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Abstract

Let H be a complex Hilbert space, f : G C C — C an analytic function on the domain G and A € # (H) with Sp(A) C G and y a closed
rectifiable path in G and such that Sp (A) C ins (7). If we denote

B(FA) =5 [ 1F(@)10E]- 14" a8

then for B, C € % (H) we have

1/2 a2 172
(CAf (A) By < B(f7:4) (|41 B[ x.x) <\\A*|1 | y7y>

for a € [0,1] and x, y € H. Some natural applications for numerical radius and p-Schatten norm are also provided.
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1. Introduction

In 1988, F. Kittaneh obtained the following generalization of Schwarz inequality [9]:

Theorem 1.1. Assume that h and g are non-negative functions on [0, e0) which are continuous and satisfying the relation h(t)g(t) =t for all
t €[0,00). Forany T € A (H)

(Tx,y)| < IR (TN x[ g (1T ]) ¥l a.n
forallx,y e H.

If we take /(1) = 1%, g (t) = t'=* with & € [0, 1], then we obtain Kato’s inequality

(Tx, )| < ||IT1%x|| H|T*|l_ayH forallx,y € H. (1.2)
The numerical radius w(T) of an operator T on H is given by

o (T) = sup{[(Tx,x)|, [lx]| = 1}. (1.3)
Obviously, by (1.3), for any x € H one has

[(Tx,2) < w(T) |lx]]*. (1.4)

It is well known that w(+) is a norm on the Banach algebra B (H) of all bounded linear operators T : H — H, i.e.,
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(i) o(T)>0forany T € B(H) and @ (T) = 0 if and only if T = 0;
(i) o(AT)=|A|o(T)foranyA € Cand T € B(H);
(i) @o(T+V)<o(T)+o(V)forany T,V € B(H).
This norm is equivalent with the operator norm. In fact, the following more precise result holds:

o(T) <|IT[| < 20(T) (1.5)

forany T € B(H).
F. Kittaneh, in 2003 [10], showed that for any operator T € B(H) we have the following refinement of the first inequality in (1.5):

o) <3 (HTH + HTZHI/Z) - (1.6)
Utilizing the Cartesian decomposition for operators, F. Kittaneh in [11] improved the inequality (1.5) as follows:

%||T*T+TT*H Swz(T)§%||T*T+TT*H (1.7)
for any operator 7 € B(H).

For powers of the absolute value of operators, one can state the following results obtained by El-Haddad & Kittaneh in 2007, [8]:
If for an operator T € B(H) we denote |T| := (T*T)l/2, then

of (1) < 3 ||[7Per 4 7o p-er (18)
and

0¥ (1) < @l + (1= e [P, (1.9)
where o € (0,1) and r > 1.

If we take o = % and r = 1 we get from (1.8) that

o(T) < 3 IT|+ 17| (1.10)
and from (1.9) that

w*(T) < % H\T\2+|T*|2H. (1.11)

For more related results, see the recent books on inequalities for numerical radii [2] and [6] .
Let (H;(.,.)) be a complex Hilbert space and % (H) the Banach algebra of all bounded linear operators on H. If {¢;},.; an orthonormal
basis of H, we say that A € # (H) is of trace class if

Al ==Y (Al ei, ei) < oo. (1.12)
iel

The definition of ||A[|; does not depend on the choice of the orthonormal basis {e;};;. We denote by 8 (H) the set of trace class operators
in#(H).
We define the trace of a trace class operator A € % (H) to be

tr(A) =Y (Aeje;), (1.13)

i€l

where {¢;};.; an orthonormal basis of H. Note that this coincides with the usual definition of the trace if H is finite-dimensional. We observe
that the series (1.13) converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 1.2. We have:
(i) IfA e B, (H) then A* € %, (H) and

tr(A*) =1t (A); (1.14)
(i) f A€ By (H)and T € B(H), then AT, TA € %, (H) and

tr(AT) = tr (TA) and |t (AT)| < A, |IT: (1.15)

(iii) tr (+) is a bounded linear functional on %\ (H) with ||tr|| = 1;
(iv) If A, B € %, (H) then AB, BA € %, (H) and tr (AB) = tr (BA);
(v) Byin (H), the space of operators of finite rank, is a dense subspace of 1 (H) .
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For a large number of results concerning trace inequalities, see the recent survey paper [7].
An operator A € % (H) is said to belong to the von Neumann-Schatten class 9, (H), 1 < p < e if the p-Schatten norm is finite [16, p.
60-64]

icl

1/p
IAll, == [tr (A7) /7 = (Z(Alpeneﬁ) < oo,

For 1 < p < g < e we have that

P (H) C B,(H) C By (H) C B(H) (1.16)
and
Al = [1All, = [IAll, = lIA]l.- (1.17)

For p > 1 the functional ||-[|, is a norm on the x-ideal %), (H) and (%’p (H), ||||p> is a Banach space.
Also, see for instance [16, p. 60-64],

[All, = A*]l,, A € Bp (H) (1.18)
[AB, < [IAll, B, A,B € %), (H) (1.19)
and

[AB, < [IAll, IBIl. |IBAll, < |BIll|All,, A € 2, (H), B % (H). (1.20)

This implies that

ICABI|, < |[CI[|All,, 1BIl, A € #, (H), B, C € #(H). (1.21)
In terms of p-Schatten norm we have the Hélder inequality for p, g > 1 with % + é =1

(Ir(AB)| <)[|AB|ly <Al 1Bll,, A € B, (H), BE B, (H). (1.22)

For the theory of trace functionals and their applications the reader is referred to [15] and [16].
For & := {e;};c; an orthonormal basis of H we define for A € %, (H), p > 1

1/p

lAllg, = (Z(Aemi)l”) -
icl

We observe that |- , is a norm on %), (H) and

[Alls, <A, forA € %), (H).

