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Abstract: This paper presents new results related to Bombieri’s generalization of Bessel’s inequality
in a semi-inner product space induced by a positive semidefinite operator A. Specifically, we establish
new inequalities that generalize the classical Bessel inequality and extend previous results in this area.
Furthermore, our findings have applications to the study of operators on positive semidefinite inner
product spaces, also known as semi-Hilbert spaces, and contribute to a deeper understanding of
their properties and applications. Our work has implications for various fields, including functional
analysis and operator theory.

Keywords: positive semidefinite operator; bombieri inequality; joint A-numerical radius; euclidean

A-seminorm; inequalities
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1. Introduction

Inequalities play a fundamental role in analysis and have widespread applications
in various branches of mathematics. Among the most classical inequalities are Bessel’s
inequality, Bombieri’s inequality, Selberg’s inequality, and Heilbronn’s inequality, which
have been extensively studied and applied in many areas, including harmonic analysis,
probability theory, and number theory. These inequalities are also widely used in the study
of operators on Hilbert spaces.

Recently, there has been growing interest in the study of operators on positive semidef-
inite inner product spaces, also known as semi-Hilbert spaces. Semi-Hilbert spaces are a
more general class of inner product spaces that are not necessarily complete, but satisfy
certain axioms that allow for the development of a useful theory. In this paper, we focus on
a positive semidefinite inner product space (H, (-, -)) induced by a positive semi-definite
operator A, and denote itas (H, (-,-)4).

Semi-Hilbert spaces provide a natural framework for studying various mathemat-
ical problems, especially those involving singular or unbounded operators. Our paper
contributes to the theory of semi-Hilbert spaces by establishing new Bombieri-type in-
equalities that generalize the classical Bessel inequality and several related results. Our
proposed inequalities are novel and have the potential to be applied in various areas of
analysis. In addition, our results provide deeper insight into the properties of operators
on semi-Hilbert spaces. We begin by introducing the notation, recalling the definition of
semi-Hilbert spaces, and presenting our main contributions.
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Throughout this paper, we work with a complex Hilbert space H equipped with the
inner product (-, -) and the norm || - [|. The set of all bounded linear operators on H is
denoted by B(#), and for a bounded linear operator T on H, we use R(T) to denote
the range of T, V(T) to denote its null space, and T* to denote its adjoint. We define
B(H)™ as the set of all bounded linear operators A on H such that (Ax,x) > 0 for all
x € H. The elements of B(#)™" are called positive operators on H. In this paper, the term
“operator” specifically refers to an element of the set B(7{), and we assume that A is a
non-zero operator in B(7{) . For any such A, we define a positive semidefinite sesquilinear
form (-,-) 4 : H x H — C by setting

(v y)a = (Axy),

for all x,y € H. We use the notation || - || , to represent the seminorm induced by the
positive semidefinite sesquilinear form (-, -) 4. This seminorm is defined on every vector
x € Has ||x]|, = /(x,x) 4. We observe that the seminorm || - || , vanishes on a vector
x € H if and only if x belongs to N'(A). In addition, the seminorm || - || , induces a norm
on H if and only if A is one-to-one. It follows that the semi-Hilbert space (#, || - || 4) is
complete if and only if R(A) is closed in H.

Now, we recall several well-known inequalities which hold true in inner product
spaces that are real or complex. However, in this paper, we assume without loss of general-
ity that H is always a complex Hilbert space. We begin with Bessel’s inequality, which is a
fundamental result in functional analysis and has numerous important applications in vari-
ous areas of mathematics and engineering. More precisely, Bessel’s inequality states that for
any orthonormal vectors ey, e, - - - , ¢; in H, meaning that they satisfy (e;, ¢;) = ;; (where
6j is the Kronecker delta symbol) for all i,j € {1,...,d}, the following inequality holds:

Yl e < Ix?, )

d
i=1
for every x € ‘H. For additional results related to Bessel’s inequality, readers are referred
to [1,2] and Chapter XV of the book [3].

In 1971, E. Bombieri [4] proposed a generalization of Bessel’s inequality that applies to
any set of vectors in the inner product space H. This generalization is known as Bombieri’s
inequality, and it extends the applicability of Bessel’s inequality beyond orthonormal sets
of vectors. When the vectors y; are orthonormal, Bombieri’s inequality reduces to Bessel’s
inequality (1). To state Bombieri’s inequality, we first consider the set of vectors y;. Then,
for any vector x € H, the inequality can be written as follows:

d
i=1

d
[, yi) P < Jlx)* . max {):\(yi,yjﬂ}, @

ie{l,...,d} /:l

This inequality has important applications in the theory of Fourier series and Fourier
transforms. For more information about Bombieri’s inequality and its applications, refer
to [3,4].

A further generalization of Bessel’s inequality was discovered by A. Selberg (see,
e.g., [3] (p. 394)). Suppose that x,y1,...,y,; are vectors in H, where y; # 0 for all
i € {1,...,d}. Then Selberg’s inequality states that:

d 2

|{x,yi)| 2
y < x|’ Vxe# 3)
=L (i)

Selberg’s inequality is a generalization of Bessel’s inequality and applies to any set
of vectors (x,y1,...,¥4) in H. When the vectors (y;);c{y,...4) are orthonormal, inequality
(3) reduces to Bessel’s inequality (1). Selberg’s inequality has important applications in
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harmonic analysis and mathematical physics, and has been extensively studied in the
literature (see, e.g., [5,6]).

