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Abstract: This study explores the power vector inequalities for a pair of operators (B, C) in a Hilbert space.
By utilizing a Mitrinovi¢-Pecari¢-Fink-type inequality for inner products and norms, we derive various power
vector inequalities. Specifically, we consider the cases where (B, C) is equal to (4, A*) or (Re(4), Im(4)) for
an operator A in B(H), where H is a Hilbert space. This leads to the derivation of vector, norm, and numerical
radius inequalities for a single operator. Furthermore, we obtain power inequalities for the s-r-norm and
s-r -numerical radius of the operator pair (B, C) € B(H), which generalizes the Euclidean norm and Euclidean
numerical radius. Finally, we apply these results to derive the corresponding inequalities for a single
operator A € B(H).
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1 Introduction

Let H be a complex Hilbert space equipped with an inner product (-,-) and a corresponding norm ||-|.
We denote the C*-algebra of bounded linear operators on H as B(H). For any operator A € B(H), the adjoint

of A is denoted as A*, and |A| = (A*A)% represents the positive square root of A. The real and imaginary parts
of A are defined as Re(A4) = %(A + A*) and Im(A) = %(A - A*), respectively. We define the numerical range
of A, denoted by W(A), as the set of values {{Ax, x) : x € H, ||x|| = 1}.

Let ||A|| and w(A) denote the operator norm and the numerical radius of A, respectively. The operator
norm is given by

lAll = sup{[KAx, )I; x,y € H, ||x]| = [y|| = 1},
while the numerical radius is defined as

w(A) = sup{|[(Ax, x)|; x € H, ||x]| = 1}.
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It is known that the numerical radius w(-) defines a norm on B(H) and is equivalent to the operator norm ||-||.
In fact, the following double inequality holds:

%||A|| < w(4) < JIA]. ¥

These inequalities are sharp. The first inequality becomes an equality if A> = 0, while the second inequality
becomes an equality if A is a normal operator. An improvement to these inequalities was established
by Kittaneh [1], who showed that

1 2
JVIAA+ AR < w@a) < %JHA*A +AA. (1.2)

For further advancements in (1.1) and (1.2), interested readers can refer to [2-9].
For an operator T € B(H), let r(T) denote the spectral radius of T. It is well known that for every
T € B(H), we have the fundamental inequality

r(T) < w(T) 1.3)

and that equality holds in inequality (1.3) if T is normal.
In addition to inequality (1.3), the most important properties of the spectral radius are the spectral radius
formula

() = lim | 77", (14)

a special case of the spectral mapping theorem, which asserts that
r(T™) = r™(T) (1.5)
for every natural number m, and the commutativity property, which asserts that
r(AB) = r(BA) forevery A, B € B(H). (1.6)
It follows from the spectral radius formula (1.4) that if A, B € B(H) are commutative, then the following
subadditivity
r(A + B) <r(A) + r(B) @n
and submultiplicativity
r(AB) < r(A)r(B) (1.8)
properties hold. We also observe that any upper bound for the numerical radius will provide an upper bound
for the spectral radius, which may motivate finding upper bounds for the latter in order to estimate
the former. For additional properties of the spectral radius, the reader is referred to the classical book [10].

Let B and C be operators in B(H). The Euclidean operator radius between B and C, denoted as w,(B, C),
is defined as

W,(B, C) = sup{y/I(Bx, X)I* + |(Cx, X)I2; x € H, ||x]| = 1}.

More information can be found in [11-13].
According to [13], the function w,(:,-) : B(H) x B(H) — [0, ») is a norm that satisfies the inequality

2
Y2 8P + 6P < wid, €) < VIIBF + [P 1.9)
N

The constants TZ and 1 are the optimal choices in (1.9). If B and C are self-adjoint operators, then (1.9) simpli-
fies to

2
% |IB2 + C¥|| < we(B,C) < ||B?+ C.

Note that for self-adjoint operators B and C, w,(B, C) = w(B + iC). The proof of this follows easily from
the definition of w,(B, C).
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In a previous study [14], the second author derived a lower bound as follows:

2
%[W(BZ + CO)J: < wy(B, C). (110)
It was shown that the constant % in (1.10) cannot be replaced by a larger constant. The same study also
obtained the following results:

%max{w(B +C), wB - C)} < wy(B, C) < %\/WZ(B +C) +wiB - C),

where the constant g is sharp in both inequalities. Furthermore, the study presented the following inequality:

wZ(B, C) < max{||B|?, ||C|*} + w(C"B).

which is also sharp. Another sharp inequality derived in the study is as follows:
1
WA(B, C) < E[llB*B + C*C|| + ||B*B - C*C||] + w(C"B).