Further, we can take the supremum over all orthonormal basis in H we can also define, for A € 4, (H), that

@ (A) = sup 1Al , < lIAll,

which is a norm on %, (H) .
It is also known that, if & = {e;},; and F = {f;},; are orthonormal basis, then [13]

sup Y [(Tei, fi)|* = | Tl fors > 1. (1.23)
&7 el

Let £ be a unital Banach algebra, A € # and G be a domain of C with Sp(A) C G. If f: G — C is analytic on G, we define an element
f(A)in B by

ra)= 5 [ @ E-aa, (124

where 8 C G is taken to be closed rectifiable curve in G and such that Sp(A) C ins (&), the inside of 3.
It is well known (see for instance [4, pp. 201-204]) that f (A) does not depend on the choice of § and the Spectral Mapping Theorem (SMT)

Sp(f(A)) = f(Sp(A)) (1.25)

holds.
Concerning other basic definitions and facts in the theory of Banach algebras, the reader can consult the classical books [5] and [14].
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2. Vector Inequalities

In 1988, F. Kittaneh [9, Corollary 7] obtained the following Schwarz type inequality for natural powers of operators:
Lemma 2.1. Let A € #(H) and a € [0,1]. Then for natural number n > 1 we have

(A" )2 < A1 (JAP% ) (A" POy, ) @1
forallx,yc H.
We can state the following result as well:

Corollary 2.2. LetA,B,C € #(H) and a € |0,1]. Then for n > 1 we have

2
e ame)? < AP (8P (=l ) @2)
forallx,yc H.

Proof. If we replace x by Bx and y by Cy in (2.1), then we get

(CA"Br.y)P < [[A > 2 (B AP Br.x) (C7a* P Cy,y) 23)
forallx,y € H.
2
Observe that B* |A|** B = ||A|*B|” and C* |A*[?(=%) € = ‘\A*|'_°‘C , then by (2.3) we get (2.2). O
We also have:
Lemma 2.3. Assume that A, B, C € B (H) with |A|| < 1, then
1/2 2 1/2

(eau-arsuy)| < -~ = JasP) (Jur-cf ) .
for oo €[0,1] and x, y € H. In particular,

2 1/2 2 1/2
(cau-ayaxy)| < 0= 1al < ([l 2af x) (a2 ) e3)

forx,yc H.

Proof. If weputn=k+1, k € Nin (2.2) and take the square root, then we get

k K/ paap2. \72 a2 \"?
[(c ankBry)| < Al (141 B xx) ™ ([la' [y
forallx,ye H.
Further, if we sum over k from O to m, then we obtain
m m m m ) 1/2 ) 1/2
caY ABxy )| = |} <C*AAka,y> <y ’<C*AAka,y>‘ <y |\A||"<||A|“B\ x,x> <‘\A*|I_O‘C’ y,y> 2.6)
k=0 k=0 k=0 k=0

forallx,ye H.
Since [|A|| < 1, then series > A and ¥, [ A||* are convergent and
= -1 ik -1
Y Af=(@1-4)""and Y [A]* = (1A~
k=0 k=0
By taking now the limit over m — < in (2.6) we deduce the desired result (2.4). O

Our first main result is as follows:

Theorem 2.4. Let f : G C C — C be an analytic function on the domain G and A € % (H) with Sp (A) C G and 'y a closed rectifiable path
in G and such that Sp (A) C ins(y). If we denote

BUA) = 5 [IF@)I0EI-141) ez,

then for B, C € 2 (H) we have

1/2 2 12
ar@se)| < Bra) (Wiealx) " (el ) @)

fora €[0,1] and x, y € H. In particular,
[(CAS (A) Bx,y)] 2.8)

SB(fvy;A)<)|A|1/23‘2x7x>]/2<‘A*I/ZC‘2y7y>]/2

forx,y€eH.
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Proof. We have, by the representation

27rl/f (1-4)" é

that
(C*Af (A)Bx,y) = <C*A—/f (E1-A)" déBx,y>
- oo s

forx,ye H.
By taking the modulus and using the complex integral properties, we get

car@pl < 5 [1r@)1|(caer-a sey) oz 29)

- ﬁ/ywéméi” <C*A <’*%) Bx’y>
forx,y € H.

Since H % H < 1 for & € v, then by Lemma 2.3 for % we have

|d&|

: ; e P VR e e
s (ea(i-8) w3 (1-2) o) < (- [2]) (2o w) (JE] T)  ew
gl Al /Al P N e P

(%) <B> <§ C”>
_ k& o V2 /1 ei—a oy N
o )é‘laua—nfu (i) (o] )
— el 1Al (s (Jar el v

forx,y € H.

By utilizing (2.10) we derive

5= e <c*A<1‘g)le,y> g < (o 1@ 081 -l )« (Jarespe) {ri=ec )

(2.11)
forx,y e H.
By making use of (2.9) and (2.11) we obtain (2.7). O
Remark 2.5. For B=C =1 in (2.7) we get the one operator inequalities
1270 o 1/2
A @)x)] < B(7.7A) (JAP“xx) (P yy) @.12)
fora €[0,1] and x,y € H. In particular,
[(AF (A)xy)| < B(f7:A) ([ALxx) 2 (A% yy) 2 (2.13)
forallx,y€e H.
If A is invertible and take C =1, B = A lin (2.7), then we get
_ o 1270 o 1/2
[ @x)| < B(7A) (JA120 ) T (Jar POy ) (2.14)
fora €[0,1] and x,y € H. In particular,
B 1/2
[ @x) < BUpA) (A1 xx) (1A% 3) ' 2.15)
forx,yc H.
IfA>0andwetake B=A"B Cc=A""1P B¢ [0,1], then we derive
1/2 1/2
[ (4)x.0) < B ) (AX B ) 7 (208 ) (2.16)
fora €[0,1] and x, y € H. In particular, for & = B we obtain
[(f (A)x, )] < B(f,7:A) [ 1yl (2.17)

forx,y€eH.
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Corollary 2.6. With the assumptions of Theorem 2.4 and if

[1£1ly,00 == sup|f (§)] < o,
Sey

then, by denoting

1 _
B (£ 7A) = 5 Wl [ (021 A a2,
we have

[(C*Af (A) Bx,y)| (2.18)
1/2 2 1/2
o (o) (B ) (a1 cf )

fora €[0,1] and x, y € H. In particular,

[(C*Af (A) Bx,y)| (2.19)

Bu (f,7:A) <‘|A|1/23‘2x,x>1/2<’A*|1/2C‘2y7y>1/2

forx,yc H.