H. Heilbronn discovered a type of inequality related to Bessel’s result in 1958 [7] (see
also [3] (p. 395)). Let x be a vector in a Hilbert space H, and let yy, . ..,y be vectors in H.
Then the following inequality, known as Heilbronn’s inequality, holds:

d 3
Y x| < IXI<Z| Yi Vi |> : )
i=1 ij=1

In the special case where y1, . . ., y; are orthonormal, Heilbronn’s inequality (4) reduces
to the inequality (2) of Bessel’s inequality. Heilbronn’s inequality has important applications
in analysis and geometry, and has been studied extensively in the literature.

In 1992, J.E. Pecari’c [8] (see also [3] (p. 394)) derived a general inequality in inner
product spaces. Let x,y1,...,y; € H and 71,...,75 € C. Then, the following inequal-
ity holds:

(%, Vi)

’ 2 d 2 d
< Il g\%‘l (X%Ryi,yﬂ\)- ®)
i= =

From this, we can conclude that,

d
Z (x,y:)

A k{1,

s P S max {ZI Yo j >}

Pecari’c showed that the Bombieri inequality (2) can be derived from (5) by choosing
7i = (x,y;) (using the second inequality). The Selberg inequality (3) can be obtained from

the first part of (5) by choosing 7; = %, foreveryi € {1,...,d} and the Heilbronn
T i

inequality (4) can be obtained from the first part of (5) by choosing v; = |§ ’y’i‘ for any

i €{1,...,d}. Additional results related to the above bounds can be found in [2,9].

Very recently, the authors of this work (referenced as [10]) have extended several well-
known inequalities to the context of semi-Hilbert spaces in order to establish important
bounds for the joint A-numerical radius of semi-Hilbert space operators. In particular,
Bombieri’s well-known inequality has been extended to the context of semi-Hilbert spaces.
Specifically, the following inequality holds:

M=

[y < lxl max {2\ viry)) ]} ©)

ie{1,...d}

Il
—_

i

This study builds upon prior research conducted in [10] and introduces various forms
of inequality (6) as its primary contribution. By obtaining these various forms, we can
obtain a better understanding of the characteristics and connections between operators in
semi-Hilbert spaces. These different expressions provide a more complete exploration and
examination of the inequality, allowing for a broader and more detailed comprehension.

We conclude this section by providing a brief overview of the content covered in this
paper. Specifically, our aim is to introduce and investigate several forms of the aforemen-
tioned inequalities within the setting of semi-Hilbert spaces. The focus of our study is on
applying these inequalities to explore operator tuples within this context. We will present a
set of inequalities that establish connections between the joint A-numerical radius and the
Euclidean A-seminorm of operator tuples. Through the examination of these relationships,
we seek to enhance our understanding of the behavior exhibited by operator tuples in
semi-Hilbert spaces.
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2. Preliminary Results

This section provides some preliminary results that will serve as building blocks for
proving the main theorems. Specifically, we start by introducing an intriguing lemma that
has its own value.

Lemma 1. Suppose we have vectors 1, . ..,Cq in H and complex numbers yy, ..., ug in C. Then
the inequality below holds true:

2
Gl <0, @)
where
X [l \(«.;,6]
or
1 o L
o |V"<§|"i|r)r > £‘<§i/§j> ’ ,r>1 34+1=1;
ke{1,...d} i—1 i=1\ =1 A r s
or
d
max, zwm max | L[(@udi)a| )
or
d p% d [ d N L
i 7 7 1,7 7:1,
(k>_31ﬂk|) ier{qf?fd}l}tlI(El(])_:lké‘l Gi) a D) p>1 5+
or
d b/ d Pla/a %%
P | ey | 1,11
o ) () (L) [E jzl\<a,¢,>A]> ] o ps1ialoy
t>1/%+%:1,
or
1 l
(L) £l max (L @enal') oop>1bei=1
k=1 A\ =1 A P
or
d d
L el max [l | max [(€8;),
or
N T
Tk % o [ ] ) meaet o
=1 ‘Z/lk = .ul = 5]/ A ’ ’m I ;
or
(zm) max \<§i,cj>A\.

Proof. Let ¢ € H and yy € Cforallk € 1,...,d. Then, we have:

2 d

d
= < Z HiGis Z ‘u]§]>A
A =1

i=1

iGi

d d
Yo ) il (GinGi) A

i=1j=1

d d
= 2 L uililGingi) s =

i=1j=1
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This implies that

2

< szum\ &)

11]

61

= i;lﬂil (};\W”@i' C]’>AD =0

By applying Holder’s inequality, we obtain multiple inequalities. Specifically, for any
ie{l,...,d}, wehave:

d
(A il jg\ (g, §j>A’

3 L NP N\
’ ir 5] < .. 1.1 _1.
]21|‘u]|‘<€l §j>A’ (k§1|yk|p> <j21‘<§1/§]>,q’ ) , P> 1, P + q 1;

|uk| max [(8,8))

k=

As a result,

d d
max. il 2 | £ [(6087) 4] = 0

ke{1l

d i d d %
P ] .
0< (kzlh/‘kp) ,El|ﬂi<,zl‘<‘:i/§j>14‘ ) = 0p, withp > 1, %4_%:1;
= i= =