By considering (B, C) = (4, A") or (B, C) = (Re(4), Im(A4)) for an operator A € B(H), the second author
derived several norm and numerical radius inequalities for a single operator A in [14].

For additional refinements of the aforementioned results, readers are advised to refer to the recent study
by Jana et al. [15]. In the same study, they also presented the following interesting results as well:

1
w;(B, C) < min{w*(B + C), w(B - C)} + EIIICI2 + Bl + w(BO),

max w(aB?* + (1 - a)C%) < w’(B, C),

0<a<1

and
wX(B, C) < wXaB + J1-aC) + wX/1-aB + JaC)

for all a € [0, 1].
In [16], for r = 1, the generalization of the numerical radius for a pair of operators B, C € B(H), referred
to as the generalized s-r-numerical radius, is defined by

wy(B, C) = sup (|(x, BX)I" + |(x, CX)[" )
[Ix]=1

and the generalized s-r-norm is defined by

B, Oll- = sup (I{x, BY)I" + |(x, O Y.
[Ix11=llyll=1

If we choose r = 2 in the previous definitions, then we obtain the Euclidean numerical radius

Wy(B, C) = sup (|(x, BX)]2 + |(x, CX)])2
[IxI=1

and the Euclidean norm

B, Olle = sup  (I&x, BY)P + [(x, Cy)P):
[IxlI=llyll=1
studied in [13].
For r = 1, we denote

w(B, C) = sup (|Kx, BxX)| + [{x, Cx)[)
lIxli=1

and

B, Ol = sup  ({x, By)l + [(x, Cy)D).
lxli=Ilyli=1
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The above notations can also be extended for r € (0, 1); however in this case, they are no longer norms.
In 2017, Moslehian et al. [11] obtained the following fundamental inequalities for the s-r-numerical radius
of the pair of operators B, C € B(H):

wy(B, C) < wy(B, C) < 207wy(B,C), for p2q=1,
2072||BB* + CC*|| < wy(B, C), pz2,

20" max{w(B + C), w(B - C)} < wy(B, C),
20" max{w(B), w(C)} < wy(B, C), p=1

and
207 w(B? + C2) < wy(B,C), p=1

to mention a few. Moslehian et al. [11] also applied their results for the Cartesian decomposition of an operator A.

We conclude this introductory section by recalling a recent generalization of the Boas-Bellman result
(see [17,18] or [19, p. 392]) given by Mitrinovi¢ et al. [19, p. 392]. They proved that if x, y,,..., y, are elements
of H (which need only to be an inner product space, not necessarily complete), the following inequality holds:
n 2 2
26X, ) . (111)

n
< |IXI2 Y leii?|max [ly; |2 +
i1 i=1 1<i<n

> 100 yP

1<i#j<n

It should be noted that if we choose ¢; = m in (1.11), we obtain the well-known inequality in [19]. For further
results regarding the Boas-Bellman-type inequality, Mitrinovi¢-Pecari¢-Fink-type inequality, and Bessel inequality,
we invite readers to consult [19-22] and references therein.

Motivated by the results in [15], in this work, we first employ the Mitrinovié-Pecari¢-Fink-type inequality
(1.11) to derive several power vector inequalities for a pair of operators (B, C) in Section 2.

The main result in this section that plays a crucial role in the other sections is the following power
inequality for B,C € B(H) and a, § € C:

I(x, (@B + BOWIP < 227 |IX|P (laf* + |BRPKC By, y)P + 207V |IxIP(laf? + |BP)? max{|[By|P?, |CyI*}

forall x,y € Handp = 1.
In particular, for p = 1, we establish that for B, C € B(H), a, f € C and x,y € H, we have the following
sharp inequality

I(x, (@B + BOWIE < V2 IIxIF(laf + IBBKC By, y)I + lIxIF(al* + B max{[IBy|P, ICyI*},

which, for an appropriate choice of the operators, reduces to Bessel’s inequality. By considering (B, C) = (4, A")
or(B,C) = (Re(4), Im(A)) for A € B(H), we obtain vector, norm, and numerical radius inequalities for a single
operator.

In Section 3, motivated by the results of Moslehian et al. in [11], we explore several power inequalities for
the s-r-norm and s-r-numerical radius of the pair of operators (B, C) € B(H), which generalize the Euclidean
norm and Euclidean numerical radius.