Remark 2.7. If we assume that f: G C C — C is an analytic function on the domain G and A € 2 (H) with Sp(A) C D(0,R) C D
where D (0,R) is an open disk centered in 0 and of radius R, then by taking y parametrized by § (1) = Re*™ where t € (0,1], then
d& (t) = 2miRe*™ dt, |dE (t)| = 2mRdt, |E| = R and by (2.18) we get for A, B € % (H) that

* R 1 . 2 1/2 wil— 2 1/2
(CAF(A) B < I 1 (Re2™) [ x J1ai® B x.x) < [N y,y> (2.20)
where o € [0,1] and x, y € H. In particular,

. R 1 ‘ ) V2 2 1/2
(C*Af (A) Bx.y)| < m/o | (Re2) | e <\\A\‘/2B] x,x> <]|A e y,y> 221)
forx,yc H. ‘
Moreover, if || f|p o := sup f (Re¥™1)| < oo, then we have the simpler inequalities

R, 1€[0,1]
R||fllges 1/2 a2 \?

ar @B < T2 (s (we-ecf ) e
forx,y € H. In particular,

. R|fllges 2 A\ 2 \!/2
Carse)l < 2 i (a2 ) (a2l ) .23)
forx,yc H.

3. Norm and Numerical Radius Inequalities

The following vector inequality for positive operators A > 0, obtained by C. A. McCarthy in [12] is well known,
(Ax,x)P < (APx,x), p>1

forxeH, |x||=1.
Buzano’s inequality [3],

1

5 Y ey 1] = [ e) e, ) 3.1
that holds for any x, y, e € H with ||e|| = 1 will also be used in the sequel.

We also have the following norm and numerical radius inequalities:

Theorem 3.1. Let f : G C C — C be an analytic function on the domain G and A € % (H) with Sp (A) C G and y a closed rectifiable path
in G and such that Sp (A) C ins(y). If B, C € % (H), then we have the norm inequality

ICAf (A)BI < B(f ) 141 B]| |la]'~*c]|. (32)
We also have the numerical radius inequalities
. 1 wil—a 2
o(C Af(A)B)sEB(f,y;A)‘ 1412 B° + |14~ c| H (33)
and
? (C*Af(A)B) (3.4)
1 2l e i—a A2 2 )
<58 o) [l s? [l (el jarsp) |
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Proof. We have from (2.7), by taking the supremum over ||x|| = ||y|| = 1, that
ICAF(@)B* = sup  [(C"Af(4)Bxy)l’
[Ixll=lylI=1
2 apl2 wl—at |
<B(£,7:A) sup ([1A1B x.x) sup ( [la”]'"*C[ v,y
[lxll=1 [Iyll=1
2
2 gl P | - cf |
2
=B (f.r:A)[[lA1" B |
which gives (3.2).
From (2.7) we get, by taking y = x, the square root and using the A-G-mean inequality, that
2 \1/2 a2 \"?
€ A7 ) Bl < B ) (A B nx) ] ) G5)
l ap|2 wl—at |
< 5877 (a1 B[ + (|4 oc]
1 2
E (fJ’, <<|‘A‘aB|2+“A*‘1 (XC’ )x,x>
forallx e H.
By taking the supremum over ||x|| = 1 in (3.5) we get that
®(C*Af(A)B) = sup [(C*Af(A)Bx,x)]
[lxll=1
1 o pl2 x| 1—o 2
< 5B 1) sup (1412 B +[ja7] | ) wx
[lxll=1
a pl2 wl—a |2
*B(fm;A)H}IAI B+l o c| ),
which proves (3.2).
From (2.7) for y = x and Buzano’s inequality we derive that
. 2 _p2is a pl2 wl—a |2
€ A7 () B < 82 ) (A% B (01 (6)
1
apl2 c1—a | o pl2 «1—0 2
x HHA| Bl xH ‘|A\ C‘ x|+ (|11 B, c‘ x
1
E (fv% )
2 2
x “|\A| B|x (|A*\1*“C’ x +‘<‘|A*\1*“C’ |\A|"‘B|2x,x>]
forallxe H.
By taking the supremum over ||x|| = 1 in (3.6) we get that
> (C*AS (A)B) = sup [(C*Af (4)Bx.x)[*
[lxfl=1
1 wl—a |2 2
< 3520 o[ sfo [t cf o] o (Jar el jarespa) |
1 2 2
< 3B (f,1A) X [sup {HHAV"B[ZxH HMA*\l "‘C‘ x } + sup <)|A*|1 “C‘ \|A|°‘B\2x,x>]
[lx|=1 lxll=1
1 1-a ~ cl—o |2 o pl2
< 5B (f,1:4) x feid 1] B|* x Sup %] i e e [1A]% Bl x,x
- x||=
1 _ 2
1B M“A'a ol ac‘ Hw(‘ml “d !|A|“B|2)}
1 21y fwil— 2 T 2
— 58 o) | [P -]+ (s ecf JasP) |
which proves (3.4). O
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Remark 3.2. [fwe take oo = 1/2 in Theorem 3.1, then we get the norm inequality
ICAf (4)BI < B(7, 1) 1412 B 14712 (3)

and the numerical radius inequalities

1 2 2
w(C*Af(A)B)gEB(f,y;A)H}IAI‘/zB\ +|1a71'>c| H (38)
and
? (C*Af(A)B) (3.9)

< %32 (f,7:A) [le/zBHZ H‘A*‘l/ZCH2+w ()IA*II/ZCIZ ‘\A\I/ZBIZ)} .