Ll £l max, [(68),| =

We can also obtain the following using Holder’s inequality:

d
ier{]rll,iaffd}wi| i,j2:1‘<§i’ §j>A /

d d P 1 5\
ZImI(Z\@%\) < (2##) (2 (42\<@»§,»>A]>> L r>1, b4 l=1
i=1 j=1 i=1 i=1\j=1

d

)y

£l r{na_xd}(],_l]<¢i,¢j>A\>.
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Based on the previous inequalities, it can be deduced that

max_[pu[? ]<§z,c]>

ke{l,...d} =1

1
o< max #I(ﬁly‘lrf E(El@an)) . o1 tety
= ke {1, ,d} k = 1 = ]:1 751/ A ’ ;T 5 ;

. r{r{fix,d}‘m Zl# | ?faxd}< ‘<§1'§J>A‘>

Thus, the first three inequalities in (7) were derived.
Additionally, it can be shown by applying Holder’s inequality again that:

max |uz|z<z\ & &) \)q,

ie{l,...

1

d ) r d ; % d d q % i . 1
< (Ll ) x (,Zlml) ) DA L b>1, 1412
k=1 i=1 i=1\j=1
J i
1§1|lh’| ?axd} ( ‘<§”§]> ‘ ) :

Consequently, the next three inequalities in (7) are proven.
Furthermore, we can use the same Holder inequality to assert that:

max [ |Z< max ‘<‘:i’€j>A‘>;

ie{1,..4d jef{1,...d}
i i % i AN
O < 2|]/lk| X <1§1|Vl|m) (l.;l <]eﬁ,a)fd}‘<§“§]>A‘> ) ’
k=1
m>1,L41=1;

d
Eluil | max [(68),)

i=1 i,je{l,...d}

Therefore, the proof of the lemma is complete as the last three inequalities stated in
Equation (7) have been demonstrated. [

In case we desire to establish certain bounds for HZLl UiCi

2 d |2
N based on Y7, |ui|°, we
can make use of the following corollaries.

Corollary 1. Suppose that the conditions of Lemma 1 hold, where {1, ...,Cqand yy, ..., ug are
involved. Provided that 1 < p < 2and 1 <t < 2, the following inequality is valid:

: 0
G <artt zw [ (Z\@uc, \) ] : ®)
A
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where%—i—%:l,%—i-%:l.

Proof. The proof proceeds by observing the monotonicity of power means. Firstly, we can

express that
d P\ d 2\ 2
P
(zdm) S(Zkﬂw);wgz,

1 1
d t\ T d 2\ 2
(zw) §<27<—1|V’<|>,-1<t§2.

i d

d ol 3
(ZIMI”) <dr <Z|Vk|) ,
k=1 k=1

d t ! 1_1 d 2 %
Yoluwel | <diTr{ ) lml” |
k=1 k=1

We can obtain (8) by utilizing the fifth inequality in (7). Hence, the proof is finished [

Hence, we can derive that

==
Nl—=

=

Remark 1. A noteworthy special case occurs when p = q = t = u = 2, which yields the

following result:
2

< I:zlwkz( > \<§i,§]~>A\2> :

ij=1

d
Y uidi
i-1

A
Corollary 2. Under the conditions of Lemma 1, if 1 < p < 2, the following corollary holds:

2

d
Y widi
i—1

d 4 %
e 0l
<d k;”{k' ieﬁi?fd}lgg‘@”g]ﬂ‘ > ]’ ©)

A
l 1 pu—
where P + 7 1.

Proof. Since

==
==

d BV 3
(zw) < z(zw),
k=1 k=1

d d 2
5" ] < d (zw) ,
k=1 k=1

then, we apply the sixth inequality in (7) to derive (9). O

and

ST
NI—

Similarly, we can demonstrate the next two corollaries using analogous techniques.
Corollary 3. If 1 < m < 2 and under the assumptions of Lemma 1, we have the following inequality:

2

d
Y widi
i=1

A i=1 je{l,...,d}

a . N T
Sdml;|ﬂkl2 (Zl max ‘(@vﬁj%”) ,

where %—f— % =1.



Axioms 2023, 12, 522

8 of 22

Corollary 4. Assuming the conditions of Lemma 1, we can conclude that

<d2|l/lk| max ‘<§i,§j>A‘-

One may also find the following lemma to be of interest.

Lemma 2. Assuming the conditions of Lemma 1, the following inequalities hold:

£ max f\<§‘é>
e R S eo Y =1

ie{l,...,

1

|

d d ) d AN

< Zjluilzﬂ@i,éjw < (Z”‘ | p) <<21’< i'Cf>A’> ) '
A i=1 j=1 1
q

+2=1

d
Y widi
i

l
p

N (CEON

Proof. Based on Lemma 1, it is established that

2

d d
2 < 3 Yolwl |46 63,

i=1j=1

By making a simple observation (also referenced in [3] (p. 394)), it can be inferred that for
any i,j € {1,...,d}, the inequality

1 2
al ] < 5 (Il + )

holds. Therefore, we can conclude that

d

d
Z|V1||V]|‘<Czr§] ‘

i=1j=1

I\J \

i_ (I + ) (G530
;L]leuzl (&) a| + 3 1 |( MM]

i,j=1

TR

ij=1

Therefore, we have established the validity of the first inequality in the Lemma.
The second part of the Lemma can be obtained by utilizing Holder’s inequality, but we
will not provide further elaboration on this. [

Based on the Lemma mentioned above, we are now in a position to state the following
theorem as an application.