Two of the main results we want to emphasize here are

1B, O < 20 B, O [25we(C'B) + max{liBI, lICIP2)]
and
w8, C) < 20w V(B, ©)[25wP(C'B) + max{|BI, | Cl¥}]

for B,C € B(H), p 2 1, and r > 1. They provide different generalizations for powers and more diverse upper
bounds than those from [11,14,15] mentioned above. Due to their quite different analytic expressions, they
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cannot be compared in general with the bounds listed above. Finally, we apply these results to derive the some
power inequalities for a single operator A € B(H).

2 Vector inequalities

The main objective of this section is to derive power vector inequalities for a pair of operators (B, C).
To establish our first result in this direction, we will utilize the Mitrinovi¢-Pecaric¢-Fink-type inequality (1.11)
for n = 2. Specifically, for n = 2 in (1.11), we obtain

la(x, yy) + a6 YR < IXIP(al + leP)max{|ly, 17, I, 1P} + V2 [y, y,)] 2.1

for complex numbers ¢, ¢ and vectors x,y;,y, € H.
We are now prepared to state the following result.

Theorem 2.1. Let B,C € B(H) and a, € C. Then, for all x,y € H and p = 1 we have:
l(x, (@B + BCO)y)[*
2571 ||| (a2 + |BRIPIC By, )P + 2071 |[xIP (jaf? + |B2)P max{|[By|?2, [|Cy[I?°}
2527 ||| (a2 + |BR)PIC By, )P + 2072 || (jaf + |BIR)P
x [((IBP* + |C)y, y)P + KUBI* = ICP)y, y)IP].

IA

22)

IA

Proof. Note first that for all x,y € H, we have
max{||By|?, ICy|*} = max{({|B[*y, y), {|C[y, y)}

1 1

=5 [IBLY, y) + (ICPy, »)] + S I(BFY, y) = ICLy, )] 2.3)
1 1

= §<(IB|z +|CPYy, y) + EI((IBI2 - ICPY, ).

Letnow x,y € Handa,f € C.Ifwetakein Q1) q =a,¢ = E , ¥, = By,and y, = Cy and then, using (2.3),
we obtain

(X, (@B + BOWP < lIxIF(laf + |BF)max{||By|I%, ICyIF} + V2(C"By, Y)I].
If we take the power p > 1, then we obtain
(X, (@B + BOW)PP < [IXIPP(laf® + |B-)P[max{||By|I?, ICyI*} + V2 I(C*By, )IIP 24)

forall x, y € H.
Using the elementary inequality that follows from the convexity of the power function,

(m+nP <207 (mP +nP), mnz0,pz1,

we obtain
[max{||By|I?, [|CyI%} + ~ZI(C'By, WP < 2P~ max{||By|®, [|Cy |} + 22 [(C*By, y)P|,

which proves the first inequality in (2.2).
Now, observe that

max{|[By|P?, [Cy|?} = (max{[|By|P, [ICyI*})P
_ [UBP + 1CP)y. y) + K(BP - ICIZ))’,)’>I]p < SUBE + CPYy, y)P + KUBE — ICPy, y)IP

2 2

for all x, y € H, which proves the last part of (2.2). g
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The next corollary presents a specific instance of the aforementioned outcome.

Corollary 2.1. Let B,C € B(H) and a, B € C. Then, the following inequality
(X, (@B + BOW)* < N2 |IxI(lal® + IBHKC By, )| + IXIF(lal* + |BP) max{|[By|, lICyII*} 2.5)
holds for all x,y € H. Moreover, this inequality is sharp.
Proof. The result follows immediately by setting p = 1 in Theorem 2.1. Now, we prove that inequality (2.5) is sharp.
Lete,f € H such thate L f and ||e|| = ||f]| = 1. Take y € H and two operators B and C such that By = e

and Cy = f. For instance, we can consider the projections Bu = (u, e)e and Cu = (u, f)f, u € H. If we choose
y=e+f, then

By)=(e+f,e)e=e and C(y)=(e+f,f)f=f.
Now, if we replace these in (2.5), then we obtain
lagx, e) + B{x, I < |Ix|P(laf® + 1B1) (2.6)

that holds for any a, 8 € C and x € H.
Let a = (x, e) and B = (x, f), then by (2.6) we derive

(106 F + 106 /P < IxIP(Cx e + [Kx, )P,
namely, Bessel’s inequality
Ix, &) + [, fHF < lIx|P,  forany x € H,
which is a nontrivial sharp inequality. (I
Theorem 2.1 leads to several important results and practical uses. One significant outcome is described
in the next corollary.
Corollary 2.2. Let B,C € B(H), a, 8 € C, and p = 1. Then, we have

llaB + BCIPP < 2327 (|af? + |BP)PwP(C'B) + 27" X(|af* + |BP)P max{||BI?, |||}

2.7
< 2357Y(|af + |BRYPWA(C'B) + 207 (al + [BRPLIIBE + ICPIP + IIBE ~ |CEIP].