The second main result is as follows:

Theorem 3.3. Assume that the conditions of Theorem 3.1 are satisfied. If a € [0,1], r > 0, p, ¢ > 1 with % + é =1 and pr, qr > 1, then

1 1 _ 2
W (C'Af(4)B) SBZ’(f,y;A)H; B+ flac ) (3.10)

If r > 1, then

l r
o (CAFW)B) < 387 (1. 7:4) [ |5

2r 2
|A*\1*°‘CH +w’(‘|A*|‘*"‘C‘ }|A|“B\2)} G.11)
Ifrz1,p,q>lwith}7+%:1andpr,qr22,lhenalso
o « 1 2 1 o p|2pr 1 s11—a 2qr r x11—a 2 o pl2
W (C'Af (4)B) < 3B (1.74) (| 1418 +5(|A\ C‘ +o ‘|A| c‘ 141%B*) ). (3.12)
Proof. If we take the power r > 0 in (2.7) written for y = x then we get, by Young and McCarthy inequalities that
* 2r 2r . o |2 r x| 1—o 2 '
(CTAf (A) B, )| < B (£, 7:A)  ||A1* B[ "x,x ) (A7 C| x.x
B! w1 —a 2 4
,<|\A|aB|2x,x> —|-7<‘|A*|1 aC‘ x,x> }
LP q
2r [1 a p|2rp 1 w1—a |74
< B (f,74) | (IA1 B )+ — ([la7) |
LP q

(/1 1 o |2
=5 (o) | (B4 L )] )

<BY(f,7:A

~—

for x € H with ||x|| = 1.
By taking the supremum over ||x|| = 1, then we get that

0¥ (C*Af(A)B) = sup [(C*Af(A)Bx,x)|*"
[lxll=1

2.
< B (f,7:A) sup K (lllAl"‘B\Z”%l‘\A*P*“c) rq)x,x>}
=1 LA\ P q

1 1 —a |2
:Bzr(f,Y;A)H;HA|°‘B|2”’+§‘|A*\1 ac‘

which proves (3.10).
If we take the power > 1 in (3.6) and by using the convexity of the power function, we get

+ <‘\A*\1_aC’2]|A\aB’2x,x>

2

H“A\“B[Zx

2
“‘A*‘I—GC’ X

(C*Af (A) Bx,x) " = B (f,7:A) (3.13)

r 2 ||I" 2 r
H|\A\‘xB|2xH “|A*\1*“c‘ A + <‘|A*\1’°‘C‘ |\A\aB|2x,x>

2

<B¥ (f,1:A) X

for x € H with ||x|| = 1.
By taking the supremum over ||x|| = 1, then we get that

r 20" 2
H||A|(XB|2H H"A*lliac‘ H +wr(“A*|17GC‘ “A|(xB|2>
2
2r 2
jar=c| +a)’(‘\A*|"°‘C’ y|A|°‘B\2>

2 )

¥ (C*Af (A)B) < B¥ (f,1:A) x

14 B>

=B (f.1:4) x
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which proves (3.11).
Also, observe that

X

i e ==l <

qr
s L s

2
1 _
:7H’|A|°‘B|2x‘ : +7H‘\A*|l “c) x
14 q

-
1 | _ 4 7z
:7<||A\aB‘4x,x>2 +7<‘\A*\1 aC‘ x,x>
p q
1 1 _ 2gr
S7<||A‘0‘B‘2Pl’x,x>+*<‘|A*‘1 ac‘ x7x>
14 q
1 1 _ 2gr
:<(7“A|OCB|2PV+7“A*‘1 [XC’ )x,x>7
p q

for x € H with ||x|| = 1. Then

+ ‘<)|A*|‘*‘”C‘2 | \A|°‘B|2x,x>

2

[l 2 | =l

K( 1A% B[ + 1)|A*|1*“C‘2qr)x,x>
|

=3
‘< A%~ “C‘ 14| B] xx> ]
and by (3.13)

1 1 _ 2 _ 2
e ar @ < 38 [ ( (1 sP L eef Ya) + |-l s )

]
for x € H with ||x|| = 1.
By taking the supremum over ||x|| = 1, we derive (3.12).

Remark 34. Ifwe take r =1 and p, g > 1 with % —0—% = 1in (3.10), then we obtain

. 1 o L g
G (CATW)B) < B (3) | J 57+ L lar ¢

which for p = g = 2 gives
* 1 4 - 4
o (Car@m) < 38 r) | Jare sl + el
Ifwetaker =1and p=q=2in(3.12), then we get
2 ok 1 2 1 apl4 x 11— 4 x1—o 2 a |2
02 (C'Af(A)B) < 5B (1,7:4) (5 |[[141B[* + || | || +o ([la] | [l B[*) ).
If we take r =2 and p, g > 1 with %-i-é: 1 in (3.12), then we get

4 14 . 1 apldp | L e 1—a A%
ot ar@m) < 38 ) (| s o]

+0? (‘ |A*|1*0‘C‘2 | \A|"‘B|2)) .

Theorem 3.5. With the assumptions of Theorem 3.1, we have for r > 1, A € [0, 1] that

We also have:

24 H 2(1-4)

A/
o2 Car@m) <2 ) [0 - m s el are s e

forall o €0,1].
Also, we have

A/ v
wz(C*Af(A)B)SBz(f#;A)H(lf/l)||A|O‘B‘2r+/l’|A*|l_°‘C‘2 H X /l]|A|°‘B{2r+(lf/’L)‘\A*\““C’z H

forall oo €[0,1] and r > 1.

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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Proof. From the first part of (3.6) we have

€Ay @) 8x) < B 7 5a) A1 B xx) (.

2
‘A*|I—OCC‘ X>

|A*|10‘C‘2x>}L X <|\A\OCB|2)C,JC>/l <x,
<B*(f,1:4) {(1 —/'L)<|\A\°‘B]2x,x>+l <x,\|A*|1*“c‘2x>} x <||A\°‘B}2x,x>l <x,

forallx € H, ||x]| = 1.
If we take the power r > 1, then we get by the convexity of power r that

-1 1-4
:Bz(f,y;A)<||A\aB’2x7x> <x7

2
|A*|17(XC‘ )C>

5\ 14
|A*|1*“c‘ x>

(C*Af (A)Bx.x) " < BY (f,7;A) {(1 —2) <||A‘aB’2x’x> 2 <x,‘|A*\'*aC‘2x>} . N
X <}|A|a3‘2x’x>rx <x,‘A*1‘“c’2x>r(1M
< B¥ (f,7.A) {(1 —2) <||A\“B!2x7x>’+g <x,‘|A*\1*aC‘2x>’}
x <‘|A|aB|2x,x>rl <x7‘A*1“C‘2x>r(IM

forallx € H, ||x]| = 1.
If we use McCarthy inequality for power r > 1, then we get

