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Abstract

In this paper we obtain some refinements and reverses of Callebaut’s inequality for isotonic
functionals via a result of Young’s inequality due to Cartwright and Field.

1. Introduction

Let L be a linear class of real-valued functions g : E→ R having the properties

(L1) f , g ∈ L imply (α f +βg) ∈ L for all α, β ∈ R;
(L2) 1 ∈ L, i.e., if f0 (t) = 1, t ∈ E then f0 ∈ L.

An isotonic linear functional A : L→ R is a functional satisfying

(A1) A(α f +βg) = αA( f )+βA(g) for all f , g ∈ L and α, β ∈ R.
(A2) If f ∈ L and f ≥ 0, then A( f )≥ 0.

The mapping A is said to be normalized if
(A3) A(1) = 1.

Isotonic, that is, order-preserving, linear functionals are natural objects in analysis that enjoy a number of convenient properties.
Thus, they provide, for example, Jessen’s inequality, which is a functional form of Jensen’s inequality (see [1], [2] and [3]).
For other inequalities for isotonic functionals see [4], and [5]-[15].
We note that common examples of such isotonic linear functionals A are given by

A(g) =
∫

E
gdµ or A(g) = ∑

k∈E
pkgk,

where µ is a positive measure on E in the first case and E is a subset of the natural numbers N, in the second, with g = {gk}k∈E
and pk ≥ 0, k ∈ E.
We have the following inequality that provides a refinement and a reverse for the celebrated Young’s inequality

1
2

ν (1−ν)
(b−a)2

max{a,b}
≤ (1−ν)a+νb−a1−ν bν ≤ 1

2
ν (1−ν)

(b−a)2

min{a,b}
(1.1)
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for any a, b > 0 and ν ∈ [0,1] .
This result was obtained in 1978 by Cartwright and Field [16] who established a more general result for n variables and gave
an application for a probability measure supported on a finite interval.
The functional version of Callebaut’s inequality states that

A2 ( f g)≤ A
(

f 2−ν gν
)

A
(

f ν g2−ν
)
≤ A

(
f 2)A

(
g2) (1.2)

provided that f 2, g2, f 2−ν gν , f ν g2−ν , f g ∈ L for some ν ∈ [0,2]. For the discrete and integral of one real variable versions
see [17].
In this paper we obtain some inequalities for isotonic functionals via the reverse and refinement of Young’s inequality (1.1)
that are related to the second part of Callebaut’s inequality (1.2). Applications for integrals and n-tuples of real numbers are
also provided.

2. On Callebaut’s Inequality

We have the following result that provides a refinement and reverse of Callebaut’s second inequality:

Theorem 2.1. Let A, B : L→ R be two normalized isotonic functionals. If f , g : E→ R are such that, f 2, g2, g4

f 2 , f 2(1−ν)g2ν ,

f 2ν g2(1−ν) ∈ L for some ν ∈ [0,1], and

0 < m≤ f
g
≤M < ∞ (2.1)

for real numbers M > m > 0, then

1
2

ν (1−ν)m2
(

A
(

g4

f 2

)
B
(

f 2)+A
(

f 2)B
(

g4

f 2

)
−2
)
≤ (1−ν)A

(
f 2)B

(
g2)+νA

(
g2)B

(
f 2) (2.2)

−A
(

f 2(1−ν)g2ν

)
B
(

f 2ν g2(1−ν)
)

≤ 1
2

ν (1−ν)M2
(

A
(

g4

f 2

)
B
(

f 2)+A
(

f 2)B
(

g4

f 2

)
−2
)
.

Proof. Since ab = min{a,b}max{a,b} for any a,b > 0, then from (1.1) we have

1
2

ν (1−ν)min{a,b} (b−a)2

ab
≤ (1−ν)a+νb−a1−ν bν ≤ 1

2
ν (1−ν)max{a,b} (b−a)2

ab
,

where ν ∈ [0,1]. This can be written as

1
2

ν (1−ν)min{a,b}
(

b
a
+

a
b
−2
)
≤ (1−ν)a+νb−a1−ν bν ≤ 1

2
ν (1−ν)max{a,b}

(
b
a
+

a
b
−2
)
, (2.3)

for any a, b > 0.
Let x, y ∈ E such that g(x) , g(y) 6= 0. If we use the inequalities (2.3) for

a =
f 2 (x)
g2 (x)

, b =
f 2 (y)
g2 (y)

∈
[
m2,M2]

then we get

1
2

ν (1−ν)m2
(

f 2 (y)
g2 (y)

g2 (x)
f 2 (x)