Proof. If we take in (2.2), the supremum over x € H with ||x|| = 1, then we obtain the vector norm inequality
for B,C€ B(H),a,BEC andp =1

lI@B + BOIP < 227 (al + |BP)PKC By, y)P + 20" (|af? + |BP)P max{|[By|P?, ||Cy|*}
< 257X(af + |BPPKCBY, y)P + 207X + [P 28)
x [{UBP* + ICP)y, y)? + (B = ICP)y, y)IP]
for all y € H.
If we take the supremum over y € H with ||y|| = 1 in ( 2.8), then we obtain the desired result. O

Some other notable consequences of Theorem 2.1 are summarized in the following remark.

Remark 2.1. (1) Given A € B(H), if we take B = A and C = A" in (2.2), we obtain
[(x, (aA + BA")y)[#
< 2357 ||| (lal + |BRPIARY, y)IP + 2071 ||x|P (jaf? + |BR)P max{[|Ay|, || A"y},
< 237V x| (lal + IBR)PI(ARy, y)IP + 2072 |IX|PP(Jaf? + |BI2)P
x (AP + |A Py, y)P + KA - |A )y, y)IP]

for all x, y € H. In the case p = 1, we obtain
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(x, (@A + AP < N2 |IxIP(al® + IBP)IA%Y, )| + IIxIP(laf + |B*) max{||Ay|?, |4y}
forall x, y € H.

Fora=p8= % we have
1
I(x, Re (AP < 2:71[x|% |42y, y)IP + Emax{llAyHZ”, A"y}
1
< 227 1||x|PP |(A2y, y)P + Z[((IAI2 + 1A Py, )P + KUIAP - 1A Py, )],

. 1 1 .
while for a = 2 B= —op We obtain

|(x, Im(A)y)P

IA

pP_ 1 *
227Y|XIPP (A2, y)P + 5 lIxIP? max{[|lAy|[?, |A"y|*}

IA

1
2871||x| [(42y, y)P + 1 IXIPPKUAP + 1A )y, p)P + KUAP = 1A )y, y)P]

for all x, y € H. Thus, we deduce the following norm inequalities:

max{|[Re (D)%, IIm (A)|*}

IA

1
27w + - (AP

IA

p_ 1 . .
2:7IwP(A?) + Z[HlAl2 + AP+ (AP - AP

(2) Let A€ B(H) and A = Re(A) +iIm(A) be its Cartesian decomposition, then by taking B = Re(4),
C=Im(A),a =1, and B =iin (2.2), we obtain

[(x, Ay)?? < 2527 ||| |(Im(4) Re(A)y, y)IP + 227" ||x|>” max{| Re(A)y|[*, |[Im(A)y|P}
< 25271 |IX|? K Im (A) Re(A)y, y)P + 2272 |Ix]|P?
x [((ReX(A) + Im*(A))y, y)? + [{((ReX(4) — Im*(A))y, y)IP]
for all x, y € H. We immediately deduce the following norm inequalities:
1] < 25:"TwP(Im(A) Re(A)) + 2%~ max{||Re (4)|[%, || Im (4)|}
< 2527 wP(Im(4) Re(4)) + 22" ||Re(A) + Im¥A)|P + |[ReX(4) - Im%(A)|]°].
For the Cartesian decomposition of an operator, we can state the following result for the numerical radius

as well.

Proposition 2.1. For all A € B(H), we have the numerical radius inequality

w2(A) < 235‘1w1’(1m(A) ReA) + 2P 1max{||Im(4)||%, ||Re(A)|?} 29)
< 2% TwP(Im(4) ReA) + 2P~2[||[Re((4) + Im(A)|PP + [ReX(A) - Im%(A)|P] -
forallp > 1.