Theorem 1. For any vectors x,y1,...,Y4 in H and complex numbers 1, ..., vy € C, the follow-
ing inequalities hold:
2

(i) | < Tl (10)
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where

£ [t

ke{1,... ij=1
or
d ’ %
max , ,r>1, 1+ 1=1;
ke{l’...’d}|7k|(z |')’z L;l (];1‘ Yi y]>A ) 1 r s
or

X 17 Z|'Yk| I El‘ yZij>A’>;

or
1
d p % d Ay 1 1+l 1
Y , >1, 1414,
(’El"m) ?}?)fd}WA El j§1‘<yl y]>A’ P p g
or

or
1 1
(L) Ll Floa") b open et o
max , p ;T ;=1
R Yk = Yi ey = Yi Yj P 7T g
or

|

Z|'Yk| max |'71| Z[ max ‘<yl/y]>A

ie{1,...

or
1 AN

d (d .m>’” ; - o1 1411,
Eind (Zhl”) | 5| max [oypdal| | o om>1 Gt =
or
d 2
(;Elm |) ijeliod) {50332

Proof. First, we observe that:

d d
Z X,Yi) 4 = (0 ) Vi) 4
=1 =1

We then apply Schwarz’s inequality for inner product spaces, resulting in:

2
< lx]|

2

A

'<xryi>A

d
AT
i=1

Finally, Lemma 1 is utilized with y; = 7%;, §; = y; (i=1,...,d), to obtain the desired
inequality (10). Further details have been omitted. [

If one requires bounds in terms of Z?:l i |2, the following corollaries may be of use:
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Corollary 5. Under the assumptions of Theorem 1,and for1 < p <2,1 <t <2, % +-=1,

1
q
% + 117 =1, the inequality

u

P od ol AN
<drT x5 Yo il Z(ZR%JDA‘) / (11)

i=1 i=1 \j=1

3 o)

holds, and in particular, forp =g =t =u =2,

'<xr]/i>A

2 i 3
< Il Yol (2]%,% \) :
i=1

ij=1

Proof. The proof for this corollary is analogous to the one presented in Corollary 1,
and therefore, we omitit. [

Corollary 6. Assuming the conditions stated in Theorem 1 and for 1 < p < 2, the following
inequality holds:

1
2 q

d N d
St <at il Kinf | mox Lz] o) \], )
i=1 k=1

1,1 _
wherep—l—q_l.

Proof. The proof of this statement follows a similar approach to that of Corollary 2. O

The following two corollaries are additional results that can be derived from the
preceding theorem. For the sake of brevity, we present them without providing their proofs.

Corollary 7. Assuming the same conditions hold for x, y;, and «y; as mentioned above, and for
1 < m < 2, we have the following:

d
Z'Yi<xr3/i>A
i=1

k=1 i=1

2 1 i d AN
<dm||x||izvk|2(2[ max \<yz,y]>A\]) : (13)

1 1 _
whereﬁ—i-j—l.

Corollary 8. Based on the conditions mentioned earlier for x, y;, and -y;, we can derive the
following inequality:

2

<d|x[% Dm _max

k=1 je{1. }‘<yi’yf>A" (14)

d
Z'Yi<x/3/i>A
i=1

To conclude this section, we would like to highlight an important observation. Specifi-
cally, leveraging Lemma 2 enables us to derive the following set of inequalities under the
assumptions of Theorem 1, which we present in the form of the following remark:
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Remark 2. By utilizing Lemma 2, we can demonstrate that assuming Theorem 1, the following
inequalities hold:

'<xryi>A

2 d d
< I3 Lol X iy
i=1 j=1

i d
Y7l max | X ‘<yifyj>A
i=1 j=1

ie{l,..d}

, dzp%dd AN
<h e d (EmP) (S L) )

1.1 _4.
p>1 5+5=1

d

Er{nax}lvz\ L i)

These inequalities provide alternative results to Pecaric¢’s inequality (5).

3. Some Inequalities of Bombieri Type

In this section, we discuss inequalities of Bombieri type which can be derived from (10)

by setting v; = <x, yi> A fori =1,...,d. By making this choice in the first inequality of (10),
the following inequality can be obtained:

(é’<x/yi>/\’2> <||x||A maXx ’<x ]/1>A’ 2’ yl,y] ‘

ie{l,...
This implies that
1
d 2
Z‘(x y1> ‘ < ||x\|A max ) X, Vi) ‘(2‘@1,% ‘) , x € H. (15)
i=1 i€{1l,...d} i,j=1

Similarly, by choosing 9; = (x,y;) , fori = 1,...,d in the second inequality of (10),

we obtain the following result:
d 2 2 d [/ d 5%
(ZKL%M‘><ﬂMM gwlxvzI(Z\x%h,)[Z(ZwamD],
i=1 rees i=1\j=1

r[d [ d 1%
Vel
i=1\j=1
where%+%:1,s>1.

