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In mathematical analysis theory of inequalities has considerable influence due to its massive utility in various 
fields of physical sciences. These are investigated via multiple approaches to acquire more precise and rectified 
forms of already celebrated consequences. Integral inequalities are investigated to compute the error bounds 
for quadrature schemes. Among all of them, one is Hermite-Hadamard inequality, which has mighty efficacy. 
Numerous generalizations have been proposed in the literature based on different novel and innovative 
procedures. In recent years, Bullen inequality has been very commonly studied inequality. The main objective 
of our progressive study is to establish a new set of Bullen-type inequalities concerning the Jensen-Mecer 
inequality. For the completion of the current investigation, we derive a new general Bullen-Mecer equality, 
which is beneficial to achieve our primary consequences. Furthermore, Considering the Bullen-Mecer equation, 
we employ the convexity property together with famous Hölder’s type and Young’s inequalities, bounding, and 
Lipschitz characteristics of functions to conclude new variants of generalized upper bounds of Bullen inequality. 
Also, we deliver some applications of outcomes to means, special functions, error bounds, and iterative methods 
to solve non-linear problems. Lastly, we verify our findings through various simulations. The advantage of the 
current study is that several results concerning Bullen’s inequality can be retrieved from our proposed results 
and various new results can be achieved by choosing the values for 𝛾 and 𝛿. By utilizing the similar technique 
that we have adopted new iterative schemes can be established from integral inequalities.

1. Introduction

A set  ⊂ℝ is said to be a convex if

(1 −𝜔)𝜌1 +𝜔𝜌2 ∈ , ∀𝜌1, 𝜌2 ∈ ,𝜔 ∈ [0,1].

Likewise, a function Ψ ∶  →ℝ is considered convex if

Ψ((1 −𝜔)𝜌1 +𝜔𝜌2) ≤ (1 −𝜔)Ψ(𝜌1) +𝜔Ψ(𝜌2), ∀𝜌1, 𝜌2 ∈ ,𝜔 ∈ [0,1].

For more details, see [1].

The notion of convexity has been extensively applied to establish integral inequalities. We revisit a well-known inequality, which is described in 
[2] as:
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If Ψ ∶  ⊆ℝ →ℝ is a convex function, then

Ψ
(
𝜌1 + 𝜌2

2

)
≤ 1
𝜌2 − 𝜌1

𝜌2

∫
𝜌1

Ψ(𝛿)d𝛿 ≤ Ψ(𝜌1) + Ψ(𝜌2)
2

.

Now we present another famous result due to Jensen, which generalizes the idea of convex mappings and is described in [2] as: Suppose Ψ is a 
convex mapping defined on [𝜌1, 𝜌2], then for any 𝛿𝑖 ∈ [𝜌1, 𝜌2] and 𝜇𝑖 ∈ [0, 1], with 𝑖 = 1, 2, … , 𝑛 and 

∑𝑛

𝑖=1 𝜇𝑖 = 1, the following inequality holds:

Ψ

(
𝑛∑
𝑖=1

𝜇𝑖𝛿𝑖

)
≤

𝑛∑
𝑖=1

𝜇𝑖Ψ(𝛿𝑖).

For more details, see [3].

In 2004, Mercer [4] established an improved version of Jensen’s inequality which is described as follows:

If Ψ ∶ [𝜌1, 𝜌2] →ℝ is a convex function and 𝜌1 < 𝛿 < 𝛾 < 𝜌2, then the following inequality holds:

Ψ

(
𝜌1 + 𝜌2 −

𝑛∑
𝑖=1

𝜇𝑖𝛿𝑖

)
≤Ψ(𝜌1) + Ψ(𝜌2) −

𝑛∑
𝑖=1

𝜇𝑖Ψ(𝛿𝑖).

Integral inequalities are considered from numerous perspectives, but one of its areas is linked with error estimations of commonly studied quadrature 
and cubature rules.

In [5] Bullen explored another Hermite-Hadamard type inequality, which is regarded as Bullen’s inequality, Suppose Ψ ∶ [𝜌1, 𝜌2] →ℝ be a convex 
mapping then

1
𝜌2 − 𝜌1

𝜌2

∫
𝜌1

Ψ(𝑢)d𝑢 ≤ 1
2

[
Ψ
(
𝜌1 + 𝜌2

2

)
+

Ψ(𝜌1) + Ψ(𝜌2)
2

]
.

In recent many notable developments regarding this inequality have been established in the literature. This inequality provides the error bounds for 
the remainder of Bullen quadrature schemes. The main purpose of investigating such types of inequalities is to predict more accurate and strong 
bounds of error terms. In [6,7] Cakmak derived different fractional error estimates via various classes of convexity and also examined the Bullen-like 
variants involving conformable fractional operators and convex mappings. Erden and Sarikaya [8] explored the Bullen-like inequalities within the 
fractal domain. In [9] authors have successfully utilized the unified fractional operators to construct new bounds for Bullen results. Zhao et al. 
[10] visualized the fractional versions of Bullen result based on another general identity. Hezenci and his colleagues [11] studied the Bullen-type 
inequalities involving conformable integral operators. In [12] Boulares and his fellows obtained new fractional multiplicative counterparts of Bullen 
inequality in associated with convex functions. In [13] Agarwal and Tomar utilized the general family of fractional operators approach to extend 
Hadamard’s type integral inequalities. In [14] Agarwal explored the trapezium-like inequalities in the setting of 𝑘-fractional operators. Ali et al. [15]

explored the new quantum estimates for Simpson’s and Newton’s quadrature schemes through preinvex mappings. For more detail see [16–19].

We recollect some Hölders type inequalities, which will play a crucial role in the development of better bounds.

Theorem 1.1. (Hölder’s Inequality [20]). Let Ψ, Φ ∶ [𝜌1, 𝜌2] → 𝕕𝑢 and |Ψ|𝑝, |Φ|𝑞 ∈𝐿[𝜌1, 𝜌2] with 1
𝑝
+ 1

𝑞
= 1, then

𝜌2

∫
𝜌1

|Ψ(𝑢)Φ(𝑢)|d𝑢 ≤ ⎛⎜⎜⎝
𝜌2

∫
𝜌1

|Ψ(𝑢)|𝑝⎞⎟⎟⎠
1
𝑝 ⎛⎜⎜⎝

𝜌2

∫
𝜌1

|Φ(𝑢)|𝑞d𝑢⎞⎟⎟⎠
1
𝑞

.

Theorem 1.2. (Improved Hölder’s Inequality [20]). Let Ψ, Φ ∶ [𝜌1, 𝜌2] → 𝕕𝑢 and |Ψ|𝑝, |Φ|𝑞 ∈𝐿[𝜌1, 𝜌2] with 1
𝑝
+ 1

𝑞
= 1, then

𝜌2

∫
𝜌1

|Ψ(𝑢)Φ(𝑢)|d𝑢 ≤ 1
𝜌2 − 𝜌1

⎛⎜⎜⎝
𝜌2

∫
𝜌1

|(𝜌2 − 𝑢)Ψ(𝑢)|𝑝⎞⎟⎟⎠
1
𝑝 ⎛⎜⎜⎝

𝜌2

∫
𝜌1

(𝜌2 − 𝑢)|Φ(𝑢)|𝑞d𝑢⎞⎟⎟⎠
1
𝑞

+ 1
𝜌2 − 𝜌1

⎛⎜⎜⎝
𝜌2

∫
𝜌1

|(𝑢− 𝜌1)Ψ(𝑢)|𝑝⎞⎟⎟⎠
1
𝑝 ⎛⎜⎜⎝

𝜌2

∫
𝜌1

(𝑢− 𝜌1)|Φ(𝑢)|𝑞d𝑢⎞⎟⎟⎠
1
𝑞

.

Theorem 1.3. (Power mean’s Inequality [20]). Let Ψ, Φ ∶ [𝜌1, 𝜌2] → 𝕕𝑢 and |Ψ|𝑝, |Φ|𝑞 ∈𝐿[𝜌1, 𝜌2] with 1
𝑝
+ 1

𝑞
= 1, then

𝜌2

∫ |Ψ(𝑢)Φ(𝑢)|d𝑢 ≤ ⎛⎜⎜
𝜌2

∫ |Ψ(𝑢)|⎞⎟⎟
1− 1

𝑞 ⎛⎜⎜
𝜌2

∫ |Ψ(𝑢)||Φ(𝑢)|𝑞d𝑢⎞⎟⎟
1
𝑞

.

16

𝜌1 ⎝𝜌1 ⎠ ⎝𝜌1 ⎠
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Theorem 1.4. (Improved power mean’s Inequality [21]). Let Ψ, Φ ∶ [𝜌1, 𝜌2] → 𝕕𝑢 and |Ψ|𝑝, |Φ|𝑞 ∈𝐿[𝜌1, 𝜌2] with 1
𝑝
+ 1

𝑞
= 1, then

𝜌2

∫
𝜌1

|Ψ(𝑢)Φ(𝑢)|d𝑢 ≤ 1
𝜌2 − 𝜌1

⎛⎜⎜⎝
𝜌2

∫
𝜌1

|(𝜌2 − 𝑢)Ψ(𝑢)|⎞⎟⎟⎠
1− 1

𝑞 ⎛⎜⎜⎝
𝜌2

∫
𝜌1

(𝜌2 − 𝑢)|Ψ(𝑢)||Φ(𝑢)|𝑞d𝑢⎞⎟⎟⎠
1
𝑞

+ 1
𝜌2 − 𝜌1

⎛⎜⎜⎝
𝜌2

∫
𝜌1

|(𝑢− 𝜌1)Ψ(𝑢)|⎞⎟⎟⎠
1
𝑝 ⎛⎜⎜⎝

𝜌2

∫
𝜌1

(𝑢− 𝜌1)|Ψ(𝑢)||Φ(𝑢)|𝑞d𝑢⎞⎟⎟⎠
1
𝑞

.

