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Abstract. In this paper we introduce the concept of pre-Schur convex
functions defined on general domains from plane. Then, by making use
of Green’s identity for double integrals, we establish some integral in-
equalities for this class of functions that naturally generalize the case of
Schur convex functions. Some exmples for rectangles and disks are also
provided.

1 Introduction

For any x = (x1,...,xn) € R™, let xy; > ... > X[ denote the components
of x in decreasing order, and let x| = (Xm,...,x[n]) denote the decreasing
rearrangement of x. For x, y € R™, x <y if, by definition,
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2 Xy = i Yi-

When x <y, x is said to be majorized by y (y majorizes x). This notation
and terminology was introduced by Hardy, Littlewood and Pélya in 1934.

Functions that preserve the ordering of majorization are said to be Schur-
convex. Perhaps “Schur-increasing” would be more appropriate, but the term
“Schur-convex” is by now well entrenched in the literature, [4, p.80].

A real-valued function ¢ defined on a set A C R™ is said to be Schur-convex
on A if

x<yon A= ¢(x)<d(y). (1)

If, in addition, ¢ (x) < & (y) whenever x < y but x is not a permutation of y,
then ¢ is said to be strictly Schur-convex on A. If A = R"™, then ¢ is simply
said to be Schur-convex or strictly Schur-convex.

For fundamental properties of Schur convexity see the monograph [4] and
the references therein. For some recent results, see [1]-[3] and [5]-[7].

The following result is known in the literature as Schur-Ostrowski theorem
[4, p. 84]:

Theorem 1 Let I C R be an open interval and let ¢ : I — R be continuously
differentiable. Necessary and sufficient conditions for ¢ to be Schur-convex on
I are

¢ is symmetric on I, (2)

and for all i #7j, with i, j € {1,...,n},

o [90(z)  04(z)
(zi — z)

aXi an

] >0 for all z € T%, (3)

where % denotes the partial derivative of & with respect to its k-th argument.
With the aid of (2), condition (3) can be replaced by the condition

0p(z)  (2)

aX1 aX2

(z1 — 22) [ ] > (0 for all z € T". (4)

This simplified condition is sometimes more convenient to verify.
The above condition is not sufficiently general for all applications because
the domain of ¢ may not be a Cartesian product.
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Let A C R™ be a set with the following properties:

(i) A is symmetric in the sense that x € A = xIT € A for all permutations
IT;

(ii) A is convex and has a nonempty interior.

We have the following result, [4, p. 85].

Theorem 2 If ¢ is continuously differentiable on the interior of A and con-
tinuous on A, then necessary and sufficient conditions for ¢ to be Schur-convex
on A are

¢ is symmetric on A (5)
and
(z1 — 22) [aq)(z) - aq;(z)] >0 for all z € A. (6)
0xq 0%

It is well known that any symmetric convex function defined on a symmetric
convex set A is Schur convex, [4, p. 97]. If the function ¢ : A — R is symmetric
and quasi-convex, namely

¢ (xu+ (1 — ) v) < max{d (u), $ (v)}

for all o« € [0,1] and u,v € A, a symmetric convex set, then ¢ is Schur convex
on A [4, p. 98].

In the recent paper [2] we obtained the following result for Schur convex
functions defined on symmetric convex domains of RZ.

Theorem 3 Let D C R? be symmetric, convex and has a nonempty interior.
If & is continuously differentiable on the interior of D, continuous and Schur
convex on D and 0D is a simple, closed counterclockwise curve in the xy-plane
bounding D, then

[ omuaxay <3 §ix-wormat x—yioxag. @)

oD

If  is Schur concave on D, then the sign of inequality reverses in (7).

In this paper we introduce the concept of pre-Schur convex functions de-
fined on general domains from plane. Then, by making use of Green’s identity
for double integrals, we establish some integral inequalities for this class of
functions that naturally generalize the case of Schur convex functions. Some
examples for rectangles and disks are also provided.
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2 Pre-Schur convexity

For a function f: D — C having continuous partial derivatives on the domain
D ¢ R? we define NAofp:D — C as

of (x,y) of (x,y)>

Aatp (%, y) == (x —y) ( o oy

We can introduce the following concept.