Proof. We use the representation of the numerical radius, see for instance [23, Theorem 2.2.11]

w(4) = sup||Re(e4)]|.
0€R

Observe that
IRe(e®A)|| = ||Re((cos O + isinB)(Re(A) + iIm(A)))|| = |[cosORe(4) - sinfIm(A)]|
for all 6 € R.
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From (2.7), for a = cos@, B = —sin6, B = Re(A4), and C = Im(A), we obtain
|IRe(ePA)||?P < 235‘1WP(Im(A) Re(4)) + 2P max{||[Im(4)|, ||Re(4)|*}
< 237 wP(Im(A) Re(A)) + 2P~2[|[ReX(4) + Im¥A)|IP + |[Re¥(A) - ImXA)|F]

and by taking the supremum over 6 € R, we obtain (2.9). O

Remark 2.2. For p = 1, we obtain

w¥(A) < 2w(Im(A) Re(4)) + max{[|[Im(A)|?, |[Re(A)|*}
2.10
<V2w(Im(A) Re(4)) + %[IIREZ(A) + Im2%(A)|| + |[Re%(A) - ImXA)]|]. @10

Let us consider now
. 1 . .
Hpy = Re(e%A) = E(e“’A + e 04,
According to the proof of the previous result, we have
Hg = cosORe(A) - sinfIm(A), 6 €R.

Then, we also have the following upper bounds for the power of numerical radius.

Proposition 2.2. For all A € B(H), we have the inequality
WwP(A) < 2327 1wP((cosO Re (A) - sinfImA)(sinfRe (4) + coshIm(4)))
+ 2P 1max{|| cosORe(A) - sin@Im(A)|]?P, ||sinfRe(4) + cosOIm(A)||?}
< 2827 1wP((cosORe(A) - sinfImA)(sinfRe(A4) + cosfIm(A)))
+ 2P72[||Re?4 + Im2A|P + ||cos(20)(Re?A — Im24) - sin(20)[Re(4) Im(4) + ImARe(A)]|P]

211

forall6 ER andp = 1.

Proof. We use the following identity obtained in [24], see also [23, p. 34]:
Hg.¢ = cosgHy + sin¢Hg+g

for ¢ € R.
From (2.7), for a = cos¢, = sing, B = Hy, and C = Hp.z, we have

| I,

| Hp- g1 < 235‘1WP[H9+gH9] + 2P~max Hy.z

|

2 _ 172
Hg H9+%

14
+

< 232_1WP[H9+%H9] + 21"2[ HE + H; x
2

]
|

for6,¢ €R.
If we take the supremum over ¢ € R, we obtain

H9+%

1

W?(A) = sup ||Ho+g|I? < 235'1W”IH9+%H9] + 2”'1IIMX‘|IH9II2”,

oeR 2.12)
14

< 23%'1WP[H9+%H9] + ZP‘Z[ +

Hj + H.x Hj - H.x



DE GRUYTER Power vector inequalities for operator pairs in Hilbert spaces = 9

Observe that

T .
Hp,z = cos[@ + E]ReA - sin

0+ g]lm(A) = —sinfReA - cosOIm(A),

H} = (cosORe(A) - sinfIm(A))>
=cos?ORe?A - sinf cosH[Re(A) Im(A) + Im(A) Re(4)] + sin?6Im?A,
H}, = (sinfRe(4) + cosfIm(A))*
2

=sin?GRe?4 + sinf cosd[Re(A) Im(A) + Im(A) Re(A)] + cos?H0Im?A,
which gives that
Hj + HQ{% = Re?A + Im%4
and
H} - H92+% =(cos?0 - sin®0) Re2A + (sin?0 - cos?0) Im2A - 2sin0 cosO[Re(4) Im(A) + Im(A) Re(4)]
= c0s(20)(Re?A - Im?4) - sin(20)[Re(4) Im(A) + Im(A) Re(4)]

for 6 € R and by (2.12) we derive (2.11). O

. . PR .
The case when 6 = 7 is of interest and is incorporated in:

Corollary 2.3. For all A € B(H), we have the numerical radius inequality
w2(A) < 25‘1WP((Re(A) - Im(A))(Re(A) + Im(A)))
+ - max{|[Re(4) - Im(A)¥, [Re(4) + Im(4)|[7} o1
< 257 wP((Re(A) - Im(A))(Re(4) + Im(A)))
+ 2P7[||Re?A + Im2A|]P + ||Re(A) Im(A) + Im(A) Re(A)|P]

forp=1.
For p =1 in (2.13), we obtain
o< V2
w?(A) < TW((RG(A) - Im(A))(Re(A) + Im(A)))
+ %max{IIRe(A) - Im(A)|P, [[Re(4) + Im(A)|*}
7

< Tzw((Re(A) - Im(A))(Re(4) + Im(A)))