By using the same method of choosing 7; = (x,y;) 4 fori=1,...,din the third to
ninth inequalities in (10), we can obtain the following results:
The third inequality in (10) gives

%<Z\ x, ]/1>A‘> Lgﬁffl}ﬁéK%/yﬁAD]' (17)

which implies that

SR

d

Y| (i) ]<nwAmw\x%u\(2]x%

i—1 1<i<

o) a|” < el max |G )

M-

i=1
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The fourth inequality in (10) leads to

(gron)
wherep>1,%+%:l.

The fifth inequality in (10) implies

S

p [Xﬁ(f]@uw \q>;] %, (18)

i=1 \j=1

idzl\<x i) a| < Iy max, [Cei)

N‘,_,

u

d

Z:eryih‘z < [[xll4 <é‘<x'yi>A‘p>£p <i_f{‘<xr%‘>/;‘t> : {2(&‘(%%%“) 3] : (19)

i=1 i=1 ]:]

wherep>1,%+%:1,t>1,%—|—%:1,
The sixth inequality in (10) results in

i\@mh\z < IIXIIA(i_ile,yOA!pV(éﬂ%%h\)i;ﬁlﬁx {(i\@uyﬁ | )21[1} (20)

i=1

wherep>1,%+%=l.
The seventh inequality in (10) provides

d

Ekx,yim\z < lelALéRx,yMri max |(xu1), %(

= e{1,...d}

iL max \<yvyj>A\D2- @1)

The eighth inequality in (10) yields

1
l ﬁ
o] e

i‘<x’yi>A‘2 < llxll Li]<x,yi>A’m1 l

where m > 1,%+% =1.
Finally, the ninth inequality in (10) produces

N|—

(23)

il‘ x yz ‘ < ”xHA 2’ xyl ‘ max <yiryj>A
i

)

By setting (vi)ic(1,..4y = (€i)icqa,...ay, Where (€;);c(y . 4y are A-orthonormal vectors in
H,ie., <el-, ej>A = 51-]- foralli,j € 1,...,d, we can derive a set of inequalities that resemble
Bessel’s inequality from the nine equalities mentioned above. More precisely, we have the
following bounds:

d 2
;‘<X,ei>A’ < \/HHXHAiefiflli?fd}{Rx,eoA

L
WY (Elel)

(Efoenal)

d 2
3 [ af < bl max {]xe
i=1 ie{l,...d}

wherer>1,%+%:1,

NI
Nf—=

Z’xel ’ <|lx|l4 max {’xel
1=

ie{1,..4d}
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d 2
g<x,ei>A\ < \/EZIIXIAiegﬁfd}{Rx,ei)A

where p > 1;

i_fl\<x,ei>,4\2 < % x| (i_il\<x,ez->Al”) ' (i\<x,ei>A\t> y

1 1 _ 1.
Wherep>1,t>1,?+ﬂ—

N‘»—\

d 2 d p 1
;‘<x,ei>A‘ < |x|A<l§’<x,ei>A‘ > (l;’ x,e;) ’)  p> 1

l };

‘ X, ) ‘ <f||x||A<Z’ x,e;) Dz , max {‘<x’ei>A

ie{1,..d}

I I“ Y
_
NI—

i

1

m

(EONELLIE [i\ x%\] :

wherem > 1, % + % = 1. Finally, we have

Mm

—_

i=

Mm.

Y |G| < ||x||A2] (xei) |

Il
—_

The Corollaries 5-8 yield the following results. Specifically, if we set y; = (x, ;) 4 In
(11), then

(i_fl\<x,yi>/4\z)2sii5*%1|x||ii_il\<x,yi> i [é(i\@u% ])]

We can readily obtain the following inequality of Bombieri type:

o
i‘<x,yi>A‘2§d; T ||A[ (Z‘ Yir¥j) ‘)q] ,
=

wherel < p <2,1<t<2,

By choosing p = g
Bombieri-type inequality:

=1

he inequality, we can obtain the following

- ==

i i,j=1

)d:l! (X yi) \ < ||x||A<Z| Yiryj) \ )2. (24)

A different proof of (24) for the special case A = I can also be found in [2].
We can apply a similar approach for (13) by choosing v; = (x,y;) 4, Which yields:

1
d N T
(o) | < am (Z[ fg;ax}’@i/yfm”) ’

wherem>1,%+%:1.

.

1=

—_
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In conclusion, by setting v; = <x, yi> A fori =1,...,d in (14), we obtain the follow-
ing inequality:

d ) 2
i;’@aw%’ SdHXHAi,je%e,l.)_id}’<yi’yf>A"

Remark 3. To compare the generalized Bombieri’s inequality (6) to our result presented in the
subsequent inequality:

NI—

M=

‘@%M‘z < IX|I31{ i ’<yi/y]'>A‘2} , (25)

i=1 ij=1

we define the following two quantities:

1
d d 2|2
M := max {Z‘<yi'yf>,q‘} and M, := lz ‘<yi,yj>A‘ 1
ie{1,.d} =1 =1

If (vi)ieqa,..ay are A-orthonormal vectors with d > 2, then My =1, Mp = \d, indicating that in
this case, the inequality (6) provides a better bound than (25).