Definition 1 Let D be a measurable subset of R*. A function f : D — R
having continuous partial derivatives on D C R? is called pre-Schur convex on
D if

Naip (%, y) = 0 for all (x,y) € D. (8)
If the sign of inequality is reversed in (8) then we call it pre-Schur concave.
This is equivalent to the fact that —f is pre-Schur convex on D.

Obviously, Schur convex functions are pre-Schur convex as pointed out be-
low.

Lemma 1 Let D C R? be symmetric, convex and has a nonempty interior.
If & is continuously differentiable on the interior of D, continuous on D and
Schur convex, then & is pre-Schur convex on D.

The proof is obvious by Schur-Ostrowski theorem applied for D C R2.

Let 0D be a simple, closed counterclockwise curve in the xy-plane, bound-
ing a region D. Let L and M be scalar functions defined at least on an
open set containing D. Assume L and M have continuous first partial deriva-
tives. Then the following equality is well known as the Green theorem (see
https://en.wikipedia.org/wiki/ Green%27s_theorem)

” (aM(X»Q)_aL(X’y)>dxdy: j£ (Ly)dx+M(xy)dy). (G)
D
oD

0x dy

By applying this equality for real and imaginary parts, we can also state it for
complex valued functions P and Q.

Moreover, if the curve 0D is described by the function r(t) = (x (t),y (t)),
t € [a,b], with x, y differentiable on (a,b) then we can calculate the path
integral as

b
%(L(x,y)dwwx,y)dy)zj [L(x (1), y (D)% () + M (x (1), y () ()] dt.
oD
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We need the following identity that was obtained in [2].

Lemma 2 Let 0D be a simple, closed counterclockwise curve in the xy-plane,
bounding a region D. Assume that the function f : D — C has continuous
partial derivatives on the domain D. Then

1
3§l Oy ax ix—u)tuday) = [ | f0ny) axay

oD
= ;JJD Aaip (%, y) dxdy. (9)

Proof. Consider the functions

M (x,y) == (x —y) f(x,y) and L(x,y) := (x —y) f(x,y)

for (x,y) € D.
We have
d B L 0f(xy)
a[(x—y)f(x,yﬂ =f(xy)+(x—y) ™
and 3 3 (x.u)
. _ XY
@[(U—X)f(%y)] =f(xy)+y—x) oy
for (x,y) € D.

If we add these two equalities, then we get

OM (x,y) dL(x,y)
0x oy

=2f (X)y) + /\af,D (X)y) (1O>

for (x,y) € D.
If we integrate this equality on D, then we obtain

oM (x,y) 0L(x,y)
JJD< ox a dy )dxdy

= ZJJD f(x,y) dxdy +JJD Aatp (x,y) dxdy. (11)

From Green’s identity we also have

M (xy) aL(x,y)> _
“D < ox dy dxdy —ajE (L(x,y) dx + M (x,y) dy)
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= ff [(x =y)f(x,y)dx+ (x —y) f(x,y) dyl. (12)
oD

By employing (11) and (12) we deduce the desired equality (9). O

Corollary 1 With the assumptions of Lemma 2 and if the curve 0D is de-
scribed by the function v (t) = (x (t),y (t)), t € [a,b], with x, y differentiable
on (a,b), then

1 b
3 || 0=y (1 0x(0),y 1) (¢ 10+ 1) ae— [ | £x,y) dnay
= ;JJD Aaip (x,y) dxdy. (13)

The following generalization of Theorem 3 holds:

Theorem 4 Let 0D be a simple, closed counterclockwise curve in the xy-
plane, bounding a region D. Assume that the function f: D — R is pre-Schur
convex on D, then

”Df(x,y) dxdy < % jg [(x—y)f(x,y)dx+ (x—y) f(x,y)dyl.  (14)
oD

It follows by the identity (9) and the definition of pre-Schur convex functions

(8).