+

N |~

[lIRe?A + Im 24| + ||Re(4) Im(4) + Im(A) Re(4)]|].
Finally, for this section, we also have

Proposition 2.3. For all A € B(H), the following numerical radius inequality holds

AP + AP

11
W(A) < o Sy 2hweat) + g + ||

12
], (2.14)

where p 2 1.
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Proof. Since

. 1 . .
Hy = Re(el9A) = E(el@A + e—lGA*)’

we see that
1 .. .
HOZ = Z(e216AZ + e—Zl@(A*)Z + |A|2 + |A*|2)
for 0 € R.
Then, by taking the norm and the power p = 1, we obtain, by the convexity of the power function, that
1( e2642 + e—ZiG(A*)Z |A|2 + A |2 P
P = +
2 2 2
. . (2.15)
. 1(]| e2042 + 72042 P A2 + A" P
<|||—————————|| +||/————|| |
2 2 2
From (2.7), by taking the square root, we obtain for p > 1 that
laB + BIP < (laf + |BRY:2"2 \25wP(C*B) + max{|IBIP?, |ICIF"} 216)

for B,C€ B(H) and a, § € C.
Using (2.16) for a = %le B=

o

2i0
o B= A%, and C = (4")?%, we obtain

p

eZiBAZ + e—ZiG(A*)Z

p
1)2, »- 1
2 s [E] 2"\ 2hwecat) + e = Sy 2wty + A

g

By taking the supremum over 8 € R, we deduce the desired result (2.14). O

].

3 Applications of norm and numerical radius inequalities

and by (2.15) we derive

AP + AP

111
P < E[EJzin(A‘*) +lAp - |

For p =1, we obtain

JAP + AP
2

wi(4) < %[% w1 +

In this section, we present several power inequalities for the s-r-norm and s-r-numerical radius. By consid-
ering (B, C) = (A, A") or (B, C) = (Re(A), Im(A)) for A € B(H), we derive norm and numerical radius inequal-
ities for a single operator.

Our first result reads as follows.

Theorem 3.1. Let B,C € B(H), then forp 21 andr > 1

_ ~ P "
1B, I < 2071 B, )Y [2hwP(CB) + max{lBI, CIF?}
(31
|2 1
<2718, C)uié’ﬁil?[zwc*m + S (IBE + [CPIP + |IBf - |C|2||P>]
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while forr =1,
1B, Ol < 2012 we(CB) + max{||BIP, |[CIF¥)}

Z1lo? . 1
<2% 1[22Wp(c B) + §(|||B|2 + [CPIP + 1IBI - |C|2||p)]-

Proof. If we take, forr > 1,

_ |6 By)x, By)l* if (x, By) # 0
““o if (x, By) # 0
and
G oKX, ey if (x, Cyy £ 0
B = 0 if (x, Cy) # 0,

then forr 2 1,

lal = |&x, By)l™  and || = KKx, Cy)I"™.

Also,
lal® = [(x, By)PCD,  |BE = [(x, Cy)PrY
and
(X, (aB + BOW)| = |aix, By) + B{x, Cy)l = [(x, By)I™ + [(x, Oyl
forr > 1.

From (2.2), we obtain the vector inequality
[0, By)I™ + [(x, Cy)l" 1P

< 25571 IR (1%, ByYPTD + [(x, Cy)EID)P(C*By, y)IP
+ 207X (1(x, By)PCD + [(x, Cy)PC™D)P max{||By I, [|Cyl*3,
< 25571 PP (I(x, By + [(x, Cy) D )P(C By, y)IP

+ 2072 ||xIPP (I(x, By)PT™V + [(x, Cy)P)P
x [((BF* + ICP)y, y)P + K(BP = ICP)y, y)IP]

forallx, y€E Handr 2 1.
By taking the supremum in (3.3) over ||x|| = ||ly|]| = 1 and observing that, for r > 1,

sup  [[06 By)l" + [(x, Oy % = [I(B, O,
Ixl=llyll=1
sup  [IIXIPP(I{x, By)PT™D + [(x, Cy)PTD)P(C By, y)IP]
Ixi=llyll=1
< sup (I(x By)P" + [(x, Cy)P""D)P sup [(C'By, y)I?
Ix=llyli=1 Iyll=1

(B, O3 wP(CB)

1"

(3.2)

(3.3)
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and
sup  [[IXIP(I0x, By + [(x, Cy)PT-D)p
[IxlI=llyll=1
max{||By|??, ||Cyl}],