On the other hand, let’s consider the case where d = 2 and A is the identity operator on the
real Hilbert space 1 = R with the inner product (x,y) := xy. Let y; = m and y, = r be two
positive real numbers. In this case, we have

M, = max{m2 + mr, mr + 72} = (m +r)max(m,r),
1
M, = <m4 + m?r? 4+ m?r® + r4> P w42

Assuming that m > r, we have My = m?2 + mr > m? + r2 = M,. This shows that, in this case,
the bound given by inequality (25) is better than the one given by inequality (6).

Thus, it can be concluded that in general, the two bounds given by inequalities (6) and (25)
are incomparable.

4. Inequalities for Operators

In this section, we will apply the inequalities obtained in the previous section to
establish several inequalities for operators acting on semi-Hilbert spaces. Specifically, we
will use the Bombieri-type inequalities in the context of semi-Hilbert spaces to obtain
bounds for the joint A-numerical radius and the Euclidean A-seminorm of operator tuples.

To begin, we recall several terminologies and facts related to operator theory in the
context of semi-Hilbert spaces. We start with the notion of A-adjoint. For T € B(#),
an operator R € B(#) is called an A-adjoint operator of T if for every x,y € H, we have
(Tx,y) , = (x,Ry) 4, thatis, AR = T* A (see [11]). Note that the existence of an A-adjoint
operator is not guaranteed for every operator. The set of all operators that admit A-adjoints
is denoted by B4 (H).

By Douglas theorem [12], we have T € B () if and only if R(T*A) C R(A).
If T € B4(#H), then the “reduced” solution of the equation AX = T*A is a distinguished A-
adjoint operator of T, which is denoted by T#4. Moreover, if T € B4 (), then T?4 € B4 (H)
and (Tf4)f4 = P TPriay where PW is the orthogonal projection onto the closure of
the range of A.

An important observation, as an application of Douglas theorem, is that operators
nB . (H), called A-bounded operators, are characterized by the existence of a constant
¢ > 0 such that || Tx|| 4, < c||x||4 for all x € H. It is important to note that both B 4 (#)
and B ,1/2(#) are subalgebras of B(#). However, they are neither closed nor dense in
B(#), and the inclusions B4 (H) C B 41/2(#H) C B(#) are generally strict. Nevertheless,
if A is one-to-one and has a closed range, the inclusions hold with equality. For more
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information on results related to operator theory in semi-Hilbert spaces, we recommend
referring to [11,13-16].

For the sequel, B(#H )¢ denotes the set of all d-tuples of operators. Let T = (Ty,..., T;) €
B(#H)? be a d-tuple of operators. The following two quantities

d
Y 1 Tex|? (26)

k=1

d

2
Y [Tix,x)a|” and | T||a = sup
k=1 xeS4,

wa(T) := sup
xeS%

are defined in [17]. Here, S is the unit sphere of 7 with respect to the seminorm || - || 4,
which is defined as the set of all vectors x € H such that ||x||4 = 1.

It is worth noting that both w4 (T) and || T||4 may be equal to +oco even ford = 1
(see [18]). However, if T = (Ty,...,T;) € BAUz(H)d, then they define two equivalent
seminorms (see [17]). In this case, w4 (T) is called the joint A-numerical radius of T,
and || T|| 4 is called the joint operator A-seminorm of T.

When T € B 41,2(), we can obtain the definitions of the A-numerical radius and the
operator A-seminorm of T by setting d = 1 in (26). Specifically, we have

wa(T) = sup [(Tx,x)4| and |[|T[|a = sup ||Tx|4.
xeSﬁ xeSﬁ

The investigation of these quantities has been the subject of extensive research in
the existing literature, as demonstrated by numerous studies including [14,15] and the
references cited therein.

In [14], a different joint A-seminorm for T = (Ty,...,Ty) € B 12(H)?, called as
Euclidean A-seminorm, was introduced as

ITllea= sup [o1T1+...+paTslla,
(01,--pa) By

where B; denotes the open unit ball of C? given by

d
By = {P = (01,---,pa) €C%5 oI5 := Y lokl* < 1}-
k=1

Our initial outcome in this section is described below:

Theorem 2. Suppose T = (Ty,...,T;) € IB%A(’H)d. Then, forall1 < p <2,1<t<2,q>1,
and u > 1, satisfying % + % =1land % + % =1, the following holds:

ua 1
d [ d q|"
1T, < ar i 2(2 (T}‘An)> :

Proof. Let yy,...,uy € Cand x € H. If we apply (8) to §; = Tix foreveryi € 1,...,4d,
where x € H, we can infer that:
4w