+
f 2 (x)
g2 (x)

g2 (y)
f 2 (y)

−2
)
≤ (1−ν)

f 2 (x)
g2 (x)

+ν
f 2 (y)
g2 (y)

−
(

f 2 (x)
g2 (x)

)1−ν ( f 2 (y)
g2 (y)

)ν

(2.4)

≤ 1
2

ν (1−ν)M2
(

f 2 (y)
g2 (y)

g2 (x)
f 2 (x)

+
f 2 (x)
g2 (x)

g2 (y)
f 2 (y)

−2
)
,

where ν ∈ [0,1].
If we multiply (2.4) by g2 (x)g2 (y) , then we get

1
2

ν (1−ν)m2
(

f 2 (y)
g4 (x)
f 2 (x)

+ f 2 (x)
g4 (y)
f 2 (y)

−2
)
≤ (1−ν)g2 (y) f 2 (x)+ν f 2 (y)g2 (x) (2.5)

− f 2ν (y)g2(1−ν) (y) f 2(1−ν) (x)g2ν (x)

≤ 1
2

ν (1−ν)M2
(

f 2 (y)
g4 (x)
f 2 (x)

+ f 2 (x)
g4 (y)
f 2 (y)

−2
)
,
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which holds for any x, y ∈ E.
Fix y ∈ E. Then by (2.5) we have in the order of L that

1
2

ν (1−ν)m2
(

f 2 (y)
g4

f 2 +
g4 (y)
f 2 (y)

f 2−2
)
≤ (1−ν)g2 (y) f 2 +ν f 2 (y)g2− f 2ν (y)g2(1−ν) (y) f 2(1−ν)g2ν (2.6)

≤ 1
2

ν (1−ν)M2
(

f 2 (y)
g4

f 2 +
g4 (y)
f 2 (y)

f 2−2
)
.

If we take the functional A in (2.6), then we get

1
2

ν (1−ν)m2
(

f 2 (y)A
(

g4

f 2

)
+

g4 (y)
f 2 (y)

A
(

f 2)−2
)
≤ (1−ν)g2 (y)A

(
f 2)+ν f 2 (y)A

(
g2)− f 2ν (y)g2(1−ν) (y)A

(
f 2(1−ν)g2ν

)
≤ 1

2
ν (1−ν)M2

(
f 2 (y)A

(
g4

f 2

)
+

g4 (y)
f 2 (y)

A
(

f 2)−2
)
,

for any y ∈ E.
If we write this inequality in the order of L, then we have

1
2

ν (1−ν)m2
(

A
(

g4

f 2

)
f 2 +A

(
f 2) g4

f 2 −2
)
≤ (1−ν)A

(
f 2)g2 +νA

(
g2) f 2−A

(
f 2(1−ν)g2ν

)
f 2ν g2(1−ν)

≤ 1
2

ν (1−ν)M2
(

A
(

g4

f 2

)
f 2 +A

(
f 2) g4

f 2 −2
)
,

and by taking the functional B we deduce the desired result (2.2).

Corollary 2.2. Let A : L→ R be a normalized isotonic functional. If f , g : E → R are such that f 2, g2, g4

f 2 , f 2(1−ν)g2ν ,

f 2ν g2(1−ν) ∈ L for some ν ∈ [0,1] and the condition (2.1) holds, then

ν (1−ν)m2
(

A
(

g4

f 2

)
A
(

f 2)−1
)
≤ A

(
f 2)A

(
g2)−A

(
f 2(1−ν)g2ν

)
A
(

f 2ν g2(1−ν)
)

(2.7)

≤ ν (1−ν)M2
(

A
(

g4

f 2

)
A
(

f 2)−1
)
.

In particular, if f 2, g2, g4

f 2 , f g ∈ L and the condition (2.1) holds, then

1
4

m2
(

A
(

g4

f 2

)
A
(

f 2)−1
)
≤ A

(
f 2)A

(
g2)−A2 ( f g) (2.8)

≤ 1
4

M2
(

A
(

g4

f 2

)
A
(

f 2)−1
)
.

