 16. The load–displacement curves obtained by the FE 
model are compared with experimental data in Fig. 17. The FE model 
slightly overestimates the ultimate load of some tested beams. By 
comparing Py, detected at first yield strain at flexural bars, it can be 
found that the enhancements are about 46 % and 54 % when using 
NSMSBs with 20D and 25D, respectively. For the specimens B4 and B5 
where the SSPs were used, the yield load increases by about 14 % and 19 
%, respectively. Also, this increase is about 23 % and 24 % for both B4 
and B5, respectively. The technique applied in beam B3 led to lesser 
contribution to the yield load of the beam compared to the other 
counterparts as shown in Table 5. The mean ratios of the predicted to the 
measured are 1.03, 1.04 and 1.03 for the cracking, yield, and ultimate 
loads, respectively. The FE model generally underestimates the deflec
tion values. The mean FE-to-EX ratio is 0.91 for the ultimate deflection, 
while it is about 0.98 for both the cracking and yield stages. It can be 
concluded that the FE model can reasonably predict the experimentally 
obtained performance of tested beams. 

8. Parametric study 

The validated FEM was employed to conduct parametric analysis on 
the effects of the Ld required for strengthening. Also, due to the higher 
capacity achieved by the planted Ld strengthening technique, both B1 
and B2 were simulated by FEMs with various Ld values. To avoid the 
probable dispersion, the geometric parameter of Ld was selected to be 
the main investigated parameter while the geometry and other param
eters were identical. To generalize the observed results, the area of 
bonded embedded length (Ab mm2) was considered. The Ab varied from 
9043.2 mm2 to 22608 mm2 with bonded lengths Ld = 20Db and 50Db, 
respectively. The results are discussed in terms of cracking visualization 
deduced numerically as shown in Fig. 18 as well as ultimate loading 
capacity arising from variation of embedded bar length as charted in 
Fig. 19. Fig. 18 illustrates that the embedded length of 30Db with bar 
bonded area of about 13564 mm2 can be considered the limit value to 
capture the ductile flexural mode. Beyond that, increasing the 
embedded length greater than 30Db with about 13564 mm2 results in 
insignificant increase in ultimate capacity. This is evidenced by the 
failure mode along with ultimate loads recorded by all FEMs. The failure 

mode of all FEMs with Ld greater than 30Db is brittle flexural- 
compression failure mode as shown in Fig. 18. 

The FE model was employed to investigate the effects of the cross- 
sectional area of SSPs on the performance of beams B4 and B5 by 
varying the thickness of SSPs from 1 mm to 1.5, 2, 2.5, and 3 mm. The 
width of the SSPs remained constant as 50 mm. The results obtained are 
provided in Fig. 20. The figure demonstrates that increasing the thick
ness of the SSPs improves the ultimate capacity of the strengthened 
beams but leads to the compression dominated failure. It is interesting to 
note that the beam strengthened with plate having 1-mm thickness ex
hibits better ductility than other beams. 

9. Conclusions 

This paper has presented the investigations on the effectiveness of 
strengthening techniques in strengthening the opening bends in RC stair 
beams subjected to flexural load. Experimental results on six stair beams 
including one un-strengthened beam taken as the control beam have 
been reported. The FE model was developed using ABAQUS to simulate 
the performance of strengthened RC stair beams. The important con
clusions are summarized as follows:  

(a) The application of two bottom bars with development lengths 
equal to twenty bar diameter (B1) and twenty-five bar diameter 
(B2) at the stair joint is the best method for improving the ulti
mate load of the beams, increasing the capacity by 47 % and 55 
%, respectively.  

(b) The strengthening technique using SSPs at both ends (beam B5) 
improved the ultimate load of the beam by 45 % and the absorbed 
energy by 75 % compared to the control beam.  

(c) Test results show that the application of SSPs led to a moderate 
improvement in the ultimate load of the stair beams and better 
ductility than B0.  

(d) The failure mode of tested beams was a flexural failure with 
major flexural cracks observed at the opening joint.  

(e) The energy absorption capacity of all tested strengthened beams 
is higher than that of the control beam.  

(f) The developed FEMs can reasonably simulate the experimentally 
measured performance of tested beams.  

(g) The parametric study shows that the bonded length of 30Db of the 
implanted embedded bar with bonded area of 13564 mm2 was 
approximately the limit value for improving the ultimate load 
capacity of the beams. Thereafter, inconsiderable increase could 
be captured due to the occurrence of brittle compression failure 
mode. 

It should be noted that the results presented in this study are valid 
only for this given slope of the stair beams. Nonetheless, the validated 
numerical model can be used to study the effects of the slope on the 
performance of stair beams strengthened with different techniques in 
the future. 
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