(I=-2) <}|A|“B‘2x,x>r+l <x,‘\A*\17(xC‘2x>r <(1=-2) <‘|A|aB|2rx,x> +1 <x, \A*|17aC)2rx>

_ < [(1 —A)[141% B + 2 ]|A*|‘*°‘c‘2r] x7x>

and by (3.20)

. , r(1-4)
arsea) <8 (g | (|02 sl 2 el )| < (aieaas)™ (xur-ecfx) - ean

forallxe H, ||x|| = 1.
If we take the supremum over ||x|| = 1, then we get

* (C*Af(A)B) = sup |(C*Af(A)Bx,x)[*"
[lx]l=1

<BZr( . a p|2r sl—a A2
<B¥(f,7:A) sup |{ [(1-2)|lA|*B| +/1]|A| c‘ X%

[l =1

A 2 r(1-2)
X sup <|\A|‘XB|2x,x> sup <x,‘\A*|17aC) x>

[Ixl=1 [l =1

] B> 7

. el 2r 2r(1-2)
=5 ) (1 2) A1 B 42 o] |

’|A*|l—ac‘

which gives (3.18).
We also have

ar@nl <8 o) [ [a-aaesf 2 a-ecf o] [( [1iaiesP +a-aa-ec[ ] o)

for all x € H, ||x|| = 1, which proves (3.19). O

Remark 3.6. If we take r =1 in Theorem 3.5, then we get

0* (C*Af (A)B) < B2(f,7:A) H(l ~2)|IA|*B[* + 4 ]|A*|“°‘C(ZH x |[1A]* B||** H\A*|I_O‘CH2(1_M (3.22)
and
o (CAf B < B (i) | (1= ) B+ 2 e a1 aP - )] (323)

forall o, A €10,1].
Ifwe take A = 1/2 in (3.22), then we obtain

o (AL WB) < 38 (o) |18 [ e e (.24
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If we take r = 2 in Theorem 3.5, then we get

41172 2(1-2
wz(c*Af(A)B)ng(fm;A)H(l—,1)||A|“B|4+/1‘|A*|1*“c( H x|}|A|“BH2"H|A*|1*“cH =y (3.25)
and

4 1 4|2 4 1 4|12
o (car B <8 (i) |- sl 2ol it - a o] (3.26)
forall o, A €10,1].
If we take A = 1/2 in (3.25), then we obtain
w* (C*Af(A)B) (3.27)

mye
R ] [ e e T e

4. Inequalities for Trace of Operators

We have the following result for trace of operators:

Theorem 4.1. Let r > 1/2, p, g > 1 with % + é =1land pr,qr> 1. Let f: G C C — C be an analytic function on the domain G and
A € B (H) with Sp(A) C G and y a closed rectifiable path in G and such that Sp (A) C ins(y). If B, C € 2 (H) with |A|* B € #,,,(H) and
A" C € By, (H) for o0 € [0,1], then C*Af (A)B € %, (H) and

IC°AF (A)Bly, < B 7:4) 141 B, 14", . @.1)

In particular,

ICAf (A)Bl,, < B(f,75) |28 ||l (42)
2pr 2gr

for |Al'Y?B € %5, (H) and |A*|'/C € By, (H).

Proof. If we take in (2.7) the power r > 0 and x = ¢;, y = f; where & ={e;};c; and .F ={f;};; are orthonormal basis and sum, then we get

" ’ 2 " ae—a o '
Y HCAf (A)Ber f)" < BY (7.7:4) X (141 B[ eiver) <]|A e .f,-,f,-> : (43)
i€l icl
If we use the Holder’s inequality for p, g > 1 with %—1— % =1, then we get
1/p 1/q
b r el 2 r ) pr el 2 ar
Z<|\A\°‘B[ e,-,ei> <‘\A k “C‘ fi:fi> < <Z<\AIaB! euei> ) <Z<)IA ! “C‘ ﬁ,ﬁ> . (4.4)
icl icl icl

By the McCarthy inequality for pr, gr > 1, we have

Z<|‘A‘a8’26i76i>l,r S Z<’|A|a3|2prei7e[>
i i€l

iel
and

_ 2 qar il 2qr
Z<\\A*\1 “c| ﬁ,ﬁ> §Z<)|A 'ec| f,-,f,->,
iel iel
therefore

1/q

(Brstany) " (g =ens)”) " (glstmant)” (5o )

il icl
1/q
_ (”|A|aBH2pr)l/P (H‘A*‘lﬂxCHMr) _ H|A|aBH2r

2r
" > |A*|17(ZCH )
pr 2qr pr 2qr

By (4.3) and (4.4) we derive
2r

Y (CAS (A) Bei, fi) P < B (f,1:A) [||AI* B,
icl

2r
|A*|'_O‘CH . 4.5)
2qr

Now, if we take the supremum over & and .% in (4.5), then by (1.23) we get

2r 2r

IC*AF (A)BI3; < B (f,7:4) [[1A1* B3,

|A*‘17[XCH
2qr

and the inequality (4.1) is obtained. O
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Remark 4.2. If we take r =1/2 and p = q = 2, then by (4.1) we get
IC A @)Bly < BF.v:A) 1412 Bl 14" ] (46)

provided that |A|* B € %, (H) and |A*|'=%C € %, (H) for a. € [0,1].
Also, if r=1and p,q > 1 with %—i—é =1, then by (4.1) we get

A7 (4) Bl < B/ v:4) 41" Bl |1}, 7

provided that |A|* B € %, (H) and A*|'%c e Brq (H) for a € [0,1].
We also have:

Theorem 4.3. Let r > 1/2, p, q > 1 with % + é = % Let f: G C C — C be an analytic function on the domain G and A € % (H) with

Sp(A) C G and y a closed rectifiable path in G and such that Sp (A) C ins (y). If |A|* B € %,, (H) and la*|'%c e PBrq (H) for a € [0,1],
then C*Af (A)B € %5, (H) and

ICAF () Bll, < BUf.7:) |41 B, 14 ], 43)
In particular,
IC*af (A)Bly, < B(.7.4) |lal 5], [t c], (49)

for |A|V2 B € %5, (H) and |A*|V/>C € %y, (H).