Remark 1 With the assumptions of Theorem /J and if the curve 0D is de-
scribed by the function v (t) = (x (t),y (t)), t € [a,b], with x, y differentiable
on (a,b), then

b
[ | fixwraxay <3 | e =y 1ix 0,y ) (¢ 0+ (1) de. (13

Corollary 2 Let D C R? be symmetric, convex and has a nonempty interior.
If ¢ is continuously differentiable on the interior of D, continuous and Schur
convex on D, then the inequality (7) holds true. If ¢ is Schur concave on D,
then the sign of inequality reverses in (7).
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Let a < b and ¢ < d. Put A = (a,c), B = (b,¢), C = (b,d), D =
(a,d) € R2 the vertices of the rectangle ABCD = [a,b] x [c,d]. Consider the
counterclockwise segments

x=(1—t)a+tb
AB: ,telo,1]

y=c
x=Db
BC: , tel0,1]
y=(1—-t)c+td
x=(1—t)b+ta
CD: , te[0,1]
y=d
and
X=a
DA : , te0,1].
y=(1—t)d+tc

Therefore 0 (ABCD) = ABUBCUCD UDA.
We have

jﬁ [(x —y) f (5, ) dx + (x— 1) f (x,y) dy]
AB

1
:(b—a)L (M—t)a+tb—c)f((1—t)a+tb,c)dt

1
:(b—a)JO (t(b—a)+a—c)f((1—1t)a+tb,c)dt,

ff; [(x —y) f(x,y)dx+ (x —y) f (x,y) dy]
BC

1
:(d—c)‘[0 (b—(1—t)c—td)f(b,(1 —t)c+td)dt

1
:(d—c)Jo (b—c—t(d—c))f(b,(1—1)c+td)dt,

3@ [(x — ) £ (x,y) dx+ (x —y) f (6, y) dy]
CD
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(1—t)b+ta—d)f

(t(a—b)+b—d)

(1=1)(a—

(d—a—t(b—a))

b)+b—

(1—t)b+ta,d)dt

f((1—t)b+ta,d)dt

f((1—t)a+tb,d)dt

fj; [(x —y) f(x,y) dx+ (x —y) f(x,y) dy]

=(a—Db)
Jo
N
=(a—"b)
Jo
N
=(a—")
Jo
N
=(b—a)
Jo
and
DA
=(c—d)
= (c—d)
=(d—¢)
Therefore

N

Jo
N

(a—td —
Jo

N

(t(d—

Jo

(a—(1—t)d—tc)f

(1—t)c)f

c)+c—a)f(a,(1—

(a,(1 —t)d + tc) dt
(a,(1—1)c+td) dt

t)c+ td) dt.

§ [(x —y) f (%, y) dx+ (x—u) f (x,y) dy]

3(ABCD)

and from (14) we get

b rd
J J f (x,y) dxdy
aJc

—_ O

~a)| @-a-t0
—o)| et

—_ O

—_ O

J] a)+a—c)f

cofsinares

((1—t)a+tb,c)dt
a))f((1—t)a+tb,d)dt
c))f(b,(1—t)c+td)dt

fa,(1—t)c+td)dt

d)f((1—t)a+tb,d)dt
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1
—I—;(d—c)J (t(d—c)+c—a)f(a,(1—t)c+td)dt, (16)

provided that the function f : [a,b] x [c,d] — R is pre-Schur convex on D =
[a,b] x [c,d].
If D = [a,b] x [a,b] = [a,b]?, then from (16) we get

1
(b— a)ZJO tf((1—t)a+tb,a)dt

N —

Jb Jb f(x,y) dxdy <

aJda
1

(b—a)zL (1—1t)f((1—1t)a+tb,b)dt

+

N —= N =

1
+ (b—a)ZJ (1—t)f(b,(1—1t)a+tb)dt

0

1
L a)ZJ tf(a,(1—t)a+tb)dt, (17)
2 0

provided that the function f: [a, b]? = R is pre-Schur convex on D = la, b2

If we make the change of variable (1 —t) a + tb = x, then dx = (b — a) dt,
t = {=5- Also for the change of variable (1 —t)c +td =y, we have dy =
(d—c)dt and t = ¥=<. From (16) we get

b rd 1 (b
J J f(x,y)dxdygj [(x —c)f(x,c)+ (d—x)f(x,d)] dx

aJc 2 a

d
+ ;J [(b—y) f(b,y) + (y—a) f(a,y)ldy, (18)

provided that f: [a,b] X [c,d] — R is pre-Schur convex on D = [a,b] x [c,d].