The following result also holds:

Theorem 2.3. Let A, B : L→ R be two normalized isotonic functionals. If f , g : E → R are such that f ≥ 0, g > 0, f 2, g2,
f 4

g2 , f 2(1−ν)g2ν , f 2ν g2(1−ν) ∈ L for some ν ∈ [0,1] and the condition (2.1) holds, then

1
2M2 ν (1−ν)

(
A
(
g2)B

(
f 4

g2

)
−2A

(
f 2)B

(
f 2)+A

(
f 4

g2

)
B
(
g2)) ≤ (1−ν)A

(
f 2)B

(
g2)+νA

(
g2)B

(
f 2) (2.9)

−A
(

f 2(1−ν)g2ν

)
B
(

f 2ν g2(1−ν)
)

≤ 1
2m2 ν (1−ν)

×
(

A
(
g2)B

(
f 4

g2

)
−2A

(
f 2)B

(
f 2)+A

(
f 4

g2

)
B
(
g2)) .

Proof. For any x, y ∈ E we have

m2 ≤ f 2 (x)
g2 (x)

,
f 2 (y)
g2 (y)

≤M2.

If we use the inequality (1.1) for

a =
f 2 (x)
g2 (x)

, b =
f 2 (y)
g2 (y)

,
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then we get

1
2M2 ν (1−ν)

(
f 2 (y)
g2 (y)

− f 2 (x)
g2 (x)

)2

≤ (1−ν)
f 2 (x)
g2 (x)

+ν
f 2 (y)
g2 (y)

−
(

f 2 (x)
g2 (x)

)1−ν ( f 2 (y)
g2 (y)

)ν

≤ 1
2m2 ν (1−ν)

(
f 2 (y)
g2 (y)

− f 2 (x)
g2 (x)

)2

for any x, y ∈ E.
This can be written as

1
2M2 ν (1−ν)

(
f 4 (y)
g4 (y)

−2
f 2 (y)
g2 (y)

f 2 (x)
g2 (x)

+
f 4 (x)
g4 (x)

)
≤ (1−ν)

f 2 (x)
g2 (x)

+ν
f 2 (y)
g2 (y)

−
(

f 2 (x)
g2 (x)

)1−ν ( f 2 (y)
g2 (y)

)ν

(2.10)

≤ 1
2m2 ν (1−ν)

(
f 4 (y)
g4 (y)

−2
f 2 (y)
g2 (y)

f 2 (x)
g2 (x)

+
f 4 (x)
g4 (x)

)
.

Now, if we multiply (2.10) by g2 (x)g2 (y)> 0 then we get

1
2M2 ν (1−ν)

(
f 4 (y)
g2 (y)

g2 (x)−2 f 2 (y) f 2 (x)+
f 4 (x)
g2 (x)

g2 (y)
)
≤ (1−ν)g2 (y) f 2 (x)+ν f 2 (y)g2 (x) (2.11)

− f 2ν (y)g2(1−ν) (y) f 2(1−ν) (x)g2ν (x)

≤ 1
2m2 ν (1−ν)

(
f 4 (y)
g2 (y)

g2 (x)−2 f 2 (y) f 2 (x)+
f 4 (x)
g2 (x)

g2 (y)
)

for any x, y ∈ E.
Fix y ∈ E. Then by (2.11) we have in the order of L that

1
2M2 ν (1−ν)

(
f 4 (y)
g2 (y)

g2−2 f 2 (y) f 2 +g2 (y)
f 4

g2

)
≤ (1−ν)g2 (y) f 2 +ν f 2 (y)g2− f 2ν (y)g2(1−ν) (y) f 2(1−ν)g2ν

(2.12)

≤ 1
2m2 ν (1−ν)

(
f 4 (y)
g2 (y)

g2−2 f 2 (y) f 2 +g2 (y)
f 4

g2

)
.

If we take the functional A in (2.12), then we get

1
2M2 ν (1−ν)

(
f 4 (y)
g2 (y)

A
(
g2)−2 f 2 (y)A

(
f 2)+g2 (y)A

(
f 4

g2

))
≤ (1−ν)g2 (y)A

(
f 2)+ν f 2 (y)A

(
g2) (2.13)

− f 2ν (y)g2(1−ν) (y)A
(

f 2(1−ν)g2ν

)
≤ 1

2m2 ν (1−ν)

×
(

f 4 (y)
g2 (y)

A
(
g2)−2 f 2 (y)A

(
f 2)+g2 (y)A

(
f 4

g2

))
for any y ∈ E.
This inequality can be written in the order of L as

1
2M2 ν (1−ν)

(
A
(
g2) f 4

g2 −2A
(

f 2) f 2 +A
(

f 4

g2

)
g2
)
≤ (1−ν)A

(
f 2)g2 +νA

(
g2) f 2−A

(
f 2(1−ν)g2ν

)
f 2ν g2(1−ν)

(2.14)

≤ 1
2m2 ν (1−ν)

(
A
(
g2) f 4

g2 −2A
(

f 2) f 2 +A
(

f 4

g2

)
g2
)
.