Proof. Assume that & ={e;},.; and .# ={fi},; are orthonormal basis in H. Observe that we have + + + = 1 and by Holder’s inequality

for g and g we have

Z<|\A\°‘B!2ei,ei>’<\\A*|“°‘C}2fi,ﬁ>r:Z [P ena)]’ K\lA*”‘C\zﬁ,ﬁyr (4.10)

icl icl
r/q

(gtvert) ()

icl

By McCarthy inequality for p, ¢ > 1 we get

Z<|\A\a5”2€i76i>p < Z<“A‘a3‘2pei7ei>
' il

icl
and

—a A2 a wil—o |24
Z<\\A*\1 “c| ﬁ,ﬁ> SZ<)IA e ﬁ,ﬁ->
i€l icl

and by (4.10)

Z<|\A\a3]23,-,ei>r<‘\A*Il_ac’2ﬁ7ﬁ>r < <Z<\A|“B|zpe,-,ei>>r/p <Z<’A*|'_“C‘2qﬁ7ﬁ>>r/q @11
icl

icl icl

= [lla1* 8|3,

|A*|17(X CH2r
2q-

By (4.3) and (4.11) we get

r *x1—a 2r
Y (C A (4) Ber, /)" < B (7. 7:4) 41" B3, | 4™~ “.12)

icl
Now, if we take the supremum over & and .% in (4.12) we get

2r

IC*Af (A) BI3; < B¥ (£,7:A)|||A|° BI|3,

|A*‘17(XCH
2q

and the inequality (4.8) is thus proved. O
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Remark 4.4. Ifwe take p = q=2r =15 > 1, then by (4.8) we get

Icar @) Bl, < B 7)1l B, |17~ c| (4.13)
provided that |A|* B € %y, (H) and |A*|'~%*C € %, (H) for a € [0,1].

For oo = 1/2 we have

lcar @Bl < B 7ea) i)' 5|| ||l (@14
provided that |A|'/* B € %, (H) and |A*|'/*C € By, (H).

Ifr=2and p, q > 1 with %-i—% = %,then

IC*Af (4)Blly < B(1.7:A) |14 Bl a7 ], (4.15)
provided that |A|* B € %5, (H) and |A*|'~%C € %5, (H) for o € [0,1].

In particular,

lcar @) Bly <B(7.v.a) )" B, [a">c], (4.16)

for |A|V2 B € %5, (H) and |A*|"/>C € %, (H).

Theorem 4.5. Let f : G C C — C be an analytic function on the domain G and A € 2 (H) with Sp (A) C G and y a closed rectifiable path

in G and such that Sp (A) C ins ().
Ifr>1/2,p,q>1with %Jré =1, pr,qr>1and HA\aB’zPr,

1 1 o 2
W (CATWB) < B (e (B4 o).
Ifr>1and |A|*B,|A*|'"%C € By, (H), then C*Af (A)B € B, (H) and
2. 2
‘A*‘l_aCH4r+(D}f("A*“_ac‘ “A|QB{2>)
r

)
,

Ifr>1,p,q>1with %—f—é =1, prgr>2and |A|* B, |A*|'"%C € B, (H) then C*Af (A) B € %y, (H) and

1 r
o8 ar ) < 38 () (a8l

1 r
< 3B (£,7:4) (HIAI“BHi

2r 2
el el jasp

B (CAFWB) < 357 (1) o (L a5+ L) ar (e aes?) |

1 1

p q
)
,

<

= N =

1 1 2, 2
BY (f.7;A) {tr(; a8 [N ‘”) +H‘\A*|1’“C’ 14| B[

Proof. From (2.7) for y = x we have that
2
2o (f,y;A)<|IA\°‘B!2x,x><\|A*|‘*“C\ x,x>

for x € H with ||x|| = 1.
If we take the power r > 0, we get, by Young and McCarthy inequalities, that

[(C*Af (A) Bx,x)

r

2
(CAF(A)Bx) [ < B (f, wA)<||A\°‘B}2x7x>’<]|A*|1*“c\ >
1 2 pr 1 1— 2 ar
< B2 . - [] - * 1—a
< B (o) |5 (A8 nn)" 2 () )
1 1 2
< BY (f,7:A) {f (|41 B[ x,x) + - <]|A*|1*°‘C\ q’x,xﬂ
P q
2 Liaapzer | L gei—a A2
=8 (1A (A1 B+ [l

for x € H with ||x|| = 1.
If & = {e;},c; is an orthonormal basis, then by taking x = ¢; and summing over i € I we get

IC*Af (A)BI|Z,, = Y (C*Af (A) Bei,ei) |
iel
2r Uyagepzer o L] gei—a o240
<B (LA ( (= A8 + - |4 | ™ ) eves
icl \\P q

1 1 _ 2gr
:BZr(ﬁy;A)tr (; ||A‘aB}2pr+5‘|A*|1 aC‘ ) ’

2
|A*\1*°‘C’ " ¢ By (H), then C*Af (A)B € Bs, (H) and

4.17)

(4.18)

(4.19)

(4.20)
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which, by taking the supremum over &, proves (4.17).
By Buzano’s inequality we have

<‘ |A|aB‘2x,x> <x, ‘ |A*\1_aC’2x>

s o] Juey-ecl's

2
(et
2
et =]
for x € H with ||x|| = 1.