For c = a and d = b we get

b (b 1 (b
J J f(x,y)dxdy<2J [(x —a)f(x,a)+ (b—x)f(x,b)]dx

aJa a
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b
+lJMb—wfw&%Hy—®fMMH®>(w)

provided that the function f: [a, b]2 — R is pre-Schur convex on D = [a, b]z.
Since the vast majority of examples of Schur convex functions are defined on
the Cartesian product of intervals, we can state the following result of interest:

Corollary 3 If ¢ is continuously differentiable on the interior of D = [a, b]z,
continuous on D and Schur convex, then

1

b b 1
(b_a)ZJ J q’(x’y)dXdUSJ td (1 —t)a+tb,a)dt

aJa 0

1
+J (1=t ((1—t)a+tb,b)dt (20)
0

or, equivalently,
b

b (b b
J J d)(x,y)dxdySJ (x—a)cb(x,a)dx+J (b—x) b (x,b)dx. (21)

aJa a a

Proof. From (17) we get

] ff¢mmmw

m aJa
Srt{cb(ﬂ—t)a+tb>(1)42-<|>(a>(1—t)a"'tb)}dt
0
1
+J -1 {¢((1—t)a+tb,b);¢(b>“—t)““b)]dt. (22)
0

Since ¢ is symmetric on D = [a, b]z, hence
d(1T—t)a+tbya)=0d(a, (1 —1)a+tb)

and
d((1—t)a+tb,b)=0d (b, (1 —t)a+tb)

for all t € [0,1] and by (22) we get (20). O
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3 Lower and upper pre-Schur convexity
Start with the following extensions of pre-Schur convex functions:

Definition 2 Let D be a measurable subset of R?* and a function f: D — R
having continuous partial derivatives on D C R2.

(i) For m € R, f is called m-lower pre-Schur conver on D if

m(x —y)? < Agp (x,y) for all (x,y) € D. (23)

(ii) For M € R, f is called M-upper pre-Schur convex on D if
Aarp () < M(x—y)* for all (x,y) €D. (24)
(iii) For my M € R with m < M, f is called (m, M)-pre-Schur convex on D
if
m (x—y)? < Aorp (%, y) <M (x—y)* forall (x,y) €D.  (25)
We have the following simple result:

Proposition 1 Let D be a measurable subset of R? and a function f: D — R
having continuous partial derivatives on D C R?.

(i) For m € R, f is m-lower pre-Schur convexr on D iff f,, : D — R,
m (%, y) = f(x,y) — Im (x2 +y?) is pre-Schur convex on D.

(ii) For M € R, f is M-upper pre-Schur conver on D iff fy : D — R,
m (x,y) == %M (Xz +yz) — f(x,y) is pre-Schur convex on D.

(ii) For my M € R with m < M, f is (m, M)-pre-Schur convex on D iff fy
and fam are pre-Schur convex on D.

Proof. (i). Observe that

Aatp (%,Y) = (x —y) <6fma(;<,y afm X,y )
of
:(x—y)< E)X’U) e (ayy y)
= (x—y) <af(a7;,9) _ afé);,y) _m(x_y)>
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= Aotp (%, y) —m (x —y)?,

for all (x,y) € D, which proves the statement.
The statements (ii) and (iii) follow in a similar way. O

We have:

Theorem 5 Let 0D be a simple, closed counterclockwise curve in the xy-
plane, bounding a region D.

(i) Assume that the function f: D — R is m-lower pre-Schur convex, then

1

szJD (x —y)? dxdy (26)

45 [(x —y) f(x,y) dx + (x —y) f (x,y) dy] — ”D f (x,y) dxdy.
oD

(i) Assume that the function f: D — R is M-upper pre-Schur convex, then

% % [(x —y) f(x,y) dx + (x —y) f (x,y) dy] —”Df(x,y)dxdy (27)
oD
1

< ZMJJD (x —y)? dxdy.