First time, Ogulmus et al. [22] examined trapezoidal type inequalities involving Mercer-type inequality and the classical Riemann-Liouville 
fractional operators. Iscan et al. [23] explored the idea of [22] by making weight functions. Finally, You et al. [24] studied the Hermite-Hadamard-

Mercer type inequalities invoking the idea of harmonic convex functions.

Cortez et al. [25] computed the Hermite-Hadamard-Mercer type inequalities incorporated with the general version of Mercer inequality for 
convex functions and 𝑘 fractional variants along with their applications. Butt et al. [26] implemented the Mercer inequality and unified integral 
operator concerning a monotone function to establish some counterparts of Ostrowski’s Inequality. Recently, in 2022, Faisal et al. [27] investigated 
both the continuous and discrete form of Hermite-Hadamard-Mercer type inequalities in the setting of majorization theory and Mercer inequality 
proposed by Neizgoda. In [28], Bin-Mohsin et al. analyzed some strong bounds of trapezoidal-Mercer inequality from the perspective of fractional 
calculus. In 2022, Liu et al. [29] concluded some fractional variants of Mercer-type inequalities implementing the notion of convex mappings and 
AB-integral operators. Moreover, Budak et al. [30] computed the error bounds of Milne inequality in a fractional form involving convex mappings 
and conducted numeric verifications and simulations. Recently, Meftah et al. [31] analyzed the error estimation of the Milne formula in the fractal 
domain via generalized convexity. Ali et al. [32] explored new fractional equivalents of Milnes-formula through convex mappings. Also, in [33]

authors investigated the Milne-Mercer type schemes in the context of quantum calculus. For more details, see [34], [35], and [36].

The main motivation of this paper is that we will establish some new generalizations of classical Bullen’s type inequalities involving the idea 
of Jensen-Mercer inequality for convex functions and some novel applications to numerical analysis and special functions. To achieve our desired 
outcomes, we have divided our study into four sections. In the first section, we recollect some essential notions and facts that are fruitful for further 
investigation. The second section consists of primary findings. To prove our main results, first, we establish a new equation named Bullen-Mercer 
identity and by taking into account the Bullen-Mercer identity together with a discrete form of Jensen-Mercer inequality aided with several well-

known inequalities, we will acquire new estimates of Bullen-type inequalities. In the next part, we present some interesting and novel applications 
to special means, error bounds, special functions, and especially iterative methods to solve non-linear problems. Finally, in the last section, we will 
present some graphical analysis to verify the correctness of our primary outcomes.

2. Main results

Lemma 2.1. Suppose that Ψ ∶ [𝜌1, 𝜌2] →ℝ be differentiable functions over (𝜌1, 𝜌2) with 𝜌1 < 𝛿 < 𝛾 < 𝜌2. Then,

𝑍(𝜌1, 𝜌2, 𝛿, 𝛾) =
(𝛾 − 𝛿)

8

⎡⎢⎢⎣
1

∫
0

(1 − 2𝜔)Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)
d𝜔

−

1

∫
0

(1 − 2𝜔)Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)
d𝜔
⎤⎥⎥⎦ , (2.1)

where

𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)

= 1
2

[
Ψ(𝜌1 + 𝜌2 − 𝛿) + Ψ(𝜌1 + 𝜌2 − 𝛾)

2
+ Ψ

(
𝜌1 + 𝜌2 −

𝛿 + 𝛾
2

)]
− 1
𝛾 − 𝛿

𝜌1+𝜌2−𝛿

∫
𝜌1+𝜌2−𝛾

Ψ(𝑢)d𝑢.

Proof. Considering the right hand side of (2.1),

𝐼 = (𝛾 − 𝛿)
8

⎡⎢⎢⎣
1

∫
0

(1 − 2𝜔)Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)
d𝜔

+

1

∫
0

(2𝜔− 1)Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)
d𝜔
⎤⎥⎥⎦

= (𝛾 − 𝛿)
8

[
𝐼1 + 𝐼2

]
, (2.2)

where

𝐼1 =

1

(1 − 2𝜔)Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
𝛿 − 1 +𝜔

𝛾

)
d𝜔.
17

∫
0

2 2
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Now implementing the integration by parts in the above relation, we obtain

𝐼1 =
−2(1 − 2𝜔)

𝛾 − 𝛿
Ψ
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)|||10 − 4
𝛾 − 𝛿

1

∫
0

Ψ
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)
d𝜔

= 2
(𝛾 − 𝛿)

[
Ψ(𝜌1 + 𝜌2 − 𝛾) + Ψ

(
𝜌1 + 𝜌2 −

𝛿 + 𝛾
2

)]
− 8

(𝛾 − 𝛿)2

𝜌1+𝜌2−
𝛿+𝛾
2

∫
𝜌1+𝜌2−𝛾

Ψ(𝑢)d𝑢.

Similarly,

𝐼2 =

1

∫
0

(2𝜔− 1)Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)
d𝜔

= 2
(𝛾 − 𝛿)

[
Ψ(𝜌1 + 𝜌2 − 𝛿) + Ψ

(
𝜌1 + 𝜌2 −

𝛿 + 𝛾
2

)]
− 8

(𝛾 − 𝛿)2

𝜌1+𝜌2−𝛿

∫
𝜌1+𝜌2−

𝛿+𝛾
2

Ψ(𝑢)d𝑢.

Inserting the values of 𝐼1 and 𝐼2, in (2.2), we attain the required identity. □

3. Bounds for Bullen-Mercer type inequalities

Theorem 3.1. Under the assumptions of Lemma 2.1. If |Ψ′| is a convex function, then

|𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)| ≤ (𝛾 − 𝛿)
8

[|Ψ′(𝜌1)|+ |Ψ′(𝜌2)|− |Ψ′(𝛿)|+ |Ψ′(𝛾)|
2

]
.

Proof. Implementing the modulus property to Lemma 2.1 and then utilizing the convexity characteristic of the function |Ψ′|,
|𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)|
≤ (𝛾 − 𝛿)

8

⎡⎢⎢⎣
1

∫
0

|1 − 2𝜔|{||||Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)||||+ ||||Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)||||
}

d𝜔
⎤⎥⎥⎦

≤ (𝛾 − 𝛿)
8

⎡⎢⎢⎢⎣
1
2

∫
0

(1 − 2𝜔)
{||||Ψ′

(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)||||+ ||||Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)||||
}

d𝜔

+

1

∫
1
2

(2𝜔− 1)
{||||Ψ′

(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)||||+ ||||Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)||||
}

d𝜔
⎤⎥⎥⎥⎦

≤ (𝛾 − 𝛿)
8

⎡⎢⎢⎢⎣
1
2

∫
0

(1 − 2𝜔)
{
2(|Ψ′(𝜌1) + |Ψ′(𝜌2)|) − |Ψ′(𝛿) − |Ψ′(𝛾)|}d𝜔

+

1

∫
1
2

(2𝜔− 1)
{
2(|Ψ′(𝜌1) + |Ψ′(𝜌2)|) − |Ψ′(𝛿) − |Ψ′(𝛾)|}d𝜔⎤⎥⎥⎥⎦

≤ (𝛾 − 𝛿)
8

⎡⎢⎢⎢⎣
1
2

∫
0

2(1 − 2𝜔)
{
2(|Ψ′(𝜌1) + |Ψ′(𝜌2)|) − |Ψ′(𝛿) − |Ψ′(𝛾)|}d𝜔

+

1

∫
0

(2𝜔− 1)
{
2(|Ψ′(𝜌1) + |Ψ′(𝜌2)|) − |Ψ′(𝛿) − |Ψ′(𝛾)|}d𝜔⎤⎥⎥⎦

= (𝛾 − 𝛿)
8

[|Ψ′(𝜌1)|+ |Ψ′(𝜌2)|− |Ψ′(𝛿)|+ |Ψ′(𝛾)|
2

]
.

18

Hence the proof is completed. □
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Corollary 3.1. By specifying 𝛾 = 𝜌1+2𝜌2
3 and 𝛿 = 2𝜌1+𝜌2

3 in Theorem 3.1, then we have

1
2

⎡⎢⎢⎢⎣
Ψ
(
2𝜌1+𝜌2

3

)
+Ψ

(
𝜌1+2𝜌2

3

)
2

+Ψ
(
𝜌1 + 𝜌2

2

)⎤⎥⎥⎥⎦−
3

𝜌2 − 𝜌1

𝜌1+2𝜌2
3

∫
2𝜌1+𝜌2

3

Ψ(𝑢)d𝑢

=
𝜌2 − 𝜌1
48

[|Ψ′(𝜌1)|+ |Ψ′(𝜌2)|].
Remark 3.1. By specifying 𝛾 = 𝜌2 and 𝛿 = 𝜌1 in Theorem 3.1, then we obtain the following result obtained in [37].

1
2

[
Ψ(𝜌1) + Ψ(𝜌2)

2
+Ψ

(
𝜌1 + 𝜌2

2

)]
− 1
𝜌2 − 𝜌1

𝜌2

∫
𝜌1

Ψ(𝑢)d𝑢

=
𝜌2 − 𝜌1
16

[|Ψ′(𝜌1)|+ |Ψ′(𝜌2)|].
Remark 3.2. We can obtain several new and novel integral inequalities by specifying various other values for 𝛾 and 𝛿.