If we take the power » > 1 and use the convexity of power function, then we get

H|\A\°‘B|2x “|A*\1*°‘C’2x‘+‘<‘|A*\1*°‘C’2|\A|°‘B|2x,x>

2 r
<\|A|°‘B|2x,x>r<x,\|A*\“°‘c] > < .
2 r
+‘<’|A*|1""C‘ \|A|“B|2x,x>

3
= 5 [l Jwer-=cf's

[1are e e ecf'x

<
= 2
2% 2 2 r
HHA|°‘B|2x’ : |A*\]_aC‘ x +‘<‘|A*\]_aC’ HA|°‘Byzx,x>
- 2
o p|4 p 1—a A 2 1—a |2 o p|2 '
(i) (et =ecf ) |t =ocf jasias)
- 2
for x € H with ||x|| = 1.
Therefore
2
IC*Af (A)BIZ 5, = Y [(C*Af (4) Bei e[
iel
<B¥(f,7, aglo o N (o larp—a e\
— (nyvA)Z “A| B| ehel eh |A| C é’,
iel
4 r B 4 r
5B (f.7:4) [Z(IIAI"‘Bl ei7ei>2<\\A*|l “c| ei,e,-> +Y <]|A I “c\ 14]*B] ee>”
iel iel

Using Cauchy-Schwarz inequality we have
z 4 % 1/2 4 r
3 r
Z<|\A\a3|4ei7€i>2 <‘|A*\17‘Xc‘ ei7ei> < <Z<|A|a3|4€i7ei> ) <Z<‘|A*|lac‘ ei>ei> )
icl il il
1/2 .
.
< <Z<|A|a3|4rei,ei>) <Z<’|A*|lac‘ ei»ei>>
il il

2r
* l—OcCH 7
4r

1/2

1/2

= ||A1*B|3,

where for the last inequality we used McCarthy’s result for » > 1.
By taking the supremum over &, we get the desired result (4.18).
Further, if we use Young’s inequality for p, ¢ > 1 with % + é =1,

1 1

ab< —af + ~b?, a,b >0,
p q

then we get

e Jr==cf o < 5 reaff o[t

T

<t

qr

1 apl4 % 11— 4 z
:f<’|A\ B} x,x> +f ‘\A | C’ X, X

p q

1 1 _ 2qr
< (mieaf?a + 1 (e[ ")

p q

1 1 _a 2T

(B )

4.21)
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for x € H with ||x|| = 1.
Therefore

IC*Af (A)B||Z 5, = Y (CTAf (A) Beiyei) |
el

2 r _ 2 r
<8 (o) K (A1 B ) (el )
icl

1 2 1 _ 2qr
38 ) | L (S + L e[ ) er)
iel \\P 4q

1 1 1 _ 2qr _ 2
— 58 ) [ (3 e e o) | o] e

2 r
<]|A*|1*“c1 }|A|°‘B\2e,»7ei>”
iel
2 r
é”,r:| ’

which proves, by taking the supremum over &, the desired inequality (4.19). O

2
Remark 4.6. Let o € [0,1]. Ifr = 1/2, p, g =2 and ||A|* B[, (|A*\‘*°‘c‘ € By (H), then C*Af (A)B € B, (H) and by (4.17) we get
. 1
o1 (C*Af (A)B) < 3B(f,7:A) tr(llA\“B! + |14 “C)) (4.22)
Ifr=1andp,q>lwith%Jr%:l,thenby(4.]7)weobtain
2 ¢k 2 ap2p Ly si—a |2
03 (C*Af(A)B) < B(f.1:A) HAI B[+ 1A%, (4.23)

2
provided that |\A\o‘B|2p7 ‘|A*\17‘XC‘ ! €% (H).
If we take r = 1 in (4.18), then we get
2 (v a 2 x1—o 2 s 11—o 2 apl2
@3 (CAf(4)B) < 5B (f,1:4) ( [[lA1* B3 ||la % ||, + o |l %C] ||| B] (4.24)

provided that |A|* B, |A*|'"%C € 8, (H).
2q
Ifr=1and p=q=2in(4.19), then we get for ‘|A|O°B‘2p7 ’|A*|l_aC‘ € % (H) that

#
< 58 ) (el |Jwer-ecf jaesp

1 _ 2
A (A )8) < 3B (p) o (|87 4 ) 4 38 oy (¢ \|A|“B\2) @25)

4>\~ N

B oy (a8 + Pl ) 382 o ||l e o

We also have:

Theorem 4.7. With the assumptions of Theorem 4.5, we have for r > 1, A € [0,1] that

087 (C'AF)8) < B (£ (1= 2 JaIe B 2 1=l uare s a7 @20
provided that |A|* B, |A*|'=%C € %5, (H).

In particular,

B CAr)8) < 15 (i) |5 + el age s, e[ @.27)
Proof. If & = {e;},; is an orthonormal basis, then by taking x = ¢; in (3.21) and summing over i € I we get

Y licar@pee)® <5 (D |([a- s +a )l e (428)
icl iel

A 2 r(1-4)
x <‘|A|a3|2€i7€i> <‘|A*|17(ZC‘ €i7ez‘>

< B¥ (f,1:A) H(l -A) ]|A\0‘B’2r+)b ‘lA*‘l—aC’”

rA 2
XZ<}|A|O‘B‘2€[785> <“A*|1_aC’ e,-,ei>
i€l
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If we use Holder’s inequality for p = %, q= ﬁ, then we have

9 A a2 r(1-4) 5 A o 2 AN
Z<|\A\a8’ e,-,e;> <’|A*| aC‘ e;,e[> < <Z<‘A|aB| e;,e,->) <Z<’|A*| aC‘ e,'.,ei>>

iel il i€l
A ) 1-2
2 _ r
< Z<HA|0¢B| Vgi7ei> Z<)|A*|l ac‘ €i7€i>
iel i€l
22 el 2r(1-2)
= [llal® Bl [fla*1 e, -
-

By taking the supremum over &, we get the desired result (4.26). O

Remark 4.8. If we take r = 1 in Theorem 4.7, then we get for o, € [0,1] that

N b el 2 1 el 2(1-2)
w3 (C Af(A)B)SBz(fm;A)H(l—l)HAI“BI cafaecl| < iae s flar e, (429)
provided that |A|* B, |A*|'"%C € %, (H).
In particular,
* 1 2 s 1— 2 s 1—
0l (C Af(A)B)SiBz(f,Y:A)HHA\“B\ +‘\A ! "‘c‘ x[|\A\”‘B||2H|A K O’CHZ. (4.30)

5. Some Examples

Consider the exponential function f(A) = expA, A € % (H). Assume that A € Z(H) and ||A|| < R for some R > 0. Observe that for
tel0,1],