(iii) Assume that the function f: D — R is (m, M)-pre-Schur convex, then

2
3 JJD (x —y)* dxdy (28)
<3 Pl =yl Ty ax s ey Fixy) dul = [ | o) dxdy
oD
1
< ZMJJD (x —y)? dxdy.

Proof. (i) Since fi, (x,y) = f(x,y) — %m (Xz + yz) is pre-Schur convex on D,
then by (14) we get

”D fm (%,y) dxdy < % ff; [(x —y) fm (x,y) dx + (x —y) fm (x,y) dy],
oD



82 S. S. Dragomir

namely
”D [ 1 2+ )} dxdy (29)
Sl%{( y){ (xy)—;m(x +y )]d
+(x—y) [ Floy)—ym (x2+yz)] dy}.
Since

JJD [f(x,y) — %m (xz—i-yz)] dxdy =

J f(x,y) dxdy
D

Nl — —

mJ JD (xz + yz) dxdy

and

% % {(x—y) [f(x,y) —%m (x2+y2>] dx

oD
+(x—y) [f(x,y) —%m (szzﬂ dy}

1

- 45 [(x —y) f (x,y) dx + (x —y) f (x,y) dy]

oD
- lmi; [(X—y) (Xz—i-yz) dx + (x —y) (x2+yz) dy} .
oD

hence by (29) we then get

;m{; i# [(x—y) (xz—i-yz) dx + (x —y) (xz—i-yz) dy}

— J JD (xz + y2> dxdy}

<5 jﬁ [(x—y)f(x,y)dx+(x—y)f(x,y)dm—” f(x,y) dxdy. (30)
oD P
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Further, if we use the identity (9) for the function g (x,y) = x* 4+ y® we get

! 2.2 2.2 2.2
ZFF[(X y) (x +y)dx+(x y) (x +y)dy} JJD (x +y)dxdy
oD
_ 1 2 _ 2
=5 || 2(x—y) dxdy = (x —y)” dxdy,
2)Jp D
which together with (30) gives the desired result (26).

The statements (ii) and (iii) follow in a similar way and we omit the de-
tails. O

Corollary 4 Assume that the function f : [a,b] x [c,d] — R is (m,M)-pre-
Schur convezx, then

b—c)—(a—c)*—(d—b)*+ (d—a)*
24

m

1 b
< ZJ [(x —c)f(x,c)+ (d—x)f(x,d)] dx

d
MR ER TR EY

4 4 4 4
_Jdef(x,y)dXdHS (b—c¢)"—(a—c¢) 2—4(d—b) +(d—a)

M. (31)

a
In particular, if [c,d] = [a,b], then

1

—m(b-—al?
12m( a)

Proof. From (28) we have

1 b pd
sz J (x —y)? dxdy

aJc
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1 b rd
<3 b Iy des oy iy dy— || fixy) dxay
3(ABCD)
1 b pd 5
< ZML L (x —y)“dxdy. (33)
Since
b d b 3 3
J J (x—y)zdxdy:J [(d x) —;(X c) ]dx
_b—o)t—(a—c)*~(d-b)*+(d—a)
N 12 ’
hence by (33) we get (31). O

4 Related results on symmetric domains

We have:

Lemma 3 Iff: D — C is differentiable on the convex domain D, then for all
(x,y), (u,v) € D we have the equality

Flv) = £ (o u) + (=) 55 (xw) + 0 =) 3 (x,y)

1
+ (u—x)J (af [t (w,v) + (1 —1) (x,y)] — ﬁ (x,y)) dt

0 0x ox
1

+W—MJ

(aaf t(wyv) + (1— ) (o y)) — F (w)) at. (34)
0 Y

oy
Proof. By Taylor’s multivariate theorem with integral remainder, we have

' of
f(u,v) =1 (x,y) + (u—x) L I [t (w,v) + (1 —1) (x,y)] dt
T af
T (v—y)L o L)+ (1= 0 (xylar (35)

for all (x,y), (u,v) € D.
Since

1
| (af fe (1, v) + (1= 1) ()] — OF (w)) at

0 \0x 0x
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1
—(u=x) [ ity (-0 k)l de- (x5 (4