Theorem 3.2. Assume that all the conditions of Lemma 2.1 hold. If |Ψ′|𝑞 is convex function, then

|𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)|
≤ (𝛾 − 𝛿)

8

(
1

𝑝+ 1

) 1
𝑝

[(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 1
4
|Ψ′(𝛿)|𝑞 − 3

4
|Ψ′(𝛾)|𝑞) 1

𝑞

+
(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 3

4
|Ψ′(𝛿)|𝑞 − 1

4
|Ψ′(𝛾)|𝑞) 1

𝑞

]
,

where 1
𝑝
+ 1

𝑞
= 1.

Proof. Implementing the modulus property and Hölder’s inequality to Lemma 2.1 and then utilizing the convexity characteristic of the function |Ψ′|𝑞 , we have

|𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)|
≤ (𝛾 − 𝛿)

8

⎡⎢⎢⎣
1

∫
0

|1 − 2𝜔|{||||Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)||||+ ||||Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)||||
}

d𝜔
⎤⎥⎥⎦

≤ (𝛾 − 𝛿)
8

⎛⎜⎜⎝
1

∫
0

|1 − 2𝜔|𝑝d𝜔⎞⎟⎟⎠
1
𝑝 ⎡⎢⎢⎢⎣
⎛⎜⎜⎝

1

∫
0

||||Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)||||𝑞 d𝜔
⎞⎟⎟⎠
1
𝑞

+
⎛⎜⎜⎝

1

∫
0

||||Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)||||𝑞 d𝜔
⎞⎟⎟⎠
1
𝑞 ⎤⎥⎥⎥⎦

≤ (𝛾 − 𝛿)
8

(
1

1 + 𝑝

) 1
𝑝

⎡⎢⎢⎢⎣
⎛⎜⎜⎝

1

∫
0

(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 1 −𝜔
2

|Ψ′(𝛿)|𝑞 − 1 +𝜔
2

|Ψ′(𝛾)|𝑞)d𝜔⎞⎟⎟⎠
1
𝑞

+
⎛⎜⎜⎝

1

∫
0

(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 1 +𝜔
2

|Ψ′(𝛿)|𝑞 − 1 −𝜔
2

|Ψ′(𝛾)|𝑞)d𝜔⎞⎟⎟⎠
1
𝑞 ⎤⎥⎥⎥⎦

= (𝛾 − 𝛿)
8

(
1

1 + 𝑝

) 1
𝑝

[(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 1
4
|Ψ′(𝛿)|𝑞 − 3

4
|Ψ′(𝛾)|𝑞) 1

𝑞

+
(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 3

4
|Ψ′(𝛿)|𝑞 − 1

4
|Ψ′(𝛾)|𝑞) 1

𝑞

]
,

19

where
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1

∫
0

|1 − 2𝜔|𝑝d𝜔 =

1
2

∫
0

(1 − 2𝜔)𝑝d𝜔+

1

∫
1
2

(2𝜔− 1)𝑝d𝜔 = 1
1 + 𝑝

.

Hence, we acquire our required result. □

Theorem 3.3. Assume that all the conditions of Lemma 2.1 hold. If |Ψ′|𝑞 is convex function, then

|𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)|
≤ (𝛾 − 𝛿)

8

(1
2

)1− 1
𝑞
⎡⎢⎢⎣
( |Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞

4
− 1

8
|Ψ′(𝛿)|𝑞 − 3

8
|Ψ′(𝛾)|𝑞) 1

𝑞

+
(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞

4
− 3

8
|Ψ′(𝛿)|𝑞 − 1

8
|Ψ′(𝛾)|𝑞) 1

𝑞
⎤⎥⎥⎦ ,

where 𝑞 ≥ 1.

Proof. Implementing the modulus property and Power mean’s inequality on Lemma 2.1 and then utilizing the convexity characteristic of the 
function |Ψ′|𝑞 , we have

|𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)|
≤ (𝛾 − 𝛿)

8

⎡⎢⎢⎣
1

∫
0

|1 − 2𝜔|{||||Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)||||+ ||||Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)||||
}

d𝜔
⎤⎥⎥⎦

≤ (𝛾 − 𝛿)
8

⎛⎜⎜⎝
1

∫
0

|1 − 2𝜔|d𝜔⎞⎟⎟⎠
1− 1

𝑞 ⎡⎢⎢⎢⎣
⎛⎜⎜⎝

1

∫
0

|1 − 2𝜔| ||||Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)||||𝑞 d𝜔
⎞⎟⎟⎠
1
𝑞

+
⎛⎜⎜⎝

1

∫
0

|1 − 2𝜔| ||||Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)||||𝑞 d𝜔
⎞⎟⎟⎠
1
𝑞 ⎤⎥⎥⎥⎦

≤ (𝛾 − 𝛿)
8

(1
2

)1− 1
𝑞

⎡⎢⎢⎢⎣
⎛⎜⎜⎝

1

∫
0

|1 − 2𝜔| (|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 1 −𝜔
2

|Ψ′(𝛿)|𝑞 − 1 +𝜔
2

|Ψ′(𝛾)|𝑞)d𝜔⎞⎟⎟⎠
1
𝑞

+
⎛⎜⎜⎝

1

∫
0

|1 − 2𝜔| (|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 1 +𝜔
2

|Ψ′(𝛿)|𝑞 − 1 −𝜔
2

|Ψ′(𝛾)|𝑞)d𝜔⎞⎟⎟⎠
1
𝑞 ⎤⎥⎥⎥⎦

= (𝛾 − 𝛿)
8

(1
2

)1− 1
𝑞
⎡⎢⎢⎣
( |Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞

4
− 1

8
|Ψ′(𝛿)|𝑞 − 3

8
|Ψ′(𝛾)|𝑞) 1

𝑞

+
(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞

4
− 3

8
|Ψ′(𝛿)|𝑞 − 1

8
|Ψ′(𝛾)|𝑞) 1

𝑞
⎤⎥⎥⎦ .

Which is the required result. □

Theorem 3.4. Assume that all the conditions of Lemma 2.1 hold. If |Ψ′|𝑞 and |Ψ′|𝑝 are convex functions, then

|𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)| ≤ (𝛾 − 𝛿)
8

[
2

𝑝(𝑝+ 1)
+

2
(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞)

𝑞
− |Ψ′(𝛿)|𝑞 + |Ψ′(𝛾)|𝑞

𝑞

]
,

where 1
𝑝
+ 1

𝑞
= 1.

Proof. Implementing the modulus property and Young’s inequality on Lemma 2.1 and then utilizing the convexity characteristic of the functions |Ψ′|𝑝 and |Ψ′|𝑞 , we have
20

|𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)|
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≤ (𝛾 − 𝛿)
8

⎡⎢⎢⎣
1

∫
0

|1 − 2𝜔| ||||Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)||||d𝜔
+

1

∫
0

|1 − 2𝜔| ||||Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)||||d𝜔
⎤⎥⎥⎦

≤ (𝛾 − 𝛿)
8

⎡⎢⎢⎢⎣
1

∫
0

⎛⎜⎜⎜⎝
|1 − 2𝜔|𝑝

𝑝
+

||||Ψ′
(
𝜌1 + 𝜌2 −

1−𝜔
2 𝛿 − 1+𝜔

2 𝛾

)||||𝑞
𝑞

⎞⎟⎟⎟⎠d𝜔

+

1

∫
0

⎛⎜⎜⎜⎝
|1 − 2𝜔|𝑝

𝑝
+

||||Ψ′
(
𝜌1 + 𝜌2 −

1+𝜔
2 𝛿 − 1−𝜔

2 𝛾

)||||𝑞
𝑞

⎞⎟⎟⎟⎠d𝜔
⎤⎥⎥⎥⎦

≤ (𝛾 − 𝛿)
8

⎡⎢⎢⎢⎣2
1

∫
0

|1 − 2𝜔|𝑝
𝑝

d𝜔+

1

∫
0

⎛⎜⎜⎜⎝
||||Ψ′

(
𝜌1 + 𝜌2 −

1−𝜔
2 𝛿 − 1+𝜔

2 𝛾

)||||𝑞
𝑞

+

||||Ψ′
(
𝜌1 + 𝜌2 −

1+𝜔
2 𝛿 − 1−𝜔

2 𝛾

)||||𝑞
𝑞

⎞⎟⎟⎟⎠d𝜔
⎤⎥⎥⎥⎦

≤ (𝛾 − 𝛿)
8

⎡⎢⎢⎣ 2
𝑝(1 + 𝑝)

+

1

∫
0

⎛⎜⎜⎝
|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 1−𝜔

2 |Ψ′(𝛿)|𝑞 − 1+𝜔
2 |Ψ′(𝛾)|𝑞

𝑞

+
|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 1+𝜔

2 |Ψ′(𝛿)|𝑞 − 1−𝜔
2 |Ψ′(𝛾)|𝑞

𝑞

⎞⎟⎟⎠d𝜔
⎤⎥⎥⎦

= (𝛾 − 𝛿)
8

[
2

𝑝(𝑝+ 1)
+

2
(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞)

𝑞
− |Ψ′(𝛿)|𝑞 + |Ψ′(𝛾)|𝑞

𝑞

]
.

This completes the proof. □

Theorem 3.5. Assume that all the conditions of Lemma 2.1 hold. If |Ψ′|𝑞 is convex function, then

|𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)|
≤ (𝛾 − 𝛿)

8

(
1

2(𝑝+ 1)

) 1
𝑝
⎡⎢⎢⎣
( |Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞

2
− 1

6
|Ψ′(𝛿)|𝑞 − 1

3
|Ψ′(𝛾)|𝑞) 1

𝑞

+
(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞

2
− 1

3
|Ψ′(𝛿)|𝑞 − 1

6
|Ψ′(𝛾)|𝑞) 1

𝑞

+
(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞

2
− 1

12
|Ψ′(𝛿)|𝑞 − 5

12
|Ψ′(𝛾)|𝑞) 1

𝑞

+
(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞

2
− 5

12
|Ψ′(𝛿)|𝑞 − 1

12
|Ψ′(𝛾)|𝑞) 1

𝑞
⎤⎥⎥⎦ ,

where 1
𝑝
+ 1

𝑞
= 1.