Now, if we take the functional B in (2.14), then we get the desired result (2.9).

Corollary 2.4. Let A : L→ R be a normalized isotonic functional. If f , g : E → R are such that f ≥ 0, g > 0, f 2, g2, f 4

g2 ,

f 2(1−ν)g2ν , f 2ν g2(1−ν) ∈ L for some ν ∈ [0,1] and the condition (2.1) is valid, then

1
M2 ν (1−ν)

(
A
(
g2)A

(
f 4

g2

)
−A2 ( f 2)) ≤ A

(
f 2)A

(
g2)−A

(
f 2(1−ν)g2ν

)
A
(

f 2ν g2(1−ν)
)

(2.15)

≤ 1
m2 ν (1−ν)

(
A
(
g2)A

(
f 4

g2

)
−A2 ( f 2)) .
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In particular, if f 2, g2, f 4

g2 , f g ∈ L and the condition (2.1) is valid, then we have

1
4M2

(
A
(
g2)A

(
f 4

g2

)
−A2 ( f 2)) ≤ A

(
f 2)A

(
g2)−A2 ( f g) (2.16)

≤ 1
4m2

(
A
(
g2)A

(
f 4

g2

)
−A2 ( f 2)) .

3. Other Related Results

If we write the inequality (1.1) for a = 1 and b = x we get

1
2

ν (1−ν)
(x−1)2

max{x,1}
≤ 1−ν +νx− xν ≤ 1

2
ν (1−ν)

(x−1)2

min{x,1}
(3.1)

for any x > 0 and for any ν ∈ [0,1] .
If x ∈ [t,T ]⊂ (0,∞) , then max{x,1} ≤max{T,1} and min{t,1} ≤min{x,1} and by (3.1) we get

1
2

ν (1−ν)
minx∈[t,T ] (x−1)2

max{T,1}
≤ 1

2
ν (1−ν)

(x−1)2

max{T,1}
(3.2)

≤ 1−ν +νx− xν

≤ 1
2

ν (1−ν)
(x−1)2

min{t,1}

≤ 1
2

ν (1−ν)
maxx∈[t,T ] (x−1)2

min{t,1}
for any x ∈ [t,T ] and for any ν ∈ [0,1] .
Observe that

min
x∈[t,T ]

(x−1)2 =

 (T −1)2 if T < 1,
0 if t ≤ 1≤ T,
(t−1)2 if 1 < t

and

max
x∈[t,T ]

(x−1)2 =


(t−1)2 if T < 1,

max
{
(t−1)2 ,(T −1)2

}
if t ≤ 1≤ T,

(T −1)2 if 1 < t.

Then

c(t,T ) :=
minx∈[t,T ] (x−1)2

max{T,1}
=


(T −1)2 if T < 1,
0 if t ≤ 1≤ T,
(t−1)2

T if 1 < t
(3.3)

and

C (t,T ) :=
maxx∈[t,T ] (x−1)2

min{t,1}
=

{
(t−1)2

t if T < 1, 1
t max

{
(t−1)2 ,(T −1)2

}
if t ≤ 1≤ T,

(T −1)2 if 1 < t.
(3.4)

Using the inequality (3.2) we have

1
2

ν (1−ν)c(t,T ) ≤ 1
2

ν (1−ν)
(x−1)2

max{T,1}
≤ 1−ν +νx− xν (3.5)

≤ 1
2

ν (1−ν)
(x−1)2

min{t,1}
≤ 1

2
ν (1−ν)C (t,T )

for any x ∈ [t,T ] and for any ν ∈ [0,1] .
Now, if a, b > 0 and assume that b

a ∈ [t,T ] , then by (3.5) we get

1
2

ν (1−ν)c(t,T )a ≤ 1
2

ν (1−ν)
(b−a)2

max{T,1}a
(3.6)

≤ (1−ν)a+νb−bν a1−ν

≤ 1
2

ν (1−ν)
(b−a)2

min{t,1}a
≤ 1

2
ν (1−ν)C (t,T )a

for any ν ∈ [0,1] , where c(t,T ) and C (t,T ) are defined by (3.3) and (3.4), respectively.
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Theorem 3.1. Let A, B : L→ R be two normalized isotonic functionals. If f , g : E → R are such that, f 2, g2, g4

f 2 ,
f 4

g2 ,

f 2(1−ν)g2ν , f 2ν g2(1−ν) ∈ L for some ν ∈ [0,1] and the condition (2.1) holds, then