‘ exp ( R ez;rir)

and then by (2.20) we get for B, C € % (H) that

= |exp [R(cos (27t) + isin (27r))]| = exp[Rcos (27t)]

* R : ap|2 172 wl—a |2 1/2
(C*Aexp (A) Bx, ) gm/o exp[Rcos(zm)]dzx<}|A| B| x7x> <‘\A | c) %y G.1)

forx,ye H
The modified Bessel function of the first kind I,(z) for real number v can be defined by the power series as [1, p. 376]

k

Ve (9)

Iy(z)=| 5z —

V(@) <2> k;ok!l"(erk-l—l)

where I is the gamma function. For v = 0 we have Iy(z) given by
k

- Ci)
0@ = 2 S

An integral formula for real number Vv is

1 (7 in (v -
Iy(z) = 7/ 270080 o (v6)do — M/ e—zcoshz—vrd[’
T Jo T 0

which simplifies for v an integer n to

1 /= !
I,(z) = ;/0 €% cos (n6) de.

For n =0 we have
1 [= ,
IQ(Z) _ 7/ ezcosede.
TJo
If we change the variable 0 = 27z, then dt = ﬁd 6 and

-1 1 2
./o exp[Rcos (27t)]dt = E/o exp|[Rcos 6] dO

1/1 (7 1 p2m
:5(;/0 exp[RcosG]d6+E/n exp[RcosG]dG)

_ % (Io(R) + Io(—R)) = Io(R).
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From (5.1) we then get

Rl 1/2 a2\ 12
[(CAexp(4)Bx.y)| < |(|A\| (|14 B[ x.x) <(|A*\‘ “c| y,y> (52)

foro €[0,1],x,y€ H,A, B,C € #(H) with ||A|| <R.
By taking B=C =1 in (5.2) we get for ||A|| < R that

RI 1/2 B 1/2
e ()l < gt (AP nx) (AP0 ) (53)

for x, y € H. In particular,

RIh(R) * 1/2
[(Aexp(A)x.0)] < =0 (Ale) V2 (47 ) (5:4)
forx,ye H.
If A is invertible and take C =1, B=A"! in (5.2), then we get for ||A|| < R that
RIy(R) 1-a) . NV -y \V/?
A < A A 5.5
exp(4) )] < 7 (A1) T (P ) 5.5)

for x, y € H. In particular,

RI _ 2
fexp(a)x)] < 2 (A1 ) (47 32 (56)
forx,ye H.
If 0 < A with ||A|| < R and we take B=A—F , C=A"1"P o, B €0,1], then by (5.2) we derive

RI(R) / 2By, N2/ 26-a), \'/2

< .
fexp (4) )] = 2 (4% Pl T (4200 ) 5.7)
forx,ye H.

By Theorem 3.1 we get the norm inequality

RIO

[C*Aexp(A) B <

) Al 8| [l (5.8)

We also have the numerical radius inequalities

* 1 RIO(R) a p|2 wil—o |2
O (CAexp(4)B) < 5 ‘]|A| B| +‘|A | c( H (5.9)
and
1/ RIH(R) \> e o
a)Z(C*Aexp(A)B)SE(R_O|(‘A)”) x D“fq"‘fe\fH\A*|1 "‘CH +w(’|A*|l O‘C‘ ||A|“B‘2>} (5.10)

Letr>1/2,p,q> 1 with 1 +1—1and pr, gr > 1. 1f B, C € #(H) with |A|* B € s, (H) and |A*|'~*C € By, (H) for a € [0,1],
then C*Aexp (A) B € Bs, (H) and by (4.1)

RIO

IC*Aexp(A) B, <
= Rl

| ”|A|aBH2pr

A~ “CH . (5.11)
2gr

2qr
Ifr>1/2, p,q> 1 with %+ ; =1, pr,qr>1and y|A|“B|2’”, \A*|1*“c‘ € B\ (H), then C*Aexp (A)B € %,, (H) and by (4.17)

o3 (C*Aexp(A)B) (5.12)

RIH(R) )2’ (1 ap2rr L] xl-a 2‘1’)
< w( = ||A|%B +7‘A C( .
(R—HAII pH "5 q 4]

By using the power series

that is convergent on open disk D (0, 1), we can define for all elements A in % (H) with ||A|| < 1,

In(I—-A)"':= i
n=1

We observe that for |z] < 1

Lan
PR

o

CEEERESDY %\z\" =In(1—|z)~"

n=1
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Now if we assume that A, B, C € Z(H) and ||A|| < R < 1, then by (2.22) we get
Rin(1—R)™! 1/2 a2 \?
‘<C*A1n(IfA)7le,y>’ < % x <HA|°‘B|2x,x> <’|A*|l "‘c‘ y,y> (5.13)

fora €10,1],x,y€H.
By taking B=C =1 in (5.13) we get for ||A|| < R < 1 that

-1 Rn(1-R)"" /5 >1/2< c2(l—a) . \1/2
_ <N TV .
(A=) e | < S (AP ) (AP ) (5.14)
for x, y € H. In particular,
Rin(1-R)"!
[(am(—a)""xy)| < % (JAfx,0) 2 4Ja ) (5.15)
forx,y € H.
If A is invertible and take C = I, B=A"" in (5.13), then we get for ||A|| < R < 1 that
1 RIn(1-R) ™"/ oiia) \V2/ niea)., \/2
_ <\ .
[(m=a) x| < = (a2 @) (WP (5.16)
for x, y € H. In particular,
-1 Rin(1-R)™" /oy \12 . p
— < . .
[(m =) x| < = () ) (5.17)

If0 < Awith [|[A] <R < 1andwetake B=A"B C=A"1"B B c[0,1]in (5.13), then we derive

‘<ln (IfA)flx,y>‘ < RlnR(l_—|f|)1 <A2(°‘_ﬁ)x,x>l/2 <A2(ﬁ_a)y7y>l/2 (5.18)

fora €[0,1],x,y€H.
One can state some norm, numerical radius and p-Schatten norm inequalities for Aln (1 fA)71 , however the details are omitted.
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