Proof. Implementing the modulus property and Holder-Iscan’s inequality to Lemma 2.1 and then utilizing the convexity characteristic of the 
function |Ψ′|𝑞 , we have

|𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)|
≤ (𝛾 − 𝛿)

8

⎡⎢⎢⎣
1

∫
0

|1 − 2𝜔| ||||Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)||||d𝜔
+

1 |1 − 2𝜔| |||Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
𝛿 − 1 −𝜔

𝛾

)|||d𝜔⎤⎥

21

∫
0

| 2 2 | ⎥⎦
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≤ (𝛾 − 𝛿)
8

⎡⎢⎢⎢⎣
⎛⎜⎜⎝

1

∫
0

(1 −𝜔)|1 − 2𝜔|𝑝d𝜔⎞⎟⎟⎠
1
𝑝 ⎛⎜⎜⎝

1

∫
0

(1 −𝜔)
||||Ψ′

(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)||||𝑞 d𝜔
⎞⎟⎟⎠
1
𝑞

+
⎛⎜⎜⎝

1

∫
0

(1 −𝜔)|1 − 2𝜔|𝑝d𝜔⎞⎟⎟⎠
1
𝑝 ⎛⎜⎜⎝

1

∫
0

(1 −𝜔)
||||Ψ′

(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)||||𝑞 d𝜔
⎞⎟⎟⎠
1
𝑞

+
⎛⎜⎜⎝

1

∫
0

𝜔|1 − 2𝜔|𝑝d𝜔⎞⎟⎟⎠
1
𝑝 ⎛⎜⎜⎝

1

∫
0

𝜔
||||Ψ′

(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)||||𝑞 d𝜔
⎞⎟⎟⎠
1
𝑞

+
⎛⎜⎜⎝

1

∫
0

𝜔|1 − 2𝜔|𝑝d𝜔⎞⎟⎟⎠
1
𝑝 ⎛⎜⎜⎝

1

∫
0

𝜔
||||Ψ′

(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)||||𝑞 d𝜔
⎞⎟⎟⎠
1
𝑞 ⎤⎥⎥⎥⎦

≤ (𝛾 − 𝛿)
8

(
1

2(𝑝+ 1)

) 1
𝑝

⎡⎢⎢⎢⎣
⎛⎜⎜⎝

1

∫
0

(1 −𝜔)
(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 1 −𝜔

2
|Ψ′(𝛿)|𝑞 − 1 +𝜔

2
|Ψ′(𝛾)|𝑞)d𝜔⎞⎟⎟⎠

1
𝑞

+
⎛⎜⎜⎝

1

∫
0

(1 −𝜔)
(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 1 +𝜔

2
|Ψ′(𝛿)|𝑞 − 1 −𝜔

2
|Ψ′(𝛾)|𝑞)d𝜔⎞⎟⎟⎠

1
𝑞

+
⎛⎜⎜⎝

1

∫
0

𝜔

(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 1 −𝜔
2

|Ψ′(𝛿)|𝑞 − 1 +𝜔
2

|Ψ′(𝛾)|𝑞)d𝜔⎞⎟⎟⎠
1
𝑞

+
⎛⎜⎜⎝

1

∫
0

𝜔

(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 1 +𝜔
2

|Ψ′(𝛿)|𝑞 − 1 −𝜔
2

|Ψ′(𝛾)|𝑞)d𝜔⎞⎟⎟⎠
1
𝑞 ⎤⎥⎥⎥⎦ .

After simple computations, we acquire our result. □

Theorem 3.6. Assume that all the conditions of Lemma 2.1 hold. If |Ψ′|𝑞 is convex function, then

|𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)|
≤ (𝛾 − 𝛿)

8

(1
4

)1− 1
𝑞
⎡⎢⎢⎣
( |Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞

4
− 3

32
|Ψ′(𝛿)|𝑞 − 5

32
|Ψ′(𝛾)|𝑞) 1

𝑞

+
(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞

4
− 5

32
|Ψ′(𝛿)|𝑞 − 3

32
|Ψ′(𝛾)|𝑞) 1

𝑞

+
(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞

4
− 1

32
|Ψ′(𝛿)|𝑞 − 7

32
|Ψ′(𝛾)|𝑞) 1

𝑞

+
(|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞

4
− 7

32
|Ψ′(𝛿)|𝑞 − 1

32
|Ψ′(𝛾)|𝑞) 1

𝑞
⎤⎥⎥⎦ ,

where 1
𝑝
+ 1

𝑞
= 1.

Proof. Implementing the modulus property and improved Power-mean’s inequality to Lemma 2.1 and then utilizing the convexity characteristic of 
the function |Ψ′|𝑞 , we have

|𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)|
≤ (𝛾 − 𝛿)

8

⎡⎢⎢⎣
1

∫
0

|1 − 2𝜔| ||||Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)||||d𝜔
+

1 |1 − 2𝜔| |||Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
𝛿 − 1 −𝜔

𝛾

)|||d𝜔⎤⎥

22

∫
0

| 2 2 | ⎥⎦
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≤ (𝛾 − 𝛿)
8

⎡⎢⎢⎢⎣
⎛⎜⎜⎝

1

∫
0

(1 −𝜔)|1 − 2𝜔|𝑝d𝜔⎞⎟⎟⎠
1
𝑝 ⎛⎜⎜⎝

1

∫
0

(1 −𝜔)|1 − 2𝜔| ||||Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)||||𝑞 d𝜔
⎞⎟⎟⎠
1
𝑞

+
⎛⎜⎜⎝

1

∫
0

(1 −𝜔)|1 − 2𝜔|d𝜔⎞⎟⎟⎠
1− 1

𝑞 ⎛⎜⎜⎝
1

∫
0

(1 −𝜔)|1 − 2𝜔| ||||Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)||||𝑞 d𝜔
⎞⎟⎟⎠
1
𝑞

+
⎛⎜⎜⎝

1

∫
0

𝜔|1 − 2𝜔|d𝜔⎞⎟⎟⎠
1− 1

𝑞 ⎛⎜⎜⎝
1

∫
0

𝜔|1 − 2𝜔| ||||Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)||||𝑞 d𝜔
⎞⎟⎟⎠
1
𝑞

+
⎛⎜⎜⎝

1

∫
0

𝜔|1 − 2𝜔|d𝜔⎞⎟⎟⎠
1− 1

𝑞 ⎛⎜⎜⎝
1

∫
0

𝜔|1 − 2𝜔| ||||Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)||||𝑞 d𝜔
⎞⎟⎟⎠
1
𝑞 ⎤⎥⎥⎥⎦

≤ (𝛾 − 𝛿)
8

(1
4

)1− 1
𝑞

⎡⎢⎢⎢⎣
⎛⎜⎜⎝

1

∫
0

(1 −𝜔)|1 − 2𝜔| (|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 1 −𝜔
2

|Ψ′(𝛿)|𝑞 − 1 +𝜔
2

|Ψ′(𝛾)|𝑞)d𝜔⎞⎟⎟⎠
1
𝑞

+
⎛⎜⎜⎝

1

∫
0

(1 −𝜔)|1 − 2𝜔| (|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 1 +𝜔
2

|Ψ′(𝛿)|𝑞 − 1 −𝜔
2

|Ψ′(𝛾)|𝑞)d𝜔⎞⎟⎟⎠
1
𝑞

+
⎛⎜⎜⎝

1

∫
0

𝜔|1 − 2𝜔| (|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 1 −𝜔
2

|Ψ′(𝛿)|𝑞 − 1 +𝜔
2

|Ψ′(𝛾)|𝑞)d𝜔⎞⎟⎟⎠
1
𝑞

+
⎛⎜⎜⎝

1

∫
0

𝜔|1 − 2𝜔| (|Ψ′(𝜌1)|𝑞 + |Ψ′(𝜌2)|𝑞 − 1 +𝜔
2

|Ψ′(𝛿)|𝑞 − 1 −𝜔
2

|Ψ′(𝛾)|𝑞)d𝜔⎞⎟⎟⎠
1
𝑞 ⎤⎥⎥⎥⎦ .

Some direct computations yield the required result. □

Theorem 3.7. Assume that Ψ ∶ [𝜌1, 𝜌2] →ℝ be a Lipschitzian mapping with 𝐿 > 0, then the following inequalities hold:|||||Ψ(𝜌1 + 𝜌2 − 𝛿) + Ψ(𝜌1 + 𝜌2 − 𝛾)
2

− Ψ
(
𝜌1 + 𝜌2 −

𝛿 + 𝛾
2

)||||| ≤ 𝐿|𝛾 − 𝛿|
2

.

|||||||
1

𝛾 − 𝛿

𝜌1+𝜌2−𝛿

∫
𝜌1+𝜌2−𝛾

Ψ(𝑢)d𝑢−Ψ
(
𝜌1 + 𝜌2 −

𝛿 + 𝛾
2

)||||||| ≤
𝐿|𝛾 − 𝛿|

4
.

And |||||||
Ψ(𝜌1 + 𝜌2 − 𝛿) + Ψ(𝜌1 + 𝜌2 − 𝛾)

2
− 1
𝛾 − 𝛿

𝜌1+𝜌2−𝛿

∫
𝜌1+𝜌2−𝛾

Ψ(𝑢)d𝑢
||||||| ≤

𝐿|𝛾 − 𝛿|
3

.