0 ≤ 1
2

ν (1−ν)
m2

M2

(
A
(

g4

f 2

)
B
(

f 4

g2

)
−2A

(
g2)B

(
f 2)+A

(
f 2)B

(
g2)) (3.7)

≤ (1−ν)A
(

f 2)B
(
g2)+νA

(
g2)B

(
f 2)−A

(
f 2(1−ν)g2ν

)
B
(

f 2ν g2(1−ν)
)

≤ 1
2

ν (1−ν)
M2

m2

(
A
(

g4

f 2

)
B
(

f 4

g2

)
−2A

(
g2)B

(
f 2)+A

(
f 2)B

(
g2))

≤ 1
2

ν (1−ν)
M2

m2

(
M2

m2 −1
)2

A
(

f 2)B
(
g2) .

Proof. For any x, y ∈ E we have

m2 ≤ f 2 (x)
g2 (x)

,
f 2 (y)
g2 (y)

≤M2.

Consider

a =
f 2 (x)
g2 (x)

, b =
f 2 (y)
g2 (y)

,

then b
a ∈

[
m2

M2 ,
M2

m2

]
and by (3.6) we get

0 ≤ 1
2

ν (1−ν)

(
f 2(y)
g2(y) −

f 2(x)
g2(x)

)2

M2

m2
f 2(x)
g2(x)

≤ (1−ν)
f 2 (x)
g2 (x)

+ν
f 2 (y)
g2 (y)

−
(

f 2 (y)
g2 (y)

)ν ( f 2 (x)
g2 (x)

)1−ν

≤ 1
2

ν (1−ν)

(
f 2(y)
g2(y) −

f 2(x)
g2(x)

)2

m2

M2
f 2(x)
g2(x)

≤ 1
2

ν (1−ν)
M2

m2 max

{(
m2

M2 −1
)2

,

(
M2

m2 −1
)2
}

f 2 (x)
g2 (x)

=
1
2

ν (1−ν)
M2

m2

(
M2

m2 −1
)2 f 2 (x)

g2 (x)

for any x, y ∈ E and ν ∈ [0,1].
This inequality is equivalent to

0 ≤ 1
2

ν (1−ν)
m2

M2

(
f 2(y)
g2(y) −

f 2(x)
g2(x)

)2
g2 (x)

f 2 (x)
(3.8)

≤ (1−ν)
f 2 (x)
g2 (x)

+ν
f 2 (y)
g2 (y)

−
(

f 2 (y)
g2 (y)

)ν ( f 2 (x)
g2 (x)

)1−ν

≤ 1
2

ν (1−ν)
M2

m2

(
f 2(y)
g2(y) −

f 2(x)
g2(x)

)2
g2 (x)

f 2 (x)

≤ 1
2

ν (1−ν)
M2

m2

(
M2

m2 −1
)2 f 2 (x)

g2 (x)

for any x,y ∈ E and ν ∈ [0,1].
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Now, if we multiply (3.8) by g2 (x)g2 (y)> 0 then we get

0 ≤ 1
2

ν (1−ν)
m2

M2

(
f 2(y)
g2(y) −

f 2(x)
g2(x)

)2
g4 (x)g2 (y)

f 2 (x)
(3.9)

≤ (1−ν)g2 (y) f 2 (x)+ν f 2 (y)g2 (x)− f 2ν (y)g2(1−ν) (y) f 2(1−ν) (x)g2ν (x)

≤ 1
2

ν (1−ν)
M2

m2

(
f 2(y)
g2(y) −

f 2(x)
g2(x)

)2
g4 (x)g2 (y)

f 2 (x)

≤ 1
2

ν (1−ν)
M2

m2

(
M2

m2 −1
)2

f 2 (x)g2 (y)

for any x, y ∈ E and ν ∈ [0,1].
Observe that (

f 2(y)
g2(y) −

f 2(x)
g2(x)

)2
g4 (x)g2 (y)

f 2 (x)
=

(
f 4(y)
g4(y) −2 f 2(y)

g2(y)
f 2(x)
g2(x) +

f 4(x)
g4(x)

)
g4 (x)g2 (y)

f 2 (x)

=

f 4(y)g4(x)
g2(y) −2 f 2 (y) f 2 (x)g2 (x)+ f 4 (x)g2 (y)

f 2 (x)

=
f 4 (y)g4 (x)
g2 (y) f 2 (x)

−2 f 2 (y)g2 (x)+ f 2 (x)g2 (y)

and by (3.9) we get

0 ≤ 1
2

ν (1−ν)
m2

M2

(
f 4 (y)g4 (x)
g2 (y) f 2 (x)