0 X aix
and
1
(v—y)L (;’; ft (1,v) + (1) (x, )] — ;j (x,y)) at
1
- (”_‘-”L 2; [t (w,v) + (1— 1) (x,y)] dt—(v—y);’;(x,y),
hence by (35) we get the desired result (34). O

Corollary 5 With the assumptions of Lemma 3 and if D is symmetric, then
for all (x,y) € D we have

Flux) = flxu+ =) (51w = o (uy)

1
iy =0 [ (G0 +0-0mul- 3 () at

1
—(y—x) JO (aa; ft (y,x) + (1— 1) (x, )] — aa; (w)) dt (36)

or, equivalently,
/\af,D (va) =f (X>y) - f(y,x)

1
iy =) | (L 00 )= 5 ) at

1
—y—x) L <§; [t (y,x) + (1 — ) (xyy)] — aa; (x,y)) dt. (37)

We also have:

Corollary 6 With the assumptions of Lemma 3 and if D is symmetric, then

JJ Aat,p (x,y) dxdy
D

1/ of o
:”D (y—x) (L <ax (ty+(1—t)x,tx+ (1 —t)y) — I (X,y)) dt) dxdy

/of of
—JJD (y—x) <L (E)y (ty+ (1 —t)x,tx+(1—t)y) — @ (x,y)> dt> dxd?. |
38
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The identity (38) follows by integrating (37) on D and observing that

JJD f(x,y) dxdy = JJD f (y,x) dxdy

since D is symmetric.
We assume that the partial derivatives g—:, g—; satisfy the Lipschitz type
conditions

of of
_ < _ _
'ax (x,y) ™ (W) <Lix—ul+Kyly—v| (39)
and of of
2 _= < _ _ 4
‘ay (x,y) o (w, V)| < Lylx —ul+ Ky ly — v (40)

for any (x,y), (u,v) € D, where L;, Ky, L, and K; are given positive constants.

Theorem 6 If f: D — C is diﬁerentmble on the convexr symmetric domain

D and the partial derivatives 2f, 9 satzsfy the Lipschitz type conditions (39)

and (40), then o
UJ Aaip (%,Y) dXdU‘ < % (L1 + Ky + L2 +Ky) JJ (y—x)*dxdy. (41)
D D

Proof. From the representation (38) we get

UJ Aot (%, Y) dxdy‘
D

SUJ <J <af ty+ (1 —t)x,tx+(1—t)y) — gi (x,y)) dt> dxdy‘
|

+‘”D (y—x) ( 0 <; (ty+ (1 —t)xtx+(1—t)y) — ,2; (x,y)> dt> dxdy'

of of
I (ty+ (1 —t)x,tx+ (1 —t)y) — ™ (x,y)) dt> ‘ dxdy

] <y (ty+ (1 —t)x,tx+ (1 —t)y) — ;j (x,y)) dt> ‘ dxdy

(ty+ (1 —t)x, tx+ (1 t)y)gi(x,y)‘ dt) dxdy

(ty+ (1 —t)x,tx+(1—t)y) — g; (x,y)’ dt) dxdy = M.
(42)
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Since the partial derivatives %, SL satisfy the Lipschitz type conditions (39)

and (40), hence

)