Proof. For any 𝜔 ∈ [0, 1], then

||𝜔Ψ(𝜌1 + 𝜌2 − 𝛾) + (1 −𝜔)Ψ(𝜌1 + 𝜌2 − 𝛿) − Ψ(𝜔(𝜌1 + 𝜌2 − 𝛾) + (1 −𝜔)(𝜌1 + 𝜌2 − 𝛿))||
= |||𝜔Ψ(𝜌1 + 𝜌2 − 𝛾) + (1 −𝜔)Ψ(𝜌1 + 𝜌2 − 𝛿) −

(
𝜔Ψ(𝜔(𝜌1 + 𝜌2 − 𝛾) + (1 −𝜔)(𝜌1 + 𝜌2 − 𝛿))

+(1 −𝜔)Ψ(𝜔(𝜌1 + 𝜌2 − 𝛾) + (1 −𝜔)(𝜌1 + 𝜌2 − 𝛿))
)|||

≤ 𝜔 ||Ψ(𝜌1 + 𝜌2 − 𝛾) − Ψ(𝜔(𝜌1 + 𝜌2 − 𝛾) + (1 −𝜔)(𝜌1 + 𝜌2 − 𝛿))||
+ (1 −𝜔) ||Ψ(𝜌1 + 𝜌2 − 𝛿) − Ψ(𝜔(𝜌1 + 𝜌2 − 𝛾) + (1 −𝜔)(𝜌1 + 𝜌2 − 𝛿))|| . (3.1)

Now applying Lipschitzian condition on (3.1), we have

𝜔 ||Ψ(𝜌1 + 𝜌2 − 𝛾) − Ψ(𝜔(𝜌1 + 𝜌2 − 𝛾) + (1 −𝜔)(𝜌1 + 𝜌2 − 𝛿))||
+ (1 −𝜔) ||Ψ(𝜌1 + 𝜌2 − 𝛿) − Ψ(𝜔(𝜌1 + 𝜌2 − 𝛾) + (1 −𝜔)(𝜌1 + 𝜌2 − 𝛿))||
≤ 𝜔𝐿 |(1 −𝜔)(𝛾 − 𝛿)|+ (1 −𝜔)𝐿 |𝜔(𝛾 − 𝛿)|
23

= 2𝐿𝜔(1 −𝜔)|𝛾 − 𝛿| (3.2)
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For 𝜔 = 1
2 in (3.2), we have

|||||Ψ(𝜌1 + 𝜌2 − 𝛿) + Ψ(𝜌1 + 𝜌2 − 𝛾)
2

− Ψ
(
𝜌1 + 𝜌2 −

𝛿 + 𝛾
2

)||||| ≤ 𝐿|𝛾 − 𝛿|
2

. (3.3)

Substituting 𝛾 = (1 −𝜔)𝛾 +𝜔𝛿 and 𝛿 = 𝜔𝛾 + (1 −𝜔)𝛿 in (3.3), then|||||Ψ
(
𝜌1 + 𝜌2 −𝜔𝛾 − (1 −𝜔)𝛿

)
+Ψ

(
𝜌1 + 𝜌2 − (1 −𝜔)𝛾 −𝜔𝛿

)
2

−Ψ
(
𝜌1 + 𝜌2 −

𝛿 + 𝛾
2

)|||||
≤ 𝐿 |1 − 2𝜔| |𝛾 − 𝛿|

2
. (3.4)

Now integrating the (3.4) with respect to ′𝜔′ over [0, 1], then|||||||
1

𝛾 − 𝛿

𝜌1+𝜌2−𝛿

∫
𝜌1+𝜌2−𝛾

Ψ(𝑢)d𝑢−Ψ
(
𝜌1 + 𝜌2 −

𝛿 + 𝛾
2

)||||||| ≤
𝐿|𝛾 − 𝛿|

4
.

Again from (3.2), we have

||𝜔Ψ(𝜌1 + 𝜌2 − 𝛾) + (1 −𝜔)Ψ(𝜌1 + 𝜌2 − 𝛿) − Ψ(𝜔(𝜌1 + 𝜌2 − 𝛾) + (1 −𝜔)(𝜌1 + 𝜌2 − 𝛿))|| ≤ 2𝐿𝜔(1 −𝜔)|𝛾 − 𝛿|. (3.5)

Integrating the (3.5) with respect to ′𝜔′ over [0, 1], then|||||||
Ψ(𝜌1 + 𝜌2 − 𝛿) + Ψ(𝜌1 + 𝜌2 − 𝛾)

2
− 1
𝛾 − 𝛿

𝜌1+𝜌2−𝛿

∫
𝜌1+𝜌2−𝛾

Ψ(𝑢)d𝑢
||||||| ≤

𝐿|𝛾 − 𝛿|
3

.

This completes the proof. □

Theorem 3.8. Assume that Ψ ∶ [𝜌1, 𝜌2] →ℝ be a Lipschitzian mapping with 𝐿 > 0, then the following inequality holds:

|𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)| ≤ 𝐿(𝛾 − 𝛿)2

32
.

Proof. From Lemma 2.1, we have

𝑍(𝜌1, 𝜌2, 𝛿, 𝛾) =
𝛾 − 𝛿
8

1

∫
0

(1 − 2𝜔)
[
Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)
−Ψ′

(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)]
d𝜔 (3.6)

Implementing the modulus property on (3.6) and applying the Lipschitzian property of Ψ′, then

|𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)|
≤ 𝛾 − 𝛿

8

1

∫
0

|1 − 2𝜔| [||||Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)||||− ||||Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)||||
]
d𝜔

≤ 𝐿(𝛾 − 𝛿)
8

1

∫
0

𝜔|1 − 2𝜔||𝛾 − 𝛿|d𝜔
= 𝐿(𝛾 − 𝛿)|𝛾 − 𝛿|

32
.

This completes the proof. □

Theorem 3.9. Assume that all the conditions of Lemma 2.1 hold. If there exist constants −∞ < 𝑐 < 𝐶 <∞ such that 𝑐 ≤Ψ′(𝛿) ≤ 𝐶, ∀𝛿 ∈ [𝜌1, 𝜌2], then

|𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)| ≤ (𝛾 − 𝛿)(𝐶 − 𝑐)
16

.

Proof. Since Ψ′(𝛿) is bounded function, then

𝑐 − 𝑐 +𝐶
2

≤Ψ′(𝛿) − 𝑐 +𝐶
2

≤ 𝐶 − 𝑐 +𝐶
2

.

This implies that||||Ψ′(𝛿) − 𝑐 +𝐶
2

|||| ≤ 𝐶 − 𝑐
2

. (3.7)
24

Implementing the modulus property on Lemma 2.1 and then utilizing the observation (3.7), then
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||𝑧(𝜌1, 𝜌2, 𝛿, 𝛾)||
≤ 𝛾 − 𝛿

8

⎡⎢⎢⎣
1

∫
0

|1 − 2𝜔| ||||Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)
− 𝑐 +𝐶

2
||||d𝜔

+

1

∫
0

|1 − 2𝜔| ||||Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)
− 𝑐 +𝐶

2
||||d𝜔

⎤⎥⎥⎦
≤ (𝛾 − 𝛿)(𝐶 − 𝑐)

8

⎡⎢⎢⎣
1

∫
0

|1 − 2𝜔|d𝜔⎤⎥⎥⎦
= (𝛾 − 𝛿)(𝐶 − 𝑐)

16
. □

Theorem 3.10. Assume that all the conditions of Lemma 2.1 hold. Suppose that Ψ′ is bounded on (𝜌1, 𝜌2) i.e. ||Ψ′||∞ = sup∞ |Ψ′(𝛿)| <∞, then

|𝑍(𝜌1, 𝜌2, 𝛿, 𝛾)| ≤ (𝛾 − 𝛿)||Ψ′||∞
8

.

Proof. Implementing the modulus property on Lemma 2.1 and then utilizing the bounding property of |Ψ′(𝛿|, then

||𝑧(𝜌1, 𝜌2, 𝛿, 𝛾)||
≤ 𝛾 − 𝛿

8

⎡⎢⎢⎣
1

∫
0

|1 − 2𝜔| ||||Ψ′
(
𝜌1 + 𝜌2 −

1 −𝜔
2

𝛿 − 1 +𝜔
2

𝛾

)||||d𝜔
+

1

∫
0

|1 − 2𝜔| ||||Ψ′
(
𝜌1 + 𝜌2 −

1 +𝜔
2

𝛿 − 1 −𝜔
2

𝛾

)||||d𝜔
⎤⎥⎥⎦

≤ (𝛾 − 𝛿)||Ψ′||∞
4

⎡⎢⎢⎣
1

∫
0

|1 − 2𝜔|d𝜔⎤⎥⎥⎦
=

(𝛾 − 𝛿)||Ψ′||∞
8

. □

Corollary 3.2. If we substitute 𝛿 = 𝜌1 and 𝛾 = 𝜌2 in Theorem 3.10, then|||||||
1
2

[
Ψ(𝜌1) + Ψ(𝜌2)

2
+Ψ

(
𝜌1 + 𝜌2

2

)]
− 1
𝜌2 − 𝜌1

𝜌2

∫
𝜌1

Ψ(𝛿)d𝛿
|||||||

≤ (𝜌2 − 𝜌1)||Ψ′||∞
8

. (3.8)

4. Applications

4.1. Applications to means

Now we give some applications to special means for positive real numbers. First of all, we recall some already-known concepts.

1. 𝐴(𝜌1, 𝜌2) =
𝜌1+𝜌2

2 .

2. 𝐴𝑤(𝑤1, 𝑤2; 𝜌1, 𝜌2) =
𝑤1𝜌1+𝑤2𝜌2
𝑤1+𝑤2

.