(UBP* + ICP)y, y)? + K(BP - ICIZ))’,WIPI
2

sup  ([¢x, By)Er=D + |(x, Cy)[r-D)yp
x[I=llyll=1

sup max{||By|[??, ||Cy|[?}
lIyll=1

sup ((IBP + |CP)y, )P + [{(IB]* - |C|2>y,y>|!’]
llyll=1 2

X

IA

(1) max{||B|[%, ||C|I?},

N

< [I(B, Ollgtr 1y { 1|BE + [CP|P + [IIBP - [CP|IP
2 b

we obtain the desired result (3.1).
From (3.3), for r = 1, we have the vector inequality
[I<x, By)| + [(x, Cy)| 1P < 2271 ||x|PP(|(C"By, y)IP + max{||By|??, ||Cy|[*})

((BP + ICP)y, )P + KUBP ~ ICP)y, y)IP
2

<227 ||x|PP|(C'By, y)IP +
for x, y € H, which by the same argument gives inequality (3.2). O
By taking r = 2 in (3.1), we derive the following corollary.

Corollary 3.1. Let B,C € B(H), then forp 2 1

1B, )P < 207 25wP(CB) + max{| B, |ICIF?)]

B2+C2p+ BZ_ch
Szp_llzgwp(C*BH IBE + [CEIP + 1IBP - ICP| ]

2

Several consequences of Theorem 3.1 may be derived in the next remark.

Remark 3.1. (1) If we take p = 1 in Theorem 3.1, then we obtain for r > 1, that

B, O < [|(B, O)IEI-D[NZw(C™B) + max{||BIP, |CIP}]

I1BP + ICPIl + 1IIBP ~ ICPII }
2 rp

<||(B, c>||%2£:i§[ﬁ w(C'B) +

while forr =1,

(B, Ol < 2[V2w(C'B) + max{||BI, I|CII*}]
IIBP + ICPI + N1IBP - ICIZII]

< z{ﬁ w(C'B) + ;
(2) Let A € B(H) and if we take B = A and C = A", and put

5 (A) = 1A, Al = sup (06 A + [0 AV < 27[|All for r =1,
[IxlI=llyll=1
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then by Theorem 3.1, we have for r > 1 that

577(4) s 20530V 2hwecar) + Al

< zp-l(s;gql—;)(A)lzswp(Az) , AP+ WEIP * AP - |2||Pl D
while forr =1,
57(4) < 20 [2bwe(a?) + AN |
< 22p—1[2§WP(A2) AP+ P+ AP - (Y ]
For r = 2, we have
8o(A) = A, Al = sup (106, AP + [(x, AY)P): < V2 Al
Ixli=lyli=1
If we take r = 2 in (3.4), then we obtain
520(A) < 207 2bwe(at) + ]
<o founaey o JAE AP AP = WP ]
We also have the numerical radius inequalities.
Theorem 3.2. Let B,C € B(H), then forp>1andr >1
Wi (8, €) < 2w (B, O)[2bwe(C'B) + max{|IBIP, I}
< 2wy VB, C)lz?wp(c*B) , MIBE + |CPIP ; 1B - ICIZII”] 69

while forr =1,

w2(B, C) < 207 125we(C'B) + max{l|BI, |ICIP2)]

B + ICEIP + B - ICIZII”]
> .

(3.6)

< 2271 25wP(C*B) +

Proof. From (3.3), for y = x, we have for r > 1 that

[106, BOI + [, COF 2 < 23271 x| (10x, BORT™D + [(x, CORTD)P(C*Bx, X)PP
+ 2071 x| (106, BRI + [(x, OO )P max{||Bx|I2, [|Cx|?}
< 2871 |IxIRP (106, BORT™D + [(x, CX)RCD)PCBX, X)P
+ 2071 |xIPP (106, BX)RTD + [(x, CX)RTD)p
. SUBE + P, )P + K(BE = ICF)x, )P
2

and for r = 1, that

2P~ |IX|PP (KC™Bx, x)IP + max{[|BX|[?, [|Cx]})
(UBP + ICP)x, x)P + KB — 1CP)x, )P
2

IA

[1(x, Bx)| + [(x, )l

IA

2277 ||X|PP < [ [(C"Bx, )P +

for all x € H.
By taking the supremum over ||x|| = 1, we obtain, as above, the desired inequalities (3.5) and (3.6). [
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Corollary 3.2. Let B,C € B(H), then forp 2 1

wi(B, ) < 20 Y2bwr(C'B) + max{1BIF?, | I}

B2 + |CI|IP + |[IBI® - |C]2||P
Szp_l[zgwp(c*w IBE + ICPIP + IBP - 1CPI ]