−2 f 2 (y)g2 (x)+ f 2 (x)g2 (y)
)

≤ (1−ν)g2 (y) f 2 (x)+ν f 2 (y)g2 (x)− f 2ν (y)g2(1−ν) (y) f 2(1−ν) (x)g2ν (x)

≤ 1
2

ν (1−ν)
M2

m2

(
f 4 (y)g4 (x)
g2 (y) f 2 (x)

−2 f 2 (y)g2 (x)+ f 2 (x)g2 (y)
)

≤ 1
2

ν (1−ν)
M2

m2

(
M2

m2 −1
)2

f 2 (x)g2 (y)

for any x, y ∈ E and ν ∈ [0,1].
Now, if we use a similar argument to the one from the proof of Theorem 2.1 we deduce the desired result (3.7).

Corollary 3.2. Let A : L→ R be a normalized isotonic functional. If f , g : E→ R are such that, f 2, g2, g4

f 2 ,
f 4

g2 , f 2(1−ν)g2ν ,

f 2ν g2(1−ν) ∈ L for some ν ∈ [0,1] and the condition (2.1) holds, then

0 ≤ 1
2

ν (1−ν)
m2

M2

(
A
(

g4

f 2

)
A
(

f 4

g2

)
−A

(
g2)A

(
f 2)) (3.10)

≤ A
(

f 2)A
(
g2)−A

(
f 2(1−ν)g2ν

)
A
(

f 2ν g2(1−ν)
)

≤ 1
2

ν (1−ν)
M2

m2

(
A
(

g4

f 2

)
A
(

f 4

g2

)
−A

(
g2)A

(
f 2))

≤ 1
2

ν (1−ν)
M2

m2

(
M2

m2 −1
)2

A
(

f 2)A
(
g2) .

In particular, if f 2, g2, g4

f 2 ,
f 4

g2 , f g ∈ L, then we have

0 ≤ 1
8

m2

M2

(
A
(

g4

f 2

)
A
(

f 4

g2

)
−A

(
g2)A

(
f 2)) (3.11)

≤ A
(

f 2)A
(
g2)−A2 ( f g)

≤ 1
8

M2

m2

(
A
(

g4

f 2

)
A
(

f 4

g2

)
−A

(
g2)A

(
f 2))

≤ 1
8

M2

m2

(
M2

m2 −1
)2

A
(

f 2)A
(
g2) .
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We observe that the inequality (3.11) can be written as

0 ≤ 1
8

m2

M2

A
(

g4

f 2

)
A
(

f 4

g2

)
A(g2)A( f 2)

−1

≤ 1− A2 ( f g)
A( f 2)A(g2)

(3.12)

≤ 1
8

M2

m2

A
(

g4

f 2

)
A
(

f 4

g2

)
A(g2)A( f 2)

−1

≤ 1
8

M2

m2

(
M2

m2 −1
)2

.

4. Applications for Integrals

Let (Ω,A,µ) be a measurable space consisting of a set Ω, a σ -algebra A of subsets of Ω and a countably additive and positive
measure µ on A with values in R∪{∞} . For a µ-measurable function w : Ω→ R, with w(x)≥ 0 for µ -a.e. (almost every)
x ∈Ω and p≥ 1 consider the Lebesgue space

Lp
w (Ω,µ) := { f : Ω→ R, f is µ-measurable and

∫
Ω

| f (x)|p w(x)dµ (x)< ∞}.

For simplicity of notation we write everywhere in the sequel
∫

Ω
wdµ instead of

∫
Ω

w(x)dµ (x). The same for other integrals
involved below. We assume that

∫
Ω

wdµ = 1.
Let f , g be µ-measurable functions with the property that there exists the constants M, m > 0 such that

0 < m≤ f
g
≤M < ∞ µ-almost everywhere (a.e.) on Ω. (4.1)

If f 2, g2, g4

f 2 , f 2(1−ν)g2ν , f 2ν g2(1−ν) ∈ Lw (Ω,µ) for some ν ∈ [0,1] and the condition (4.1) holds, then by (2.7) we have

ν (1−ν)m2
(∫

Ω

w
g4

f 2 dµ

∫
Ω

w f 2dµ−1
)
≤

∫
Ω

w f 2dµ

∫
Ω

wg2dµ−
∫

Ω

w f 2(1−ν)g2ν dµ

∫
Ω

w f 2ν g2(1−ν)dµ (4.2)

≤ ν (1−ν)M2
(∫

Ω

w
g4

f 2 dµ

∫
Ω

w f 2dµ−1
)
.