3. ̌𝑛(𝜌1, 𝜌2) =
[
𝜌2
𝑛+1−𝜌1𝑛+1

(𝜌2−𝜌1)(𝑛+1)

] 1
𝑛
, 𝑛 ∈ℤ − {0, −1}.

Proposition 4.1. All the conditions of Theorem 3.1 are satisfied, then||||12 [𝐴((𝜌1 + 𝜌2 − 𝛿)2, (𝜌1 + 𝜌2 − 𝛾)2)+ (2𝐴(𝜌1, 𝜌2) −𝐴(𝛿, 𝛾))2]− ̌22
(
𝜌1 + 𝜌2 − 𝛿, 𝜌1 + 𝜌2 − 𝛾

)||||
≤ 𝛾 − 𝛿

2

[
𝐴(𝜌1, 𝜌2) −

𝐴(𝛿, 𝛾)
2

]
.

25

Proof. The proof is achieved by applying Ψ(𝑧) = 𝑧2 in Theorem 3.1. □
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Proposition 4.2. All the conditions of Theorem 3.2, are satisfied, then||||12 [𝐴((𝜌1 + 𝜌2 − 𝛿)2, (𝜌1 + 𝜌2 − 𝛾)2)+ (2𝐴(𝜌1, 𝜌2) −𝐴(𝛿, 𝛾))2]− ̌22
(
𝜌1 + 𝜌2 − 𝛿, 𝜌1 + 𝜌2 − 𝛾

)||||
≤ 𝛾 − 𝛿

4

(
1

1 + 𝑝

) 1
𝑝

[(
2𝐴

(|𝜌1|𝑞, |𝜌2|𝑞)−𝐴𝑤 (|𝛿|𝑞, |𝛾|𝑞, 14 , 34))
1
𝑞

+
(
2𝐴

(|𝜌1|𝑞, |𝜌2|𝑞)−𝐴𝑤 (|𝛿|𝑞, |𝛾|𝑞, 34 , 14))
1
𝑞

]
.

Proof. The proof is achieved by applying Ψ(𝑧) = 𝑧2 in Theorem 3.2. □

4.2. Error bounds

This subsequent part is devoted to establishing some new error bounds of Bullen-type quadrature schemes.

Consider a partition Θ ∶ 𝜌1 = 𝛿0 < 𝛿1 < 𝛿2 < .... < 𝛿𝑖 < 𝛿𝑖+1 < ...𝛿𝑛 = 𝜌2 of the interval [𝜌1, 𝜌2], where [𝛿𝑖, 𝛿𝑖+1] is any arbitrary subset of [𝜌1, 𝜌2]. 
Let ℎ = 𝛿𝑖+1 − 𝛿𝑖.

𝑇 (Θ,Ψ) =
𝑛−1∑
𝑖=0

(𝛿𝑖+1 − 𝛿𝑖)2

2

[Ψ(𝛿𝑖) + Ψ(𝛿𝑖+1)
2

+Ψ
(
𝛿𝑖 + 𝛿𝑖+1

2

)]
𝜌2

∫
𝜌1

Ψ(𝛿)d𝛿 = 𝑇 (Θ,Ψ) + �̄�(Θ,Ψ),

where �̄�(Θ, Ψ) is the error terms.

Proposition 4.3. From the Theorem 3.4, we have

||�̄�(Θ,Ψ)|| ≤ 𝑛−1∑
𝑖=0

ℎ2

8

[
2

𝑝(𝑝+ 1)
+
|Ψ′(𝛿𝑖)|𝑞 + |Ψ′(𝛿𝑖+1)|𝑞

𝑞

]
.

Proof. To achieve the required result, we set 𝛿 = 𝜌1 and 𝛾 = 𝜌2 in Theorem 3.4 and then implementing this result over subinterval [𝛿𝑖, 𝛿𝑖+1]. □

Proposition 4.4. From the Theorem 3.5, we have

||�̄�(Θ,Ψ)||
≤
𝑛−1∑
𝑖=0

ℎ2

8

(
1

2(𝑝+ 1)

) 1
𝑝
⎡⎢⎢⎣
(2|Ψ′(𝛿𝑖)|𝑞 + |Ψ′(𝛿𝑖+1)|𝑞

6

) 1
𝑞
(|Ψ′(𝛿𝑖)|𝑞 + 2|Ψ′(𝛿𝑖+1)|𝑞

6

) 1
𝑞

+
(5|Ψ′(𝛿𝑖)|𝑞 + 2|Ψ′(𝛿𝑖+1)|𝑞

12

) 1
𝑞

+
(2|Ψ′(𝛿𝑖)|𝑞 + 5|Ψ′(𝛿𝑖+1)|𝑞

12

) 1
𝑞
⎤⎥⎥⎦ .

Proof. To achieve the required result, we set 𝛿 = 𝜌1 and 𝛾 = 𝜌2 in Theorem 3.5 and then implementing this result over subinterval [𝛿𝑖, 𝛿𝑖+1]. □

Proposition 4.5. From the Theorem 3.10, we have

||�̄�(Θ,Ψ)|| ≤ 𝑛−1∑
𝑖=0

ℎ2

8
||Ψ′||∞.

Proof. To achieve the required result, we set 𝛿 = 𝜌1 and 𝛾 = 𝜌2 in Theorem 3.10 and then implementing this result over subinterval [𝛿𝑖, 𝛿𝑖+1]. □

Similarly many other bounds can be computed by implementing the other main results.

4.3. 𝑞-digamma function

First, we revisit the notion of the 𝑞-digamma function and its mathematical representations: Assume that 0 < 𝑞 < 1. The 𝑞-digamma function 
𝜒𝑞(𝔲) (for further information, refer to [38]) can be expressed as:

𝜒𝑞(𝔲) = − ln(1 − 𝑞) + ln(𝑞)
∞∑
𝑖=0

𝑞𝑖+𝔲

1 − 𝑞𝑖+𝔲

= −ln(1 − 𝑞) + ln(𝑞)
∞∑ 𝑞𝑖𝑢

𝑖𝑢
.

26

𝑖=0 1 − 𝑞
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If 𝑞 > 1 and 𝔲 > 0, the 𝑞-digamma function 𝜒𝑞 can be represented as:

𝜒𝑞(𝔲) = − ln(𝑞 − 1) + ln(𝑞)

[
𝔲− 1

2
−

∞∑
𝑖=0

𝑞−(𝑖+𝔲)

1 − 𝑞−(𝑖+𝔲)

]

= −ln(𝑞 − 1) + ln(𝑞)

[
𝔲− 1

2
−

∞∑
𝑖=0

𝑞−𝑖𝑢

1 − 𝑞−𝑖𝑢

]
.

The notion briefed above shows that for 𝑞 > 0, the function 𝜒 ′
𝑞
(𝔲) is completely monotonic on the interval (0, ∞), which implies that it is a convex 

mapping. From these facts, we can formulate the following important findings concerning the 𝑞-digamma function.

Proposition 4.6. From Theorem 3.3, we acquire||||||12
[
𝜒 ′
𝑞
(𝜌1 + 𝜌2 − 𝛿) + 𝜒 ′

𝑞
(𝜌1 + 𝜌2 − 𝛾)

2
+ 𝜒 ′

𝑞

(
𝜌1 + 𝜌2 −

𝛿 + 𝛾
2

)]
−
𝜒𝑞(𝜌1 + 𝜌2 − 𝛿) + 𝜒𝑞(𝜌1 + 𝜌2 − 𝛾)

𝛾 − 𝛿

||||||
≤ 𝛾 − 𝛿

8

(1
2

)1− 1
𝑞
⎡⎢⎢⎣
(|𝜒 ′′

𝑞(𝜌1)|𝑞 + |𝜒 ′′
𝑞(𝜌2)|𝑞

4
− 1

8
|𝜒 ′′

𝑞(𝛿)|𝑞 − 3
8
|𝜒 ′′

𝑞(𝛾)|𝑞)
1
𝑞

+

(|𝜒 ′′
𝑞(𝜌1)|𝑞 + |𝜒 ′′

𝑞(𝜌2)|𝑞
4

− 1
8
|𝜒 ′′

𝑞(𝛿)|𝑞 − 3
8
|𝜒 ′′

𝑞(𝛾)|𝑞)
1
𝑞 ⎤⎥⎥⎦ .

Proof. If we take Ψ(𝜔) ↦ 𝜒 ′
𝑞
(𝜔), then result follows directly. □

Proposition 4.7. From Theorem 3.4, we acquire||||||12
[
𝜒 ′
𝑞
(𝜌1 + 𝜌2 − 𝛿) + 𝜒 ′

𝑞
(𝜌1 + 𝜌2 − 𝛾)

2
+ 𝜒 ′

𝑞

(
𝜌1 + 𝜌2 −

𝛿 + 𝛾
2

)]
−
𝜒𝑞(𝜌1 + 𝜌2 − 𝛿) + 𝜒𝑞(𝜌1 + 𝜌2 − 𝛾)

𝛾 − 𝛿

||||||
≤ (𝛾 − 𝛿)

8

[
2

𝑝(𝑝+ 1)
+

2
(|𝜒 ′′

𝑞(𝜌1)|𝑞 + |𝜒 ′′
𝑞(𝜌2)|𝑞)

𝑞
−
|𝜒 ′′

𝑞(𝛿)|𝑞 + |𝜒 ′′
𝑞(𝛾)|𝑞

𝑞

]
.