2

Remark 3.2. (1) If we take p = 1 in Theorem 3.2, then we obtain for r > 1 that

w? (B, C) < wil~D(B, C)[V2w(C’B) + max{||B|, [|CIP}]

1B + ICPIl + II1BP - ICIZII}
2 B

<w; (B, C)[JE w(C*B) +

while forr =1,

w(B, C) < 2[2w(C*B) + max{||B|?, ||C|P*}]

2 2 2 _ 2
< LIBE + ICP 1 + 1BE - Ic] ||]_

J2w(C*B) + >

(2) Forr 21 and B = A, C = A", we have that

W (4, A7) = sup (|0, A + [, AX) = 27w(A).
[Ix]I=1

From (3.5), we then obtain
wP(4) < 2071 2bwe () + | A I

AP + JAPIP + AP - 1A PP
2

< 2P-1[2§wP(A2) +

forp > 1.
(3) Let A € B(H) and A = Re(A4) + iIm(A) be its Cartesian decomposition. For r = 1, we can introduce
the quantities

n(A) = [|(Re(A), Im(A)|l- = ” ”81|J|1p” (1(x, (Re(ADY)I" + [0x, (Im AN
x|[=llyll=1

and

p.(A) = w(Re(4), Im(4)) = ||mﬁp(l()ﬁ (Re(A)OF + [(x, (Im A
x||=1
For r = 1, we simply write n(4) and p(4).
For r = 2, we note that

n,(A) =[|(Re(4), Im(A)[le = sup (|(x, (Re(A)Y)P + [(x, (Im(A)y)[2):
[IxII=llyll=1
= sup [x,Ay)| = |IA]l
[IxI=llyll=1

and

p.(A) = w(Re(4), Im(A)) = sup (|(x, (Re(A)X)P + [(x, (Im(A)x)P):
[IxNI=1
= sup [{x, Ax)| = w(A).
[IxI=1
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Remark 3.3. (1) If we substitute in Theorem 3.1 B = Re(4) and C = Im(A), then for p > 1 and r > 1, we obtain

n27(A) < 202 D) 2lwe(Im(A) Re(A)) + max{[Re(A)], [IIm (4) |2}

<21y 2”(r‘l)(A)[lejw”(Im (A) Re(4)) +

IRe%(A) + Im%(A)|]P + ||[Re¥A) - ImZ(A)IIP]
2(r-1) ’

2

while forr =1,

(&) < 2271 2hw(Im (4) Re(4)) + max{l|Re(A) |2, [Im (A)]*}

< 22p-1[2§wp(lm(A) Re(a)) + IR + AP + [Re*A) - Im (A)|P ]

2

For r = 2, we obtain
AP < 2”‘1[2560”(1111 (A) Re(4)) + max{[|Re(A)|?, [ITm (A)|}

< 271250P(Im(A) Re(4)) +

IRe%(A) + Im%(A)|PP + [|ReXA) - ImZ(A)Il”]
: .

(2) If we use Theorem 3.2 for B = Re(A4) and C = Im(A), then for p =1 and r > 1, we obtain

p(A) < zp'lpzzgﬁ’;’(A)[zin( Im(A) Re(A)) + max{|[Re(A)[7, [|Im(4)|7}

< zp-lpf(’i%l)(A)[ziwp(Im(A) Re(a)) + 1REA) * KA * [Re*A) - Im ()| ]

2

while forr =1,

p2(4) < 2-1[2hwP(Im (4) Re(4)) + max{||Re(A)|[7, |[1m (4) [}

2 2 2 - 2
szzp—l{ziwp(lm(A) Re(a)) + JRe ) * I (DIF * [ReA) = ImAA)IF ]

2
For r = 2, we recapture (2.9). The case p = 1 gives for r > 1 that
p(A) < pyNA)[V2w(Im(A) Re(4)) + max{[|Re(A)|?, [[Im (A)]|*}]
[[Re%(4) + Im*(A)|| + [|Re*(A4) - ImZ(A)III

< pzz((,’_‘f))(A)[ﬁ w(Im(4) Re(4)) + _

while forr =1,

PA(A) < 2[V2w(Im(A) Re(A)) + max{[|[Re(A)|?, [IIm(A)|*}]

IRe%(A) + Im%(A)|| + |[Re%(4) - ImZ(A)n]
5 )

<2[V2w(Im(4) Re(4)) +

For r = 2, we re-obtain (2.10).
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