‘I}X

2 d
<dr Y (Z’ (T, Tix) | )
A k=1

forl<p§2,1<t§2,where%+%:1,%—|—%:1.
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This is equivalent to
uq 1
2 e d NPl
Tx| <drti Z|‘u| 2‘ (TH T, x) ‘ 27)
A i=1
By considering the supremum of (27) over x € Sﬁ, we obtain:
2 i 2
= sup ||} uiTix
A xeSflli=1 A
41
101 @ d (4 g\ 71"
§dp t ZW"‘ sup Z Z‘<7}ATix'x>A’
k=1 xeSf [i=1 \j=1 |
uq 1
1,1 1 & " g\ ]"
<drTi Z””k‘ Zsup 2‘<TATxxA‘
k=1 [ i=1xeSy
- uql
11 d d q
<7 | | L sup (7T x)
=1 i=1 \ j=1xes4
d N il
1,1 4
=dr't ZWH Z(Zw?‘l(T]ﬁAE>> ,
=1 i=1 \j=1
which proves
u l
20, la/d u il
<dartiT Zlm Y Lwh(mhn)) | (28)

Using (28), we can conclude that:

i 2
sup ZyiTi
(1) EBy ||i=1 A
d d [ d q
<a s (St |3 Lan(rn))
()\],..A,)Ld)GIBd k=1 =1 ]:l
w1
1,1 .| d /4 q|"
[ faen) ]
i=1 \j=1

Thus, we have shown that the desired inequality holds. [

Remark 4. A noteworthy special case arises when p = q = t = u = 2, which yields:

2 1
N R R 2
Til| < ) |md [ZZWA(T]-AE)] :

A k=1 i=1j=1
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forevery pq, ..., 1y € C. Also,

1

£yt (1)

i=1j

Corollary 9. Let T = (Ty,...,T;) € Bs(H)?. Then forall uy,..., ug € Candfor1 < p <2,

q>1with%+%:1,wehave

ie{l,..,d}

1
d q
IT|2, < dF max (Z 1(%@)) .

(29)

Proof. Letl < p <2andg > 1besuchthat%+% =1.Forany yy,..., 4y € Cand x € H,

we can utilize (9) with &; = T;x for every i € {1,...,d} to obtain:

1

d q
< dv Z'Vk‘ max (;‘<Tix,zj>A‘Q>
j=

A o}

d
Y. ViTz'x
i=1

Employing arguments similar to those used in the proof of Theorem 2, we conclude that:

2ooad L g
<dr ) |u|® max ZwA(T].ATl) .
=1

A k=1 16{1,...,51}

The desired result follows directly from taking the supremum over all (1, ...

the last inequality. [J

Remark 5. When we set p = q = 2 in Equation (29), we obtain

T2 < _mox d}<zwA(TﬁAT)>%.

Additionally, we can apply Corollary 3 to obtain the next corollary.

Corollary 10. If we assume the conditions of Corollary 9 and 1 < m < 2, then

AN
d
T2, < dn wa(THT, ,
ITIEA < ZL;{‘PXd} A(T, )]

1,1 _
wherea—i-j—l.

Remark 6. Substituting m = I = 2 into the corollary above, we obtain

1
p 2\ 2

2 1 fa
T4 < d2 (E [G?F%d}wA(T T)] ) .

,]/ld) € B;in

Utilizing Lemma 2, we can demonstrate in a similar fashion as previously stated that:
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Theorem 3. Consider T = (Ty,...,T;) € Ba(H)". Then, for any uy, ..., ug € C, it holds that:

2

d d ) d " d ) d "
YT < Vil Y wa(THT) < Vil max |- wa(TT)
i=1 A i=1 j=1 i=1 i=1

ie{l,..d}

and .
T||?, < max wa(THAT) .
ITIEs < max, L_1 a(T, l)]

Additionally, we obtain the following inequalities for the joint A-numerical radius:

Theorem 4. Let T = (T4,...,T;) € Bao(H)% Then

d 5
w}(T) < max }{WA(TZ')} ( Y. wa (T]FATI‘)> ,

T ie{l,...d ij=1

and

2 % ) d r . z
WA(T) < max Jwi(T) b Lwa(T)) |)

ie{1,..d}

where%+% =1,s>1.
Also,

Ams e {dm}(Lerm) {Z&“’WM')) ] |

1 1 .
wherep>1,?+§:1,

1,1
wherep>1,p+q

|
—_
~
—
V
—_
~
=
_|_
==
|
—_
~

W(T) < <

M=
g
NS
=
~—
S
—
Nag!
g
N
oy
~—
N——
Nl—=
=
=8
RS
\&><
=
——
N
N agl
g
:>&
—
3
5N
oy
~
N——
=
———

1,1 _ 1.
wherep>1,p—|—q_1,
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wherem>l% +1=1and
1
2 w2 (Tha
T <§ T; THAT; ) ».
“al )_i:1w al )Jel{rllé)fd}{ A(] l)}

Proof. Let x € H. By applying (15) to y; = T;x, we obtain:

1
d 2 d 2
Y| o T} < el mae |G i) | | 20T/ Tiw ), | )
i=1 ie{1,....d} = j

When the supremum is taken over x € S4  the resulting value is obtained as

d 2
w4 (T) = sup Z’(x, Tl-x>A‘

xESQ i=1

%
< sup ||xHA max ‘<x Tx>A‘<E‘ TﬁATx x) 4 ‘)
xesy ie{1,...d} ij=1
1
< sup{‘ max _|(x, Tjx }sup ( TﬁATx x >
ol sl e (e,
1

2
<x,Tix>A} sup (Z‘ TﬁATx X) , D
xeSﬁ ij=1

1
2

=< max sup
ie{l,..d A
{ } x€SY,

< max sup
ie{1,..d} xest

d
(x, Tl-x>A’ ( ) sup <T]#ATix,x>A’)

ij=1xeSy

= _max, {wA T)}(i wA(T]ﬁATZ.)>2.

le{l l,]:1

Thus, the first inequality in Theorem 4 has been proven.
Similarly, by using (16), we obtain that

1

e svtagsler (Gfeno ) [

i=1

The above condition, i.e., % + % = 1and s > 1, as mentioned earlier, leads to the derivation
of the second inequality in Theorem 4.