Proof. If we take Ψ(𝜔) ↦ 𝜒 ′
𝑞
(𝜔) in Theorem 3.4, then result follows directly. □

4.4. Modified Bessel functions

Let the Ω𝑑 ∶ℝ → (0, 1] be defined by

Ω𝑑 (𝑣) = 2𝑑Γ(1 + 𝑑)𝑣−𝜌2𝐼𝑝(𝑣).

For this, we retrospect the representation of modified Bessel functions, which is given as in [39]:

Ω𝑑 (𝑣) =
∑
𝑢≥0

(
𝑣

2

)𝑑+2𝑢
𝑢!Γ(𝑑 + 𝑢+ 1)

.

The first and nth-order derivative formula’s Ω𝑑 (𝑣) which are given as in [40]:

Ω′
𝑑
(𝑣) = 𝑣

2(1 + 𝑑)
Ω𝑑+1(𝑣),

𝜕𝑛Ω𝑑

𝜕𝑛𝑣
= 2𝑛−2𝑑

√
𝜋𝑣𝑑−𝑛Γ(1 + 𝑑)2𝐹3

(
1 + 𝑑
2

,
2 + 𝑑
2

; 1 + 𝑑 − 𝑛
2

,
2 + 𝑑 − 𝑛

2
,1 + 𝑑; 𝑣

2

4

)
,

where 2𝐹3(., ., .) is a hypergeometric function and its integral and summation representation are given as:

2𝐹3

(
1 + 𝑑
2

,
2 + 𝑑
2

; 1 + 𝑑 − 𝑛
2

,
2 + 𝑑 − 𝑛

2
, (1 + 𝑑); 𝑣

2

4

)
=

∞∑
𝑘=0

(
1+𝑑
2

)
𝑘

(
2+𝑑
2

)
𝑘
𝑣2𝑘(

1+𝑑−𝑛
2

)
𝑘

(
2+𝑑−𝑛

2

)
𝑘
(1 + 𝑑)𝑘4𝑘𝑘!

.

Proposition 4.8. For any [𝜌1, 𝜌2] ∈ℝ, and 𝑑 > −1 then||||||||
1
2

⎡⎢⎢⎢⎣
(𝜌1 + 𝜌2 − 𝛿)Ω𝑑+1(𝜌1 + 𝜌2 − 𝛿) + (𝜌1 + 𝜌2 − 𝛾)Ω𝑑+1(𝜌1 + 𝜌2 − 𝛾)

4(1 + 𝑑)
+

(
𝜌1 + 𝜌2 −

𝛿+𝛾
2

)
Ω𝑑+1

(
𝜌1 + 𝜌2 −

𝛿+𝛾
2

)
2(1 + 𝑑)

⎤⎥⎥⎥⎦
Ω𝑑 (𝜌1 + 𝜌2 − 𝛿) + Ω𝑑 (𝜌1 + 𝜌2 − 𝛾) |
27

−
𝛾 − 𝛿

|||
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≤ (𝛾 − 𝛿)
8

22−2𝑑
√
𝜋Γ(1 + 𝑑)

[|𝜌1𝑑−2| |||||2𝐹3
(
1 + 𝑑
2

,
2 + 𝑑
2

; 𝑑 − 1
2

,
𝑑

2
, (1 + 𝑑);

𝜌1
2

4

)|||||
+|𝜌2𝑑−2| |||||2𝐹3

(
1 + 𝑑
2

,
2 + 𝑑
2

; 𝑑 − 1
2

,
𝑑

2
, (1 + 𝑑);

𝜌2
2

4

)|||||
−
|𝛿𝑑−2| ||||2𝐹3 ( 1+𝑑

2 ,
2+𝑑
2 ; 𝑑−12 ,

𝑑

2 , (1 + 𝑑);
𝛿2

4

)||||+ |𝛾𝑑−2| ||||2𝐹3 ( 1+𝑑
2 ,

2+𝑑
2 ; 𝑑−12 ,

𝑑

2 , (1 + 𝑑);
𝛾2

4

)||||
2

⎤⎥⎥⎥⎦ .
Proof. Considering the Theorem 3.1 and applying Ψ(𝑣) =Ω′

𝑑
(𝑣), we conclude our required result. □

Proposition 4.9. For any [𝜌1, 𝜌2] ∈ℝ, and 𝑑 > −1 then||||||||
1
2

⎡⎢⎢⎢⎣
(𝜌1 + 𝜌2 − 𝛿)Ω𝑑+1(𝜌1 + 𝜌2 − 𝛿) + (𝜌1 + 𝜌2 − 𝛾)Ω𝑑+1(𝜌1 + 𝜌2 − 𝛾)

4(1 + 𝑝)
+

(
𝜌1 + 𝜌2 −

𝛿+𝛾
2

)
Ω𝑑+1

(
𝜌1 + 𝜌2 −

𝛿+𝛾
2

)
2(1 + 𝑝)

⎤⎥⎥⎥⎦
−
Ω𝑑 (𝜌1 + 𝜌2 − 𝛿) + Ω𝑑 (𝜌1 + 𝜌2 − 𝛾)

𝛾 − 𝛿
||||

≤ 𝐿(𝛾 − 𝛿)2

32
.

Proof. Considering the Theorem 3.8 and applying Ψ(𝑣) =Ω′
𝑑
(𝑣), then for 𝑛 = 2 we conclude our required result. □

4.5. Iterative methods

In the subsequent portion of the study, we give our results applications in non-linear analysis.

Consider the non-linear equation,

Ψ(𝛿) = 0. (4.1)

To compute the zeros of non-linear equations is an intriguing aspect of research. In the recent past, numerous methods have been proposed in the 
literature. Newton’s method is rigorously studied iterative schemes and several other methods have been deduced employing different techniques 
such as quadrature formulae, Taylor’s series, interpolating polynomials and decomposition techniques. The relation between quadrature and iterative 
schemes has been investigated by S. Weerakoon and T. G. I. Fernando in [41] in association with Newton’s indefinite integral expression. Motivated 
by these works, we give an iterative method of our proposed result as an application. First, we recall Newton’s integral representations which are 
proved in [42] as:

Ψ(𝛿) = Ψ(𝛿𝑛) +

𝑥

∫
𝛿𝑛

Ψ′(𝜔)d𝜔. (4.2)

The method obtained here coincides with schemes proved by G. Nedzhibov [43].

Proposition 4.10. For any [𝜌1, 𝜌2] ⊂ℝ such that Ψ(𝛿) = 0 be a non-linear equation, then

𝛿𝑛+1 = 𝛿𝑛 −
Ψ(𝛿𝑛)

Ψ′(𝛿𝑛) + Ψ′(𝛾𝑛) + 2Ψ′
(
𝛿𝑛+𝛾𝑛

2

) ,
where

𝛾𝑛 = 𝛿𝑛 −
Ψ(𝛿𝑛)
Ψ′(𝛿𝑛)

.

Proof. From (3.8), we have|||||||
1
2

[
Ψ(𝜌1) + Ψ(𝜌2)

2
+Ψ

(
𝜌1 + 𝜌2

2

)]
− 1
𝜌2 − 𝜌1

𝜌2

∫
𝜌1

Ψ(𝛿)d𝛿
|||||||

≤ (𝜌2 − 𝜌1)||Ψ′||∞
8

.

This implies that

𝜌2 − 𝜌1
2

[
Ψ(𝜌1) + Ψ(𝜌2)

2
+Ψ

(
𝜌1 + 𝜌2

2

)]
+𝑅(Ψ) =

𝜌2

∫ Ψ(𝛿)d𝛿, (4.3)
28

𝜌1
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where

𝑅(Ψ) =
(𝜌2 − 𝜌1)2||Ψ′||∞

8
,

remainder of Ψ. Furthermore, we can write

𝛿𝑛

∫
𝛿

Ψ′(𝜔)d𝜔 =
(𝛿 − 𝛿𝑛)

2

[
Ψ′(𝛿) + Ψ′(𝛿𝑛)

2
+Ψ′

(
𝛿 + 𝛿𝑛
2

)]
. (4.4)

Inserting (4.4) in (4.2),

Ψ(𝛿) = Ψ(𝛿𝑛) +
(𝛿 − 𝛿𝑛)

2

[
Ψ′(𝛿) + Ψ′(𝛿𝑛)

2
+ Ψ′

(
𝛿 + 𝛿𝑛
2

)]
. (4.5)

Making use of (4.1) in (4.5) yields,

𝛿 = 𝛿𝑛 −
Ψ(𝛿𝑛)

Ψ′(𝛿𝑛) + Ψ′(𝛿) + 2Ψ
(
𝛿+𝛿𝑛
2

) .
This implies that

𝛿𝑛+1 = 𝛿𝑛 −
Ψ(𝛿𝑛)

Ψ′(𝛿𝑛) + Ψ′(𝛾𝑛) + 2Ψ
(
𝛾𝑛+𝛿𝑛

2

) ,
where 𝛾𝑛 is some explicit method. If we take 𝛾𝑛 as the Newton method then we obtain our desired scheme. □

Remark 4.1. The above iterative scheme for finding the solutions of non-linear equations exhibits cubic order of convergence, see [43].

5. Simulations

In the proceeding study segment, we will testify our essential findings through various graphical representations.

Example 5.1. Assume that all the properties of Theorem 3.1 are fulfilled, and considering the mapping Ψ(𝑢) = 𝑚

𝑟+2𝑚𝑢
𝑟

𝑚
+2

defined on ℝ+ with 𝑟 ≥ 1

and 𝑚 > 1 be convex functions and Ψ′(𝑢) = 𝑢
𝑟

𝑚
+1

with 𝑟 ≥ 1 and 𝑚 > 1 be also convex mapping. Fixing the following values 𝜌1 = 1, 𝛿 = 2, 𝛾 = 3 and 
𝜌2 = 4, then|||||| 𝑚

4(𝑟+ 2𝑚)

[
3
𝑟

𝑚
+2 + 2

𝑟

𝑚
+2 + 2

(5
2

) 𝑟

𝑚
+2
]
− 𝑚2

(𝑟+ 2𝑚)(𝑟+ 3𝑚)

[
3
𝑟

𝑚
+3 − 2

𝑟

𝑚
+3
]||||||

≤ 1
8

[
1 + 4

𝑟

𝑚
+1 − 2

𝑟

𝑚
+1 + 3

𝑟

𝑚
+1

2

]
.