In particular, if f 2, g2, g4

f 2 , f g ∈ Lw (Ω,µ) and the condition (4.1) holds, then

1
4

m2
(∫

Ω

w
g4

f 2 dµ

∫
Ω

w f 2dµ−1
)
≤

∫
Ω

w f 2dµ

∫
Ω

wg2dµ−
(∫

Ω

w f gdµ

)2

(4.3)

≤ 1
4

M2
(∫

Ω

w
g4

f 2 dµ

∫
Ω

w f 2dµ−1
)
.

If f 2, g2, f 4

g2 , f 2(1−ν)g2ν , f 2ν g2(1−ν) ∈ Lw (Ω,µ) for some ν ∈ [0,1] and the condition (4.1) holds, then by (2.15) we have

1
M2 ν (1−ν)

(∫
Ω

wg2dµ

∫
Ω

w
f 4

g2 dµ−
(∫

Ω

w f 2dµ

)2
)
≤

∫
Ω

w f 2dµ

∫
Ω

wg2dµ−
∫

Ω

w f 2(1−ν)g2ν dµ

∫
Ω

w f 2ν g2(1−ν)dµ

(4.4)

≤ 1
m2 ν (1−ν)

(∫
Ω

wg2dµ

∫
Ω

w
f 4

g2 dµ−
(∫

Ω

w f 2dµ

)2
)
.

In particular, if f 2, g2, f 4

g2 , f g ∈ Lw (Ω,µ) and the condition (4.1) is valid, then we have

1
4M2

(∫
Ω

wg2dµ

∫
Ω

w
f 4

g2 dµ−
(∫

Ω

w f 2dµ

)2
)
≤

∫
Ω

w f 2dµ

∫
Ω

wg2dµ−
(∫

Ω

w f gdµ

)2

(4.5)

≤ 1
4m2

(∫
Ω

wg2dµ

∫
Ω

w
f 4

g2 dµ−
(∫

Ω

w f 2dµ

)2
)
.
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If f 2, g2, g4

f 2 ,
f 4

g2 , f 2(1−ν)g2ν , f 2ν g2(1−ν) ∈ Lw (Ω,µ) for some ν ∈ [0,1], and the condition (4.1) holds, then

0 ≤ 1
2

ν (1−ν)
m2

M2

(∫
Ω

w
g4

f 2 dµ

∫
Ω

w
f 4

g2 dµ−
∫

Ω

wg2dµ

∫
Ω

w f 2dµ

)
(4.6)

≤
∫

Ω

w f 2dµ

∫
Ω

wg2dµ−
∫

Ω

w f 2(1−ν)g2ν dµ

∫
Ω

w f 2ν g2(1−ν)dµ

≤ 1
2

ν (1−ν)
M2

m2

(∫
Ω

w
g4

f 2 dµ

∫
Ω

w
f 4

g2 dµ−
∫

Ω

wg2dµ

∫
Ω

w f 2dµ

)
≤ 1

2
ν (1−ν)

M2

m2

(
M2

m2 −1
)2 ∫

Ω

w f 2dµ

∫
Ω

wg2dµ.

In particular, if f 2, g2, g4

f 2 ,
f 4

g2 , f g ∈ Lw (Ω,µ), then we have

0 ≤ 1
8

m2

M2

(∫
Ω

w
g4

f 2 dµ

∫
Ω

w
f 4

g2 dµ−
∫

Ω

wg2dµ

∫
Ω

w f 2dµ

)
(4.7)

≤
∫

Ω

w f 2dµ

∫
Ω

wg2dµ−
(∫

Ω

w f gdµ

)2

≤ 1
8

M2

m2

(∫
Ω

w
g4

f 2 dµ

∫
Ω

w
f 4

g2 dµ−
∫

Ω

wg2dµ

∫
Ω

w f 2dµ

)
≤ 1

8
M2

m2

(
M2

m2 −1
)2 ∫

Ω

w f 2dµ

∫
Ω

wg2dµ.