By applying the inequalities (17)—(23), we can derive the subsequent expression for
Yi= Tl‘XZ

= 1<i<d ie{1,..,d}

i’<x,Tix>A’ < Ixll max‘(x Tix) , ‘ <§‘<x,Tix>A‘>2[ max <2’ Tj Tix, x) D]

é‘<xlTix> ‘ < Ixlla max’<x Tix) (i’ (x, Tix) ’p>2p[i<i’ T Tix, x>A’ )q] /

1<i<d i=1
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1,1 _ 4.
wherep>1,p+q—1,

-

i_il‘@@ Toc) | < lxlla (é’(x, Tl-x>A‘p> ’ (ié‘(x, Tix>A‘t>

wherep>1,%+%:1,t>1,%—|—%:1;

1 1

) i ) ’ i : fa A
;‘(x,TiﬁA‘ §||x|A<;’<X,TiX>A’> <Z‘<x Tix) D e, (};’ (THTix, x) ‘) )

1 1 _ 1.
wherep>1,?+§—1,

1
d 2 d 2
Yo |(x Tx) | snx||A[2\<x,nx>A!] max [(x,Tix)
] i=1

- ie{1...4} e, ..}
1 1

3 : 3 N fa ”
;'<x, Tix>A‘ <|lx|l4 [ERX, Tix>A‘ ] [g Le?ilaxd}‘G} TiX,x>A’ H ,

wherem > 1, % %:1;and

d 5 d
|0 Tix) o < Nl o[ (e Tix) | max [T T, x)
i=1 i=1 je{1,...d}

When we take the supremum over x € Si‘[ in the above inequalities, we obtain the desired

inequalities of Theorem 4. [

The following is the final result of this paper:

Theorem 5. For T = (Ty,...,Ty) € Bao(H)?, and for any pq,...,4g € C,and 1 < p < 2,
1<t<2,g>1u> 1sati5fying%+%=1,%+% = 1, we have:

1

2u

1(1,1 d (d
T3 <d7<’ 0) Z(Z%(trfﬁﬁff\ﬂ)) : (30)

i=1 \j=1

==

Proof. If we choose v; = 1 and y; = TiuA T;x in the inequality (11), where x € H, then
we obtain:

=i

2

==

(x, Tﬁ Tix) ,

™M=

d
<l | £ gfapmarin, 1))

i=1

i=1

wherel < p <2,1 <t§2,%+%:1,%+%:1.Thiscanberestatedas

Bl

u

1(1,1 d d q q
21||Tx||A < x4 ) 21<2\<T]”AETi”ATix,x>A\ )
1 1= ]:
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Taking the supremum over x € Sﬁ in the inequality above yields

IT|% == sup (

A
xESY,

A
xGSH

Y IITixll

) )
2
i
i=1

< sup | [x] .2 (1) i(Z‘ (TATT T x) 'q>

i=1

Z Zsup
i=1 \ j=1xesy

d
(T TTI Tix, x)

¥

u
q

Y |(TIT T T, x>A)q>

5
S

q
A

==
1L
Bl

<TjﬁA TjTiﬁA Tix, x>A ‘q

Consequently, inequality (30) is established promptly. [

Remark 7. As a special case of Theorem 5, when we set p =

the inequality

IT|3 < dz

1

d d 4
ZD%(T}AT;-T?ATZ-)] .

i=1j=1

Remark 8. For 1 < p < 2, using (12) we can derive a similar inequality:

ITI% <

ie{1,

A3 [

1

29
i i
ma>fd} ZwA<T ATT AT)} ,

where % + % = 1. On the other hand, from (13) we obtain:

1(1 d
IT|Z < a2l Z[

wherel <m < 2and L +1 =

5. Conclusions

1.

je{1,...d}

u
q

max wA(TﬁATTﬁAT)]I 1,

1
2u

g =t = u = 2, we obtain

In conclusion, this paper introduces new findings about Bombieri’s generalization of
Bessel’s inequality in positive semidefinite inner product spaces. These findings extend
the classical Bessel inequality and contribute to our understanding of operators in positive
semidefinite inner product spaces, also known as semi-Hilbert spaces.

This work provides a starting point for future research and opens up possibilities for
exploring new results on Boas-Bellman type inequalities in semi-Hilbert spaces. By inves-
tigating these topics, researchers can advance the field and gain insights into functional
analysis and operator theory.

Opverall, this study has paved the way for further investigations and has the potential
to impact various fields. It serves as a foundation for future studies and encourages
exploration of new results and applications in semi-Hilbert spaces.
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