Fig. 5.1. Graphical Illustrations of left (Green) and right (Purple) sides of Theorem 3.1.

• For Fig. 5.1 a, we take 𝑟, 𝑚 ∈ [1, 5], as variables to plot a graph between the left and right-hand side of Theorem 3.1.

• For Fig. 5.1 b, we take 𝑟 ∈ [1, 5], as a variable to plot a graph between the left and right-hand side of Theorem 3.1.

• For Fig. 5.1 c, we take 𝑚 ∈ [1, 10], as a variable to plot a graph between the left and right-hand side of Theorem 3.1.

Example 5.2. Assume that all the properties of Theorem 3.2 are fulfilled, and considering the mapping Ψ(𝑢) = 𝑚

𝑟+2𝑚𝛿
𝑟

𝑚
+2

defined on ℝ+ with 𝑟 ≥ 1

and 𝑚 > 1 be convex functions and Ψ′(𝑢) = 𝛿
𝑟

𝑚
+1

with 𝑟 ≥ 1 and 𝑚 > 1 be also convex mapping. Fixing the following values 𝜌1 = 1, 𝛿 = 2, 𝛾 = 3 and 
𝜌2 = 4, then||| 𝑚

[
3
𝑟

𝑚
+2 + 2

𝑟

𝑚
+2 + 2

(5) 𝑟

𝑚
+2
]
− 𝑚2 [

3
𝑟

𝑚
+3 − 2

𝑟

𝑚
+3
]|||
29
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≤ 1
8

(1
3

) 1
2
⎡⎢⎢⎣
√

1 + 16
𝑟

𝑚
+1 − 4

𝑟

𝑚
+1 + 3×9

𝑟

𝑚
+1

4
+

√
1 + 16

𝑟

𝑚
+1 − 3×4

𝑟

𝑚
+1 + 9

𝑟

𝑚
+1

4

⎤⎥⎥⎦ .

Fig. 5.2. Graphical Illustrations of left (Green) and right (Purple) sides of Theorem 3.2.

• For Fig. 5.2 a, we take 𝑟, 𝑚 ∈ [1, 5], as variables to plot a graph between the left and right-hand side of Theorem 3.2.

• For Fig. 5.2 b, we take 𝑟 ∈ [1, 5], as a variable to plot a graph between the left and right-hand side of Theorem 3.2.

• For Fig. 5.2 c, we take 𝑚 ∈ [1, 10], as a variable to plot a graph between the left and right-hand side of Theorem 3.2.

Example 5.3. Assume that all the properties of Theorem 3.3 are fulfilled, and considering the mapping Ψ(𝑢) = 𝑚

𝑟+2𝑚𝛿
𝑟

𝑚
+2

defined on ℝ+ with 𝑟 ≥ 1

and 𝑚 > 1 be convex functions and Ψ′(𝑢) = 𝛿
𝑟

𝑚
+1

with 𝑟 ≥ 1 and 𝑚 > 1 be also convex mapping. Fixing the following values 𝜌1 = 1, 𝛿 = 2, 𝛾 = 3 and 
𝜌2 = 4, then

|||||| 𝑚

4(𝑟+ 2𝑚)

[
3
𝑟

𝑚
+2 + 2

𝑟

𝑚
+2 + 2

(5
2

) 𝑟

𝑚
+2
]
− 𝑚2

(𝑟+ 2𝑚)(𝑟+ 3𝑚)

[
3
𝑟

𝑚
+3 − 2

𝑟

𝑚
+3
]||||||

≤ 1
8

(1
2

) 1
2
⎡⎢⎢⎣
√

1 + 16
𝑟

𝑚
+1

4
− 4

𝑟

𝑚
+1 + 3×9

𝑟

𝑚
+1

8
+

√
1 + 16

𝑟

𝑚
+1

4
− 3×4

𝑟

𝑚
+1 + 9

𝑟

𝑚
+1

8

⎤⎥⎥⎦ .

Fig. 5.3. Graphical Illustrations of left (Green) and right (Purple) sides of Theorem 3.3.

• For Fig. 5.3 a, we take 𝑟, 𝑚 ∈ [1, 5], as variables to plot a graph between the left and right-hand side of Theorem 3.3.

• For Fig. 5.3 b, we take 𝑟 ∈ [1, 5], as a variable to plot a graph between the left and right-hand side of Theorem 3.3.

• For Fig. 5.3 c, we take 𝑚 ∈ [1, 10], as a variable to plot a graph between the left and right-hand side of Theorem 3.3.

Example 5.4. Assume that all the properties of Theorem 3.4 are fulfilled, and considering the mapping Ψ(𝑢) = 𝑚

𝑟+2𝑚𝛿
𝑟

𝑚
+2

defined on ℝ+ with 𝑟 ≥ 1

and 𝑚 > 1 be convex functions and Ψ′(𝑢) = 𝛿
𝑟

𝑚
+1

with 𝑟 ≥ 1 and 𝑚 > 1 be also convex mapping. Fixing the following values 𝜌1 = 1, 𝛿 = 2, 𝛾 = 3 and 
𝜌2 = 4, then

|||||| 𝑚

4(𝑟+ 2𝑚)

[
3
𝑟

𝑚
+2 + 2

𝑟

𝑚
+2 + 2

(5
2

) 𝑟

𝑚
+2
]
− 𝑚2

(𝑟+ 2𝑚)(𝑟+ 3𝑚)

[
3
𝑟

𝑚
+3 − 2

𝑟

𝑚
+3
]||||||

≤ 1
8

[8
3
+ 4(1 + 16

𝑟

𝑚
+1) − 2(4

𝑟

𝑚
+1 + 9

𝑟

𝑚
+1)
]
.
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Fig. 5.4. Graphical Illustrations of left (Green) and right (Purple) sides of Theorem 3.4.

• For Fig. 5.4 a, we take 𝑟, 𝑚 ∈ [1, 5], as variables to plot a graph between the left and right-hand side of Theorem 3.4.

• For Fig. 5.4 b, we take 𝑟 ∈ [1, 5], as a variable to plot a graph between the left and right-hand side of Theorem 3.4.

• For Fig. 5.4 c, we take 𝑚 ∈ [1, 10], as a variable to plot a graph between the left and right-hand side of Theorem 3.4.

Example 5.5. Assume that all the properties of Theorem 3.5 are fulfilled, and considering the mapping Ψ(𝑢) = 𝑚

𝑟+2𝑚𝛿
𝑟

𝑚
+2

defined on ℝ+ with 𝑟 ≥ 1

and 𝑚 > 1 be convex functions and Ψ′(𝑢) = 𝛿
𝑟

𝑚
+1

with 𝑟 ≥ 1 and 𝑚 > 1 be also convex mapping. Fixing the following values 𝜌1 = 1, 𝛿 = 2, 𝛾 = 3 and 
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Fig. 5.5. Graphical Illustrations of left(Green) and right (Purple) sides of Theorem 3.5.

• For Fig. 5.5 a, we take 𝑟, 𝑚 ∈ [1, 5], as variables to plot a graph between the left and right-hand side of Theorem 3.5.

• For Fig. 5.5 b, we take 𝑟 ∈ [1, 5], as a variable to plot a graph between left and right-hand sides of Theorem 3.4.

• For Fig. 5.5 c, we take 𝑚 ∈ [1, 10], as a variable to plot a graph between the left and right-hand sides of Theorem 3.5.
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Fig. 5.6. Graphical Illustrations of left (Green) and right (Purple) sides of Theorem 3.6.

• For Fig. 5.6 a, we take 𝑟, 𝑚 ∈ [1, 5], as variables to plot a graph between the left and right-hand side of Theorem 3.6.

• For Fig. 5.6 b, we take 𝑟 ∈ [1, 5], as a variable to plot a graph between the left and right-hand side of Theorem 3.6.

• For Fig. 5.6 c, we take 𝑚 ∈ [1, 10], as a variable to plot a graph between the left and right-hand sides of Theorem 3.6.

6. Conclusion

The study of integral inequalities is vitally significant due to various factors. Recent research has witnessed the adaptation of different method-

ologies to investigate new improvements to previously studied results, including Hermite-Hadamard inequality, which is prosecuted via several 
techniques. In our article, we have introduced new variants of Hermite-Hadamard-like inequalities which are known as Bullen-Mercer inequalities 
incorporating the Mercer inequalities. By utilizing the convexity property of the functions, mapping, and more, we have derived numerous upper 
bounds of Bullen’s inequality. Several interesting applications to means and numerical analysis have also been presented. Also, we have validated our 
main outcomes with the help of a graphical analysis. In the future, we will consider these inequalities in the setting of quantum calculus, fractional 
calculus, time scale calculus, and majorization theory. Also, these kinds of inequalities can be extended for non-convex mappings like harmonic 
convexity, 𝑝-convexity, ℎ-convexity, and 𝜂-convexity. Moreover, iterative methods can be obtained from various integral inequalities and their order 
of convergence can also be increased. To the best of our knowledge, this is the first attempt to obtain the Bullen-Mercer type of inequality. We hope 
that the ideas of this paper will inspire further research in this direction.
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