1
§J Lity+ (1 —t)x—x|+Kytx + (1 —t)y —y|) dt
0

of

I (ty+ (1 —t)x,tx+ (1 —-t)y) —

f
5 (o) a

! 1

1
1 |y—x|J tdt + Ky y—x|J tdt = 3 (L +Ki)ly —
0 0

and, similarly,

)

f

@(url—(] 1) x, tx+(1—t)y)—(x,y)‘dt
1
E (L +K2) [y —x|.
Therefore

M <2, +K1)HD (y—x)? dXder;(LerKz)JJ (y — %)% dxdy

D

N\—‘N\—*

(L + K4 +L2+K2)JJ (y —X)z dxdy
D

and by (42

~—

we get the desired result (41). O

Corollary 7 Assume that f : D — R is twice diﬁerentzz'ablez on the convex
o<f 0o°f 92f
and

symmetric domain D and the second partial derivatives 37, W axay @re
bounded on D. Put
il = sup ot (%) ot = sup aZf( y)‘
X {po (ryiep | 0% YD lay? " (xyep [0Y? »
and
‘ o*f _ o*f (x,y)
XY |[poo  (xy)eD | OXOY [l
then
], Aoro txul axay (43)
1 /] 0%f 0%f 0%f 2
< [ ]|== — dxdy.
~ 2 <' ox? D,oc0 ’ axay D,oc0 H > D (y X) W
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We have the following reverse inequality for pre-Schur convex functions:

Corollary 8 Assume that f : D — R is twice differentiable on the convex

. ) . S a’f  9%f 22f
symmetric domain D and the second partial derivatives 37, FIvES and axay are

bounded on D. If f is also pre-Schur convex on D then

0< ! jg [(x —y)f(x,y) dx + (x —y) f(x,y) dyl —JJD”XJJ) dxdy  (44)
o*f

2
+ x> Jj(y—xfdmm.
D,00 H oy? D,oo> D

oD
The proof follows by the identity (9) and the inequality (43) applied for the

1 < G

< —

—4
pre-Schur convex function f.

0xay

o%f
ox?

D,oc0 I

Remark 2 Assume that f: [q, bl = R is twice differentiable and the second
partial derivatives 272;, %}c and a?jaz are bounded on [a, b)2. If f is also pre-

Schur convex on [a, b]z then

1 b
0< ZJ [(x—a)f(x,a)+ (b—x)f(x,b)] dx

1 b b rb
3] vt -y - | [ ey axy

a aJa
1
< —
_24<'

5 Examples for disks

%t

o%f H
la,b)2,00 dy?

0x0y

o
ox?2

) (b—a)*. (45)

la,b]?,00 ’ la,b]?,00

We consider the closed disk D (O, R) centered in O (0,0) and of radius R > 0.
This is parametrized by

X =T1cosb
, T€[0,R], 0¢€[0,2m]
Yy =71sin0

and the circle C (O, R) is parametrized by

x = Rcos©
, 0¢[0,2m].
Yy = Rsin0d
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Observe that, if ¢ : D (O,R) — R, then

} [ —y) & (x,y) dx + (x —y) & (x,y) dy]
C(O,R)

27t
= —J R(Rcos® —Rsin0)sin0¢ (RcosB,Rsin0) dO
0

27
—l—J R(Rcos® — Rsin0) cos0¢ (Rcos O, Rsin 0) d6
0

27T
= RZJ ¢ (RcosB,Rsin0) (cos B — sin 9)2 de.
0

Also, we have

27

R
JJ d)(x,y)dxdy:J J ¢ (rcosH, rsinB) rdrdo
D(O,R) 0 Jo

and

R p2m
” (x—y)zdxdy:JJ (Rcos @ — Rsin 0)% rdrd6
D(O,R) 0 Jo

1 27T
= R4J (cose—sime)2 de
2 Jo

1 27t
:2R4J (1 —2sin6 cos0) d® = mR*.
0

Using Theorem 8 we can state the following result:

Proposition 2 Assume that f: D (O,R) — R is twice differentiable on the

convex symmetric domain D (O, R) and the second partial derivatives g—i}c, 3722
a}zld a?ja; are bounded on D (O,R). If f is also pre-Schur convex on D (O,R),
then

1 27
0< ZRZ L ¢ (RcosB, Rsin0) (cos® — sin 6)2 de

niR* (’

R r2m
—J J ¢ (rcosB, rsin0) rdrdo
0 Jo

o%f
ox2

o%f
0x0y

o
oy?

<

Iy

. (46)
D(O,R),00

D(O,R),00 ‘ D(O,R),c0 ‘
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