5. Applications for Real Numbers

We consider the n-tuples of positive numbers a = (a1, ...,an) , b = (b1, ...,bn) and the probability distribution p = (p1, ..., pn) ,
i.e. pi ≥ 0 for any i ∈ {1, ...,n} with ∑

n
i=1 pi = 1. If there exist the constants m, M > 0 such that

0 < m≤ ai

bi
≤M < ∞ for any i ∈ {1, ...,n} , (5.1)

then by (4.2) and (4.3) for the counting discrete measure, we have

ν (1−ν)m2

(
n

∑
i=1

pi
b4

i

a2
i

n

∑
i=1

pia2
i −1

)
≤

n

∑
i=1

pia2
i

n

∑
i=1

pib2
i −

n

∑
i=1

pia
2(1−ν)
i b2ν

i

n

∑
i=1

pia2ν
i b2(1−ν)

i (5.2)

≤ ν (1−ν)M2

(
n

∑
i=1

pi
b4

i

a2
i

n

∑
i=1

pia2
i −1

)
for any ν ∈ [0,1] and

1
4

m2

(
n

∑
i=1

pi
b4

i

a2
i

n

∑
i=1

pia2
i −1

)
≤

n

∑
i=1

pia2
i

n

∑
i=1

pib2
i −

(
n

∑
i=1

piaibi

)2

(5.3)

≤ 1
4

M2

(
n

∑
i=1

pi
b4

i

a2
i

n

∑
i=1

pia2
i −1

)
.

If a = (a1, ...,an) , b = (b1, ...,bn) satisfy (5.1), then by (4.4) and (4.5) for the counting discrete measure, we have

1
M2 ν (1−ν)

 n

∑
i=1

pib2
i

n

∑
i=1

pi
a4

i

b2
i
−

(
n

∑
i=1

pia2
i

)2
 ≤

n

∑
i=1

pia2
i

n

∑
i=1

pib2
i −

n

∑
i=1

pia
2(1−ν)
i b2ν

i

n

∑
i=1

pia2ν
i b2(1−ν)

i (5.4)

≤ 1
m2 ν (1−ν)

 n

∑
i=1

pib2
i

n

∑
i=1

pi
a4

i

b2
i
−

(
n

∑
i=1

pia2
i

)2


for any ν ∈ [0,1] and

1
4M2

 n

∑
i=1

pib2
i

n

∑
i=1

pi
a4

i

b2
i
−

(
n

∑
i=1

pia2
i

)2
 ≤

n

∑
i=1

pia2
i

n

∑
i=1

pib2
i −

(
n

∑
i=1

piaibi

)2

(5.5)

≤ 1
4m2

 n

∑
i=1

pib2
i

n

∑
i=1

pi
a4

i

b2
i
−

(
n

∑
i=1

pia2
i

)2
 .
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If a = (a1, ...,an) , b = (b1, ...,bn) satisfy (5.1), then by (4.6) and (4.7) for the counting discrete measure, we have

0 ≤ 1
2

ν (1−ν)
m2

M2

(
n

∑
i=1

pi
b4

i

a2
i

n

∑
i=1

pi
a4

i

b2
i
−

n

∑
i=1

pib2
i

n

∑
i=1

pia2
i

)
(5.6)

≤
n

∑
i=1

pia2
i

n

∑
i=1

pib2
i −

n

∑
i=1

pia
2(1−ν)
i b2ν

i

n

∑
i=1

pia2ν
i b2(1−ν)

i

≤ 1
2

ν (1−ν)
M2

m2

(
n

∑
i=1

pi
b4

i

a2
i

n

∑
i=1

pi
a4

i

b2
i
−

n

∑
i=1

pib2
i

n

∑
i=1

pia2
i

)

≤ 1
2

ν (1−ν)
M2

m2

(
M2

m2 −1
)2 n

∑
i=1

pia2
i

n

∑
i=1

pib2
i

for any ν ∈ [0,1] and

0 ≤ 1
8

m2

M2

(
n

∑
i=1

pi
b4

i

a2
i

n

∑
i=1

pi
a4

i

b2
i
−

n

∑
i=1

pib2
i

n

∑
i=1

pia2
i

)
(5.7)

≤
n

∑
i=1

pia2
i

n

∑
i=1

pib2
i −

(
n

∑
i=1

piaibi

)2

≤ 1
8

M2

m2

(
n

∑
i=1

pi
b4

i

a2
i

n

∑
i=1

pi
a4

i

b2
i
−

n

∑
i=1

pib2
i

n

∑
i=1

pia2
i

)

≤ 1
8

M2

m2

(
M2

m2 −1
)2 n

∑
i=1

pia2
i

n

∑
i=1

pib2
i .

6. Conclusion

In this paper, by making use of some reverses and refinements of Young’s inequality (1.1),we obtained some inequalities for
isotonic functionals that are related to the second part of Callebaut’s inequality (1.2). Natural applications for integrals and
n-tuples of real numbers were also provided.
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